
INSTITUTE OF MATHEMATICS
TH

E
CZ
EC
H
AC

AD
EM

Y
O
F
SC
IE
NC

ES Isomorphisms between spaces
of Lipschitz functions

Leandro Candido

Marek Cúth

Michal Doucha

Preprint No. 43-2018

PRAHA 2018





ISOMORPHISMS BETWEEN SPACES OF LIPSCHITZ

FUNCTIONS

LEANDRO CANDIDO, MAREK CÚTH, AND MICHAL DOUCHA

Abstract. We develop tools for proving isomorphisms of normed spaces
of Lipschitz functions over various doubling metric spaces and Banach
spaces. In particular, we show that Lip0(Zd) ' Lip0(Rd), for all d ∈ N.
More generally, we e.g. show that Lip0(Γ) ' Lip0(G), where Γ is from
a large class of finitely generated nilpotent groups and G is its Mal’cev
closure; or that Lip0(`p) ' Lip0(Lp), for all 1 ≤ p <∞.

We leave a large area for further possible research.

Introduction

The goal of the paper is to develop and apply tools that in some situations
allow us to identify, up to isomorphism, two normed spaces of Lipschitz func-
tions over two different metric spaces - provided that these metric spaces
share a similar geometry when one looks only at their finite subsets. A
canonical result of this type, which stimulated our more general consider-
ations, is that the spaces of Lipschitz functions vanishing at zero over Zd
and Rd are isomorphic, for any d ∈ N. The tools that we develop along
the way, proving that result, have much greater applicability. We use them
to investigate spaces of Lipschitz functions over spaces coming both from
finite-dimensional (sub-)Riemannian geometry, such as various Lie groups,
and from infinite-dimensional functional analysis, such as various Banach
spaces.

Spaces of Lipschitz functions. Let M be a metric space, often considered
with a distinguished point that is usually denoted by 0, and consider the
set of all real-valued Lipschitz functions on M , denoted by Lip(M), and the
set of all real-valued Lipschitz functions on M that vanish at 0, denoted by
Lip0(M). These spaces have an obvious vector space structure and one can
equip them with the (pseudo-)norm ‖ · ‖Lip of ‘smallest Lipschitz constant’,
i.e.

‖f‖Lip = sup
x6=y∈M

|f(x)− f(y)|
d(x, y)

,

for f ∈ Lip(M). The space (Lip0(M), ‖·‖Lip) then becomes a Banach space,
while Lip(M), because of the constant functions on which ‖ · ‖Lip vanishes,
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2 L. CANDIDO, M. CÚTH, AND M. DOUCHA

is more often considered with the norm ‖ · ‖Lip + ‖ · ‖∞; then it becomes a
Banach space as well.

There is an apparent relation of these spaces to spaces of differentiable
functions on Rn as ‖f ′‖∞ is nothing but ‖f‖Lip. However in our setting we
can work with metric spaces that have no obvious differentiable structure.
Let us note that spaces of Lipschitz functions are widely studied in applied
mathematics, they naturally appear in many areas of computer science,
including for example in machine learning (see e.g. [47], or other work of
these authors). We also note that the spaces Lip(M) and Lip0(M) are also
studied when equipped with a richer structure on them than just Banach
space structure. They have the lattice structure, and when M is bounded,
they are also topological algebras (they almost are Banach algebras with
their norm and are sometimes called weak Banach algebras); we refer the
reader to the monograph [48].

In Banach space theory, Lip0(M) has been more studied recently because
of its canonical predual space, the Lipschitz-free space over M (also called
the Arens-Eells space), denoted further by F(M). This is a Banach space
together with an isometric embedding, preserving 0, δ : M → F(M), charac-
terized by the universal property that for any Lipschitz function f : M → X
to a Banach space preserving 0 there is a unique extension F : F(M)→ X
with ‖F‖ = ‖f‖Lip satisfying f = F ◦ δ. This property also allows one to
isometrically identify Lip0(M) with the dual Banach space F(M)∗ - a fact
that we will use.

Let us provide some sample theorems that we prove here.

Theorem. For any d ∈ N, we have Lip0(Zd) ' Lip0(Rd).
More generally, let Γ be a finitely generated nilpotent torsion-free group

equipped with its word metric and let G be its Mal’cev closure, the simply
connected Lie group containing Γ as a discrete subgroup which is also a net.
Suppose that G is Carnot and it is equipped with its Carnot-Carathédory
distance. Then Lip0(Γ) ' Lip0(G)

Carnot groups appearing in the previous theorem can be seen as a non-
commutative generalization of finite-dimensional Banach spaces. In par-
ticular, they admit dilations for any positive factor λ, they are doubling,
homogeneous and geodesic - geometric properties that we use in our proofs.
It turns out that these properties characterize Carnot groups among metric
spaces ([27]).

