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Motivation: Wild data for the (incompressible) Euler system
Incompressible Euler system

Field equations
divev =0, Ov +dive(v®v) + VP =0, (t,x) € (0, T) x Q
v-njag =0, v(0,-) =vo

Energy inequality

il/ lv|?dx < 0, 1/ lv]?dx < 1/ vo|*dx
dt 2 Jpa 2 Jrd 2 Jra

Wild initial data

vo € L*(Q)
the Euler system admits infinitely many (weak) solutions
in (0, T) forany T >0
Density of wild initial data

Székelyhidi, Wiedemann ARMA 2012:
Wild initial data are dense in L*(Q) (periodic b.c.)




Full Euler system

Field equations

Oro + divam =0

m@m

Orm + divy ( ) + Vip(o,m,E) =0

8:E + divy (E%) + divx (p(g, m, E)%) -0

m- n‘aQ =0
Thermodynamic stability — entropy

S = S(o,m, E) concave function of (¢, m, E)
Entropy inequality

8:S(0, m, E) + divy (S(Q, m, E)%) >0




Reformulation

Helmholtz decomposition

m = H[m] + H[m], div,H[m] =0, H" =V, ¢

Euler system revisited

v+ Vo[
v=Hml, £ = "0 e 0), = ple.9)
Field equations
&g =+ qu) =0
2
O+ H {divx ((V + V%) f v+ Vo) % v+ ZX(D)' ]1)} -0

Oe(V,®) + H* {divx (

1 )2
+Vx (NW) + Vip(o,9) =0

O.E + div, (ELQVX"’)> + divy (p(g, 19)@) —0

(V+ Vi®) ® (v+ Vi®) 1 |(v+ de’)\Q]I)]
0 N e




Convex integration ansatz

Acoustic system

o+ H {diw ((v+vx¢)®(v+vx¢) 3 l\(v+vx¢)\2ﬂ>] 0

0 N 0
2
at(vxq)) + HL [diVx <(V+vx¢) ® (V+ vxq)) _ l |(V+ vXq))| H):|
0 N 0
1 )2
Y, (NW) + Vap(o,9) =0

Convex integration ansatz (Extended Euler system)

2
v + div, ((v+vx¢)®(v+vx¢) 1 |(v+ V)| 11) o
[ N o
divev =0
1|(v+ V@)

Ot (Vi®P) + Vi <N ) + Vip(o,9) =0

8t9+ AX¢ = 0




Infinitely many solutions — wild initial data

Wild solutions by convex integration (EF, Klingenberg, Kreml, Markfelder
JDE 2019

Theorem. For any given piecewise constant initial density go and ¥g, there
exist (infinitely many) initial momenta mo = vo such that the Extended Euler
system admits infinitely many weak solutions satisfying the entropy balance
as equality. In particular, these are admissible weak solutions to the Euler
system

Wild initial data

Any (weak) solution of the Euler system satisfying Extended Euler system is
called wild solution. The corresponding initial data are wild data




W (wild) convergence
Data space

L1+,50(Q; RN+2)
_ {[Q,m, E] € L}(2; R"?) ‘ 0>0, E>0, s(o,m,E) > s> —oo}.

W-—convergence [0o,n, Mo,n, Eo,n] — [00, Mo, Eo]

00,n >0,  s(00,n, Mo,n, Eo,n) > 50 > —00

[00,, Mo,n, Eo,n] — [00, Mo, Eo]  in L'(Q; RV*?)

m the initial data [go,n, Mo,n, Eo,n] give rise to a sequence of admissible
weak solutions [gn, My, E,] satisfying

T 2
n n 1 n

/ /(m ©“m ——‘mlﬂ):V§(pdxdt—>0 as n — oo
0 Q On N On

for any o € C°((0, T) x Q)

The last condition is automatically satisfied for wild initial data!




Main result

Reachable set
We say that a trio [go, Mo, Eo] is reachable if there exists a sequence of initial

data {00,n, Mo,n, Eo,n},-; such that

w
[00,n, Mo, n, Eo,n) Y [0, Mo, Eo].

Theorem (EF, Klingenberg, Markfelder Calc. Variations PDE 2020)

Let sp € R be given. Let Q ¢ RY, N = 2,3 be a bounded smooth domain.
Then the complement of the set of reachable data is an open dense set in
L‘lhs[](Q; RN*2).

Corollary

The complement of the set of wild initial data (the data that give rise to solu-
tion of Extended Euler system) contains an open dense set in L} , (Q; RV"?).




. . Localization
Domain partition

Qopen QC (0, T)xQ, @=[0,T] xQ
Closed partition
Family of partitions Q closed with respect to Hausdorff complementary

topology
(wiQl
W - convergence [00,n, Mo n, Eo,n] = — [00, Mo, Eo]

00,0 >0, s(00,n, Mo,n, Eo,n) > sp > —00;

[QO,n, mo,n, EO,n] — [907 mpo, EO] in LI(Q; RN+2);

m the initial data [go,n, Mo,n, Eo,n] give rise to a sequence of admissible
weak solutions [on, My, E,] satisfying

T 2

n n 1 n

/ /(m ©m ——‘m|]1):V§<pdxdt—>0 as n — o
0 Q ©n N o,

for any p € C°(Q)
for some Q € Q




Localization — main result

Theorem (EF, Klingenberg, Markfelder Calc. Variations PDE 2020)

Let sy € R be given and Q C RN, N = 2,3 be a bounded smooth domain.
Let Q be a closed partition set in (0, T) x Q.

Then the complement of the set of Q—reachable data is an open dense set
in LY (2 RV).

Example of Q

Q:{QC(O,T)xQ

Q= ((0,T) x Q) \ (UMH,), H; — a hyperplane in RN“},



Method of proof, |

m Step 1
[20, Mo, Eo) ’ regular reachable data ‘
w
[0,n, Mo, Eo,n) w [0, Mo, Eq]
m Step 2

[0n, mn, E;] generates a dissipative measure valued solution of the Euler
system (B¥ezina, EF 2018)

m Step 3
[00, Mo, Eo] regular = existence of local smooth solution [g, m, E]

m Step 4
Weak strong uniqueness principle (B¥ezina, EF 2018)

[on, mn, E;] — [0, m, E] strongly on [0, Tiax)




Method of proof, I

m Step 5

//(mn®mn_1\m"|) 2o dxdt -0 asn— oo
=

- 1'";' 11). V2o dxdt =0 asn— oo

for any ¢ € Cc((07 Tmax) X Q)

m Step 6
continuity of strong solutionuptot =0 =
=
2
divydivy (M) YN (M) —0 inQ
0o N Qo
m Step 7

Identify the class of functions satisfying the limit elliptic PDE




Elliptic problem

2
divcdiv, (L = mo) BN (—|m°| > —0
% N 00

Weak formulation

2
/(LO@mO) :Vicp—lhno‘ Aypdx =0
Q Qo N oo

(1)

Solution set

mw="T0
Q0
m The set
S= {w € L*(Q; R") | w solves (1)}
[

S is closed in L2

S is nowhere dense




