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System of rigid bodies

Rigid bodies (
S1
ε , . . . ,SN

ε

)
, N →∞, ε→ 0

S i
ε compact subset of Rd , d = 2, 3

Fluid equations

divxu = 0

∂tu + divx(u⊗ u) +∇xΠ = divxS(Dxu) + g

S(Dxu) = µDxu, Dxu =
∇xu +∇t

xu

2
, µ > 0

Compatibility

No slip. The fluid velocity coincides with the rigid bodies velocity
on ∂S i

ε

Momentum continuity. Momenta are continuous on ∂S i
ε



Main result

Hypotheses.(
S1
ε , . . . ,SN

ε

)
compact subsets of Rd , d = 2, 3

N = N(ε) ≈ −α log(ε), α ∈ (0,
5

7
)

Dε = max
i=1,...,N(ε)

diam[S i
ε]→ 0 as ε→ 0

0 < λDβ
ε ≤ |S i

ε|, d ≤ β <
{

15− 21α if d = 3
arbitrary finite if d = 2

0 < %S i
ε
≤ % uniformly for ε→ 0, i = 1, . . . ,N(ε)

Conclusion.

uε → u weakly in L2(0,T ;W 1,2(Ω;Rd)) and strongly in L2(0,T ; L2(Ω;Rd))

where u solves the Navier–Stokes system without obstacles
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Principal difficulties

Contacts. As the number of bodies tends to infinity ⇒ Contacts
must be allowed

Low density. The result depends only on the shape of bodies,
density is allowed to vanish ⇒ Better energy estimates needed

Extension operator. A new construction of extension operator for
the multibody system is necessary



Weak solutions

Weak solution concept introduced by Judakov [1964]
Mass conservation.∫ T

0

∫
Rd

[
ρ∂tϕ+ ρu · ∇xϕ

]
dt = −

∫
Rd

ρ0ϕ(0, ·)

for any ϕ ∈ C 1
c ([0,T )× Rd)

Momentum balance.∫ T

0

∫
Rd

[
ρu · ∂tϕ + ρu⊗ u : Dxϕ

]
dt

=

∫ T

0

∫
Rd

[
S(Dxu) : Dxϕ− ρg ·ϕ

]
dt −

∫
Rd

ρ0u0 ·ϕ(0, ·)

for any function ϕ ∈ C 1
c ([0,T )× Ω;Rd), divxϕ = 0,

Dxϕ(t, ·) = 0 on an open neighbourhood of S i
ε(t)

Energy dissipation.∫
Rd

ρ|u|2(τ, ·) +

∫ τ

0

∫
Rd

S(Dxu) : Dxu ≤
∫
Rd

ρ0|u0|2 +

∫ τ

0

∫
Rd

ρg · udt



Restriction operator

(h1, . . . , hN), hi ∈ Rd

ϕ ∈ C∞(Rd ;Rd) ⇒ Rε(h1, . . . , hN)[ϕ] ∈ C∞(Rd; Rd)

divxRε(h1, · · · , hN)[ϕ] = divxϕ(= 0)

Rε(h1, · · · , hN)[ϕ] = Λi − a constant vector on Bε(hi ), i = 1, · · · ,N

Rε(h1, · · · , hN)[ϕ](x) = ϕ(x) whenever x ∈ Rd \ ∪N
i=1B2·5i−1ε(hi )

‖Rε(h1, · · · , hN)[ϕ]‖Lp(Rd ;Rd ) ≤ c(p,N)‖ϕ‖Lp(Rd ;Rd )

‖∇xRε(h1, · · · , hN)[ϕ]‖Lp(Rd ;Rd×d ) ≤ c(p,N)‖∇xϕ‖Lp(Rd ;Rd×d )



Restriction operator, construction I

Step 1 - a single body.

H ∈ C∞(R), 0 ≤ H(Z) ≤ 1, H ′(Z) = H ′(1− Z) for all Z ∈ R

H(Z) = 0 for −∞ < Z ≤ 1

4
, H(Z) = 1 for

3

4
≤ Z <∞

Er [ϕ](x) =
1

|Br |

∫
Br

ϕ dz H

(
2− |x |

r

)
+ ϕ(x)H

(
|x |
r
− 1

)
for ϕ ∈ L1

loc(Rd) , r > 0
Step 2 - solenoidality.

Rr [ϕ] = Er [ϕ]− B2r,r

[
divxEr [ϕ]|B2r\Br

]
,

where B2r,r is the so–called Bogovskii operator ≈ div−1
x on

B2r \ Br



Restriction operator, construction II

Step 3 - space shift

Rr (h) = S−h ◦ Rr ◦ Sh

Sh[ϕ](x) = ϕ(h + x)

Step 4 - the 5-principle.

Rε(h1, . . . , hN)[ϕ] = Rε(h1) ◦ R5ε(h2) ◦ · · · ◦ R5n−1ε(hN)[ϕ]