Besides these finite-dimensional spaces which enjoy the doubling condi-
tion, essential in many arguments, we can still derive many results when the
metric spaces in question are Banach spaces. Some sample results are as
follows.

Theorem. For all 1 ≤ p <∞, we have Lip0(`p) ' Lip0(Lp). Moreover,

• Let X be a separable Banach space which is of type Lp, for p ∈ [1,∞].
Then Lip0(X) ' Lip0(`p) if p < ∞, and Lip0(X) ' Lip0(c0) if
p =∞.
• If 1 < p < ∞, then there is a sequence (Xn)∞n=1 of Banach spaces,

each of which isomorphic to `2, such that Lip0(Lp) '
⊕

`∞
Lip0(Xn).
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• For a Young function Φ satisfying the ∆2-condition and a sequence
(αn)∞n=1 of positive reals converging to 0, Lip0(LΦ(R)) '

⊕
`∞

Lip0(`αnΦ),
where `αnΦ is the Orlicz sequence space associated to the function
αnΦ.

Preliminaries and notations. The notation and terminology we use are
relatively standard. If X is a topological space and A ⊂ X, A stands for the
closure of A. If (M,d) is a metric space, x ∈ M and r ≥ 0, we use B(x, r)
to denote the closed ball {y ∈ M : d(x, y) ≤ r}. A metric space (M,d) is
uniformly discrete if it is ε-separated for some ε > 0, that is, d(x, y) ≥ ε
for every x, y ∈ M . A subset N of a metric space (M,d) is ε-dense, if for
each x ∈ M there is y ∈ N with d(x, y) < ε. A net in a metric space is a
subset which is ε-separated and δ-dense in M for some ε, δ > 0. If X and Y

are Banach spaces, the symbol Y
c
↪→ X means that Y is linearly isomorphic

to a complemented subspace of X. The symbols Y ' X means that Y is
linearly isomorphic to X.

Our results concerning isomorphisms between spaces of Lipschitz func-
tions are always obtained using the following special case of the standard
Pe lczyński decomposition method proved originally in [39]. We state it here
for the convenience of the reader.

Theorem 0.1. Let X, Y be Banach spaces with X '
⊕

`∞
X, Y

c
↪→ X and

X
c
↪→ Y . Then X ' Y .

In order to satisfy the assumption “X '
⊕

`∞
X” from Theorem 0.1, we

use sometimes the following result by Kaufmann, see [22, Theorem 3.1].

Theorem 0.2. Let X be a Banach space. Then F(X) '
⊕

`1
F(X). In

particular, Lip0(X) '
⊕

`∞
Lip0(X).

Note that the “In particular” part of Theorem 0.2 is further generalized in
our Theorem 1.12.

Finally, we use the following two basic strategies in order to find a com-
plemented copy of a Lip0(N) space in Lip0(M). The first one is a standard
way of constructing projections, which we formulate here for the purpose of
a further reference. The proof is easy, standard and so we omit it.

Fact 0.3. Let X, Y be Banach spaces and S : X → Y , T : Y → X be

bounded linear operators with S ◦T = Id. Then Y
c
↪→ X. Moreover, T is an

isomorphism, T ◦S is a projection onto T (X) and Y is ‖S‖‖T‖-isomorphic
to a ‖S‖‖T‖-complemented subspace of X.

The second strategy is based on the existence of linear extension oper-
ators. Given a pointed metric space (M,d, 0) and a subset F containing
0, let Ext0(F,M) denote the set of all extensions E : Lip0(F ) → Lip0(M)

which are linear and continuous. By Extpt
0 (F,M) we denote the set of those

E ∈ Ext0(F,M) which are pointwise-to-pointwise continuous. The follow-
ing is a classical fact (for the proof concerning Lipschitz-free space one may
consult e.g. [22, Section 2.1]).
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Fact 0.4. Let (M,d, 0) be a pointed metric space and let N ⊂M be a subset
with 0 ∈ N and let T ∈ Ext0(N,M). Then Lip0(N) is isometric to a ‖T‖-
complemented subspace of Lip0(M). Moreover, if T ∈ Extpt

0 (N,M), then
F(N) is isometric to a ‖T‖-complemented subspace of F(M).

Let us explicitly mention one special case of the above.

