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Brinkman-Oseen transmission problem



ΩB = Rn \ΩO, n = 2,3

ω ⊂ ΩB, S ⊂ ∂ω

∆uO − λ∂1uO −∇πO = 0, ∇ · uO = 0 in ΩO,

∆uB − αuB −∇πB = 0, ∇ · uB = 0 in ΩB \ S,

uB − uO = g on ∂ΩO,

∂0
ν (uB, πB)− cO∂λ

ν (uO, πO)+huB = f on ∂ΩO,

[uB]+ − [uB]− = g̃ on S,

[∂0
ν (uB, πB)]+−[∂0

ν (uB, πB)]−+h̃[uB]+ = f̃ on S.

where

∂β
ν (u, π) := [∇u + (∇u)T ]ν − πν −

β

2
ν1u



Φ ∈ W1,q(∂ΩO;Rm), Ψ ∈ Lq(∂ΩO;Rm),

Θ ∈ Lq(S;Rm), Θ = 0 = g̃ on ∂ω \ S
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Integral equation

τ(Φ,Ψ,Θ) = (g, f , f̃)



q ≤ 2 or ∂Ω0 ∈ C1

1) τ is a Fredholm operator on W1,q(∂ΩO;Rm)×
Lq(∂ΩO;Rm)× Lq(S;Rm) - easy.
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2) uniqueness of the transmission problem -

difficult

3) solvability of τ(Φ,Ψ,Θ) = (g, f , f̃) - very

difficult



Theorem. Let q ≤ 2 or ∂Ω0 ∈ C1. Suppose

that ΩO is unbounded.

• If (uB, πB,uO, πO) is an Lq-solution of the

Brinkman-Oseen transmission problem then

uO(x) → u∞, πO(x) → π∞ as |x| → ∞.

• If u∞ ∈ Rm, π∞ ∈ R1, g ∈ W1,q(∂ΩO;Rm),

f ∈ Lq(∂ΩO;Rm), g̃ ∈ W1,q(∂ω;Rm), f̃ ∈
Lq(∂ω, Rm), and |g̃| + |̃f | = 0 outside S,

then there exists a unique Lq-solution of

the Brinkman-Oseen transmission problem

such that uO(x) → u∞, πO(x) → π∞ as

|x| → ∞.



Theorem. Let q ≤ 2 or ∂Ω0 ∈ C1. Suppose
that ΩB is unbounded. If (uB, πB,uO, πO) is an
Lq-solution of the Brinkman-Oseen transmis-
sion problem then uB(x) → u∞, πB(x) → π∞
as |x| → ∞. Suppose that u∞ ∈ Rm, π∞ ∈ R1,
g ∈ W1,q(∂ΩO;Rm), f ∈ Lq(∂ΩO;Rm), g̃ ∈
W1,q(∂ω;Rm), f̃ ∈ Lq(∂ω, Rm), and |g̃|+ |̃f | = 0
outside S.

• If m = 3 then there exists a unique Lq-
solution of the Brinkman-Oseen transmis-
sion problem such that uO(x) → u∞, πO(x) →
π∞ as |x| → ∞.

• If m = 2 then there exists an Lq-solution of
the Brinkman-Oseen transmission problem
such that uO(x) → u∞, πO(x) → π∞ as
|x| → ∞ if and only if∫

∂ΩB

g · nΩB dσ +
∫
S

g̃ · nω dσ = 0.

This solution is unique.