Fact 0.5. Let M be a metric space, N be a subspace of M and let R :
M → N be a Lipschitz retraction. Then Lip0(N) is isometric to a ‖R‖Lip-
complemented subspace of Lip0(M).

Proof. Consider the mapping E(f) := f ◦ R, f ∈ Lip0(N). Then E ∈
Ext0(N,M) and we may apply Fact 0.4. �

The structure of the paper is following. In the next section, we develop the
technical tools needed for the proofs of our main results, and in particular
derive that Lip0(Zd) ' Lip0(Rd), for all d ∈ N, see Theorem 1.15. In the sec-
ond section, we put that last result into the wider context of Lipschitz spaces
on finitely generated groups and Lipschitz spaces on Lie groups. The third
section contains applications to Lipschitz spaces on infinite-dimensional Ba-
nach spaces. The last section contains several open questions.

1. Key Lemma and isomorphisms to `∞-sums

In this section we summarize the basic principles which lead to the proof
of Theorem 1.14 from which it follows that Lip0(Rd) ' Lip0(Zd) for every
d ∈ N. Those principles will be used in subsequent sections in various other
situations.

1.1. Key Lemma and its first consequences. It seems to us that the key
result of the current paper which enables us to prove statements concerning
isomorphisms between Lip0(M) spaces which do not pass to their preduals
is Lemma 1.3, which we therefore call the Key Lemma. In order to enlighten
its statement, let us start with some definitions.

Definition 1.1. If (M,d, 0) is a pointed metric space and λ > 0 is a con-
stant, a λ-rescaling of M , denoted by λM , is the pointed metric space

(M, dλ , 0); that is, we have d
λ(x, y) = d(x,y)

λ for x, y ∈M .

Let us note that the above definition is chosen in such a way that whenever
X is a normed linear space, then the mapping Tλ : X → λX defined as
Tλ(x) := λx, x ∈ X is an isometry.

Definition 1.2. We call a pair of pointed metric spaces (X,X) a good pair
if there exists a sequence of positive real numbers (rn)∞n=1 such that

• There is a sequence of bi-Lipschitz embeddings in : rnX → X with
supn{Lip(in),Lip(i−1

n )} <∞ and in(0) = 0 for each n ∈ N.
• For each x ∈ X there is a sequence (xn)∞n=1 inX such that in(rnxn)→
x.

An important example of a good pair is (Zd,Rd). We will see other
examples later.

Let us recall that, given C,D > 0 and metric spaces (M,ρ) and (N, σ),
a mapping f : M → N is (C,D)-Coarse Lipschitz if for each x, y ∈ M we
have σ(f(x), f(y)) ≤ D + Cρ(x, y).
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Lemma 1.3 (Key Lemma). Let (M,d) be a pointed metric space and (Mn)∞n=1

be a sequence of pointed metric spaces such that there are C,D > 0, a se-
quence (εn) of positive numbers with εn → 0, and a sequence of injective
C-Lipschitz maps in : Mn →M , with in(0) = 0, such that the inverse map-
pings i−1

n : in(Mn)→Mn are (D, εn)-Coarse Lipschitz, and finally for every
x ∈M there is a sequence (xn)∞n=1 with in(xn)→ x. Then

Lip0(M)
c
↪→
⊕
`∞

Lip0(Mn). (1)

Quantitatively, Lip0(M) is CD-isomorphic to a CD-complemented subspace
of
⊕

`∞
Lip0(Mn).

In particular, (1) holds if (Mn)∞n=1 is an increasing sequence of subspaces
of M such that

⋃
n∈NMn is dense in M .

Proof. Let us consider the operator T : Lip0(M) →
⊕

`∞
Lip0(Mn) defined

by (
T (f)(n)

)
(x) := f

(
in(x)

)
, x ∈Mn, n ∈ N.

Clearly, T is linear and ‖T‖ ≤ C.
Further, fix a non-principal ultrafilter U on N and consider S :

⊕
`∞

Lip0(Mn)→
Lip0(M) defined by

S((fn))(x) := lim
U
fn(xn), in(xn)→ x, (fn) ∈

⊕
`∞

Lip0(Mn).

Choose arbitrarily sequences (xn)n and (yn)n such that in(xn) → x and
in(yn)→ y. Then

|S((fn))(x)− S((fn))(y)| = | lim
U
fn(xn)− lim

U
fn(yn)| = lim

U
|fn(xn)− fn(yn)| ≤

‖(fn)‖ lim
U
dMn(xn, yn) = ‖(fn)‖ lim

U
dMn(i−1

n (in(xn)), i−1
n (in(yn))) ≤

≤ ‖(fn)‖
(

lim
U
Dd(in(xn), in(yn)) + εn

)
= D‖(fn)‖d(x, y).

Hence, S is well-defined and ‖S‖ ≤ D. It is straightforward to see that it
is also linear. Moreover, we have S ◦ T = Id. Indeed, for f ∈ Lip0(M) and
x ∈M we have

S(T (f))(x) = lim
U

(T (f)(n))(xn) = lim
U
f
(
in(xn)

)
= f(x),

where (xn)∞n=1 is a sequence satisfying in(xn) → x. Hence, by Fact 0.3, we

have Lip0(M)
c
↪→
⊕

`∞
Lip0(Mn). �

Proposition 1.4. For every good pair (X,X) we have Lip0(X)
c
↪→
⊕

`∞
Lip0(X).

Moreover, if Lip0(X)
c
↪→ Lip0(X) then

⊕
`∞

Lip0(X) '
⊕

`∞
Lip0(X).

Proof. Fix an appropriate sequence (rn)∞n=1. By Lemma 1.3, we have Lip0(X)
c
↪→⊕

`∞
Lip0(rnX). Since Lip0(X) is isometric to Lip0(rnX) for each n ∈ N,

we get Lip0(X)
c
↪→
⊕

`∞
Lip0(X). If Lip0(X)

c
↪→ Lip0(X), then we have⊕

`∞

Lip0(X)
c
↪→
⊕
`∞

⊕
`∞

Lip0(X) '
⊕
`∞

Lip0(X)
c
↪→
⊕
`∞

Lip0(X).

Hence, the “Moreover” part follows by the Pe lczyński decomposition method.
�
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An important class of metric spaces, where the assumption of the “More-
over” part of Proposition 1.4 is satisfied are the doubling metric spaces, see
Proposition 1.8 below. This is not easy to see, but it easily follows from
certain known results.

Definition 1.5. A metric space M is doubling if there exists a constant
D(M) ∈ N, called the doubling constant, such that every ball of radius
r > 0 in M can be covered by at most D(M)-many balls of radius r/2.

Euclidean spaces are typical examples of doubling spaces. However, not
every doubling space can be bi-Lipschitz embedded into an Euclidean space,
see [46, Theorem 7.1]. Also, every subspace of a doubling metric is again
doubling. This is easy and well-known, but we record it here for the conve-
nience of the reader.

Fact 1.6. Let M be a doubling metric space. Then every subspace of M is
again doubling with doubling constant bounded by D(M)2.

Proof. Let N be a subspace of M and let BN (x, r) be a ball in N . Put C :=
D(M). Since M is doubling with constant C, there are points y1, . . . , yC2 ∈
M such that BM (x, r) ⊂

⋃C2

i=1BM (yi, r/4). For each i = 1, . . . , C2, pick
zi ∈ N ∩ B(yi, r/4) if it exists (otherwise put zi = x). Then BN (zi, r/2) ⊃
BN (yi, r/4); hence, balls BN (z1, r/2), . . . BN (zC2 , r/2) cover BN (x, r). �

Proposition 1.7. There exists a universal constant C > 0 such that for
every metric space M and a for every subspace N ⊂ M which is doubling,
there exists E ∈ Extpt

0 (N,M) with ‖E‖ ≤ C(1 + logD(N)).

Consequently, we have F(N)
c
↪→ F(M) and Lip0(N)

c
↪→ Lip0(M).

Proof. By [29, Lemma 3.8, Corollary 3.12 and Theorem 4.1], M admits a
C(1+logD(N))-gentle partition of unity with respect to N . It was observed

in [26, page 2325] that this implies the existence of E ∈ Extpt
0 (N,M) with

‖E‖ ≤ 3C(1 + logD(N)). The rest follows immediately from Fact 0.4. �

Proposition 1.8. For every good pair (X,X) where X is doubling we have⊕
`∞

Lip0(X) '
⊕

`∞
Lip0(X).

Proof. This is a consequence of Proposition 1.4 and Proposition 1.7. �

1.2. Isomorphisms to `∞-sums. Let us start by recalling the following
result by Kalton, see [21, Lemma 4.1].

Proposition 1.9. Let (M,d, 0) be a pointed metric space and let (rk) and
(sk) be sequences of numbers with sk < rk < sk+1 for k ∈ N and, for each
k ∈ N, denote by Ck the set {x ∈M : 2sk < d(x, 0) ≤ 2rk}.

If inf{sk+1 − rk : k ∈ N} = θ > 0, then

Lip0({0}∪
∞⋃
k=1

Ck) '
⊕
`∞

Lip0({0}∪Ck) and F({0}∪
∞⋃
k=1

Ck) '
⊕
`1

F({0}∪Ck).

Lemma 1.10. Let M be a pointed metric space and (Mn)∞n=1 an increasing
sequence of subspaces of M such that

⋃
n∈NMn is dense in M and that
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there exists C > 0 such that for each n ∈ N there is E ∈ Ext0(Mn,M) with
‖E‖ ≤ C. Then ⊕

`∞

Lip0(M) '
⊕
`∞

Lip0(Mn). (2)

Proof. By Lemma 1.3, we have⊕
`∞

Lip0(M)
c
↪→
⊕
`∞

(⊕
`∞

Lip0(Mn)
)
. (3)

Fix a bijection π : N2 → N such that π(i, j) ≥ i for every (i, j) ∈ N2. Pick
Ei ∈ Ext0(Mi,M) with ‖Ei‖ ≤ C for each i ∈ N and consider the operator

T :
⊕

`∞

(⊕
`∞

Lip0(Mn)
)
→
⊕

`∞
Lip0(Mn) given by

T ((fi,j))π(r,s)(x) := Er(fr,s)(x), x ∈Mπ(r,s), (fi,j) is such that

fi,j ∈ Lip0

(
Mi

)
for each j ∈ N.

Then we have ‖T‖ ≤ C. Further, consider the operator S :
⊕

`∞
Lip0(Mn)→⊕

`∞

(⊕
`∞

Lip0(Mn)
)

given by

S((fn))(i,j)(x) := fπ(i,j)(x), x ∈Mi, (fn) ∈
⊕
`∞

Lip0(Mn).

Then we have ‖S‖ ≤ 1 and it is easy to verify that S ◦ T = Id; hence, by
Fact 0.3, we have ⊕

`∞

(⊕
`∞

Lip0(Mn)
)

c
↪→
⊕
`∞

Lip0(Mn),

which together with (3) gives
⊕

`∞
Lip0(M)

c
↪→
⊕

`∞
Lip0(Mn) . On the

other hand, by Fact 0.4, each Lip0(Mn) is C-complemented in Lip0(M)

and so
⊕

`∞
Lip0(Mn)

c
↪→

⊕
`∞

Lip0(M); thus, Pe lczyński decomposition
method gives (2). �

Definition 1.11. If there exists an isometric embedding i : M → λM with
i(0) = 0, then we denote i(x) by λx and we say that M is λ-closed. Note
that in this case we have d(λx, λy) = λd(x, y) for every x, y ∈M .

We shall say a pointed metric space M is self-similar supposing that, for
every λ > 0, it is λ-closed and we have {λx : x ∈ M} = M , i.e. the
isometric embeddings are surjective.

Moreover, a metric space M is called homogeneous if for every x, y ∈ M
there exists an isometry of M sending x to y.

Theorem 1.12. Let (M,d) be an unbounded pointed metric space satisfying
the following two conditions:

(i) there is C > 0 such that for every r > 0 there is E ∈ Ext0(B(0, r),M)
with ‖E‖ ≤ C;

(ii) whenever Ck are as in Proposition 1.9, we have Lip0({0}∪
⋃∞
k=1Ck)

c
↪→

Lip0(M).

Moreover, let M satisfy one of the following two conditions

(a) M is homogeneous;
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(b) M is uniformly discrete, λ-closed for some λ > 1 and for each n ∈ N
and r > 0 there is E ∈ Ext0(λnB(0, r),M) with ‖E‖ ≤ C where we
consider metric d on the set λnB(0, r) = {λnx : x ∈ B(0, r)}.

Then
Lip0(M) '

⊕
`∞

Lip0(M).

Proof. Pick an increasing sequence (rn)∞n=1 of positive numbers such that
rn →∞. If M is not homogeneous, it is ε-separated and λ-closed for some
λ > 1; in this case we pick (rn) in such a way that moreover we have ε <

rn ≤ ε
4λ

2n , n ∈ N. By Lemma 1.10 we have Lip0(M)
c
↪→
⊕

`∞
Lip0(M)

c
↪→⊕

`∞
Lip0

(
B(0, rn)

)
. Hence, by the Pe lczyński decomposition method, it

suffices to show
⊕

`∞
Lip0

(
B(0, rn)

) c
↪→ Lip0(M). Now we distinguish the

two cases.

Case 1 (M is homogeneous): Put r0 = 0 and x0 = 0. We inductively find
a sequence (xn)∞n=1 such that d(xn, 0) > 3rn + 2d(xn−1, 0) for each n ∈ N.
For each n ∈ N we put

Cn := {x ∈M : 2(rn−1 + d(xn−1, 0)) < d(x, 0) ≤ d(xn, 0) + rn}.
Now we easily verify that B(xn, rn) ⊂ Cn. Moreover, the assumptions of
Proposition 1.9 are satisfied for sets Cn with θ = 1 as the following compu-
tation shows:

log2

(
2(rn + d(xn, 0))

)
− log2(d(xn, 0) + rn) = log2 2 = 1.

Clearly, B(xn, rn) is isometric to B(0, rn) since M is homogeneous; hence, by
the condition (i), we have that Lip0(B(0, rn)) ' Lip0(B(xn, rn)) is isometric
to a C-complemented subspace of Lip0({0} ∪ Cn).

Case 2 (M is ε-separated and λ-closed): Note that it follows from the
definition that M is λn-closed for each n ∈ N. We put

Cn := {x ∈M : ε
2λ

2n < d(x, 0) ≤ rnλ2n}, n ∈ N.

Now the mapping x 7→ λ2nx maps B(0, rn) into Cn. Moreover, the assump-
tions of Proposition 1.9 are satisfied for sets Cn with θ = 1 as the following
computation shows:

log2( ε2λ
2n+1

)− log2(rnλ
2n) ≥ log2(2) = 1.

Finally, let us observe that Lip0(B(0, rn)) is isometric to a C-complemented
subspace of Lip0({0} ∪ Cn). Indeed, the mapping f 7→ λ2n

(
f ◦ (λ2n)−1

)
is isometry between Lip0(B(0, rn)) and Lip0((λ2nB(0, rn), d)), where the
later is isometric to a C-complemented subspace of Lip0({0} ∪ Cn) by the
assumption.

Hence, in both cases,⊕
`∞

Lip0

(
B(0, rn)

) c
↪→
⊕
`∞

Lip0

(
{0}∪Cn

)
' Lip0

(
{0}∪

∞⋃
n=1

Cn

)
c
↪→ Lip0(M),

where the second and third follow from Proposition 1.9 and condition (ii)

respectively. Therefore, we have
⊕

`∞
Lip0

(
B(0, rn)

) c
↪→ Lip0(M), which is

what we wanted to show. �
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Remark 1.13. The assumptions (i) and (ii) of Theorem 1.12 are satisfied
in Banach spaces as observed e.g. in the proof of [22, Theorem 3.1] or in
doubling metric spaces which follows from Proposition 1.7 and Fact 1.6.

It follows from Lemma 1.10 that under the assumptions of Theorem 1.12,
Lip0(M) is isomorphic to the `∞-sum of its balls as well. Moreover, from the
proof of Theorem 1.12 it follows that Lip0(M) is isomorphic to the `∞-sum
of its annuli as well.

Theorem 1.14. Let X be a pointed homogeneous doubling metric space. Let
X be a subset of X such that (X,X) form a good pair and such that

• either X is uniformly discrete and λ-closed for some λ > 1,
• or X is homogeneous and unbounded.

Then we have Lip0(X) ' Lip0(X).

Proof. By Proposition 1.8, it suffices to show we have Lip0(X) '
⊕

`∞
Lip0(X)

and Lip0(X) '
⊕

`∞
Lip0(X). However, this follows from Theorem 1.12,

because the assumptions (i) and (ii) are satisfied by Proposition 1.7 and
Fact 1.6. �

The following theorem is our main application in this section and it follows
immediately from Theorem 1.14. Let us note that this result is further
generalized and commented in the next section, see Theorem 2.2 and the
discussion below it.

Theorem 1.15. For every d ∈ N, we have Lip0(Zd) ' Lip0(Rd).

Let us close this section with few observations which will be used later.

Lemma 1.16. Let X be a pointed self-similar space and let X be an ε-dense
subset, for some ε > 0, of X containing 0, the distinguished point. Then
(X,X) is a good pair.

Proof. Choose a sequence of positive numbers (rn) with rn → ∞. Since X
is ε-dense, for every x ∈ X there is x′ ∈ X with d(x, x′) < ε. It follows that
for every n ∈ N and every x ∈ X there is x′ ∈ X with d(r−1

n · x, x′) < ε;
hence, d(x, rn · x′) < ε/rn. This implies that mappings X 3 x 7→ rn · x ∈ X
are isometric embeddings of rnX = (X, drn , 0) into X and, for each x ∈ X,

there is a sequence (xn) in X with rnxn → x. �

Corollary 1.17. For every pointed self-similar doubling homogeneous met-
ric space X and every net X in X we have Lip0(X) ' Lip0(X).

Proof. By Lemma 1.16, if we take any net X ′ in X then (X ′,X) is a good
pair. Let X be the smallest set containing X ′ which is 2-closed. It is easy
to check that X is also a net, and so again by Lemma 1.16, (X,X) is still a
good pair. Then we apply Theorem 1.14 to get Lip0(X) ' Lip0(X). Finally,
if Y ⊆ X is an arbitrary net in X, by [19, Proposition 5] (using that X is
unbounded and separable, hence all the nets are infinite and countable), we
get that Lip0(Y ) ' Lip0(X), and we are done. �

Remark 1.18. Let us note that the only property of doubling metric spaces
we used in this section is that there exists C > 0 such that for each metric
subspace N ⊂ M there exists E ∈ Ext0(N,M) with ‖E‖ ≤ C. Quite
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an impressive number of results devoted to the non/existence of such C >
0 for various classes of metric spaces is contained in [4], where another
approach than the one from [29] is developed and many interesting results
are obtained.

2. Lipschitz spaces over finitely generated and Lie groups

In this section we show that the applicability of our tools to show that
Lip0(Zd) is isomorphic with Lip0(Rd), for every d ∈ N, is much wider and
besides Rd and its discrete subsets one can consider much larger class of
natural doubling metric spaces and its canonical nets coming from analysis.
The aim of this section is to consider good pairs (Γ, G), where Γ is a finitely
generated group and G is a (simply connected) Lie group. The restriction to
Lie groups as (finite-dimensional) metric spaces is not accidental. Indeed, in
order to apply Theorem 1.14 and Lemma 1.16 we need to work with pointed
doubling self-similar homogeneous metric spaces. If one adds the rather
natural assumption of being geodesic, there is a precise characterization of
such spaces, proved by Le Donne in [27]: these are a special class of Lie
groups - the Carnot groups equipped with a Carnot-Carathéodory distance
- we refer the reader to [28] for an introduction to Carnot groups. The
geometric similarity of Carnot groups with the standard finite-dimensional
Euclidean spaces is what makes them an object of vital study aiming to
generalize many standard analytic and geometric results valid for Euclidean
spaces. The Pansu’s celebrated theorem which generalizes the Rademacher
theorem to Carnot groups is a prime example (see [37]).

Before stating our results, let us briefly argue how to view finitely gener-
ated groups and Lie groups as interesting examples of pointed metric spaces
for which it is natural to study the corresponding spaces of Lipschitz func-
tions or Lipschitz-free spaces. It is the founding idea of geometric group
theory to view finitely generated groups as pointed metric spaces. Indeed,
if Γ is a finitely generated group and S is some finite symmetric (i.e. s ∈ S
if and only if s−1 ∈ S) generating set, then we may define a word met-
ric dS associated to S and it is a well-known basic fact that whenever S′

is another finite symmetric generating set of Γ, then the metrics dS and
dS′ are bi-Lipschitz equivalent. We refer the interested reader to [10, Sec-
tion 7.9] for further details. Hence, to each finitely generated group Γ we
may associate a canonical space of Lipschitz functions Lip0(Γ), a canonical
Lipschitz-free space F(Γ), and isomorphism classes of these Banach spaces
are well-defined. Similarly, if G is a Lie group, i.e. a group which is a
smooth manifold equipped with group operations that are smooth maps, we
can always define a left-invariant Riemannian metric (or rather left-invariant
distance function associated to that Riemannian metric). Moreover, all such
left-invariant Riemannian metrics, provided that G is a connected real Lie
group, are bi-Lispchitz equivalent. We refer to [10, Section 5.6.3 and Exam-
ple 2.36 (2)] for the previous two facts. This again allows us to talk about
Lip0(G) and F(G) for such groups, and the isomorphism classes of these
Banach spaces are well-defined.

Consider a good pair (Γ, G) of a finitely generated and a Lie group. There
are some restrictions on the pairs. As mentioned above, in order to apply
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Theorem 1.14, by the Le Donne’s characterization, it is natural to consider
G as a Carnot group and have Γ sitting, via a bi-Lipschitz embedding,
inside G as a net. With respect to Lemma 2.3, it is natural to consider
Γ as a subgroup of G. This implies that Γ must be a finitely generated
nilpotent torsion-free group (see [43, Theorem 2.18]). Moreover, vice versa,
whenever Γ is a finitely generated nilpotent torsion-free group, there exists
a unique simply-connected Lie group G such that Γ is its subgroup and G/Γ
is compact (see again [43, Theorem 2.18] and [10, Theorem 13.40]). Such
G is then called the Mal’cev closure of Γ. The following basic fact is well
known and in particular says that Γ is a net in its Mal’cev closure. However,
we prove it for the convenience of a reader who is not familiar with lattices
in Lie groups.

Fact 2.1. Let G be a group with a proper metric d and Γ ≤ G a discrete
subgroup. Then Γ is a net in G if and only if G/Γ is compact.

Proof. Suppose that Γ is a net. Then since it is ε-dense in G, the quotient
G/Γ is a continuous image of the compact ball BG(1G, ε). Conversely, if Γ
is ε-dense for no ε > 0, there is a sequence (gn)n ⊆ G with d(gn,Γ) → ∞.
Their equivalence classes in the metric quotient G/Γ form an unbounded
set, so G/Γ is not compact. �

We shall never explicitly use the group-theoretic properties such as being
nilpotent, therefore we will not define it here and refer the reader to any
textbook on group theory (our reference in general for geometric group the-
ory is [10]). However, for a geometrically oriented reader who is not versed
in group theory we note that by the celebrated result of Gromov ([18]), Γ
being finitely generated and torsion-free nilpotent group is essentially the
same as having polynomial growth (i.e. the cardinality of balls in Γ grows
polynomially).

The previous discussion leads us to consider pairs (Γ, G), where G is the
Mal’cev closure of Γ and G is isomorphic to a Carnot group. Actually, given
Γ, there is a canonical Carnot group associated to it and it is quite often
the case that this Carnot group is isomorphic to the Mal’cev closure of Γ.
Let us give some more details. By Pansu [36], for every finitely generated
nilpotent torsion-free group Γ with its word metric, the sequence of rescaled
balls BnΓ(e, n) converges in the Gromov-Hausdorff distance to the unit ball
of a certain Carnot group, further denoted by G∞. Recall that the Gromov-
Hausdorff distance between two metric spaces (M,d) and (N, e) is defined
as

dGH(M,N) := inf{dH,ρ(M,N) : ρ is a metric on M ∪N
extending the metrics on M and N},

where each dH,ρ(M,N) denotes the Hausdorff distance between M and N
in (M ∪N, ρ), that is,

dH,ρ(M,N) := max
{

sup
m∈M

ρ(m,N), sup
n∈N

ρ(M,n)
}
.

The significant property of the Carnot group G∞ is that it is bi-Lipschitz
isomorphic to any asymptotic cone of Γ. We refer the interested reader to
[3] for more details. In this text we will say that G∞ is the Carnot group
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associated to Γ. In many cases, but not always (we will comment on that
later), the Mal’cev closure G is isomorphic to the Carnot group G∞.

The simplest case is Γ = Zd as then both the Mal’cev closure G and the
Carnot group associated to Zd is Rd. The most simple non-abelian example
is probably the discrete Heisenberg group H3(Z) which can be modeled as
a group of matrices of the form1 a c

0 1 b
0 0 1


where a, b, c ∈ Z. Then the corresponding Mal’cev closure and the Carnot
group is the real Heisenberg group H3(R) which can be modeled exactly the
same, however the coefficients a, b, c are real. We remark that the groups
H3(Z) and H3(R) are the first known examples of doubling proper metric
spaces that do not bi-Lipschitz embed into L1 (they do embed into Lp, for
1 < p < ∞), see [6].That immediately implies that F(H3(Z)) 6' F(Z) and
F(H3(R)) 6' F(R).

The following is the main result of this section whose proof is, using the
tools developed in the previous section, rather straightforward.

Theorem 2.2. Let Γ be a finitely generated nilpotent torsion-free group, G
its Mal’cev closure and G∞ its associated Carnot group. Suppose that G and
G∞ are isomorphic. Then Lip0(Γ) ' Lip0(G∞) (= Lip0(G)).

Let us prove a simple lemma first. Recall that a proper metric space is
such that its closed balls are compact.

Lemma 2.3. Let G be a group with a left-invariant metric d such that (G, d)
is proper and geodesic, and let Γ ≤ G be a subgroup which is a net in (G, d).
Then the restriction of d on Γ is bi-Lipschitz equivalent to the word metric
on Γ.

Proof. Let Γ act on (G, d) by the left multiplication. This is obviously an
action by isometries which is moreover geometric. That is, it is cobounded
(this follows since Γ is ε-dense for some ε > 0) and it is properly discontinu-
ous, meaning that for every compact B ⊆ G, the set {γ ∈ Γ : γ ·B∩B 6= ∅}
is finite. This follows since Γ is δ-separated for some δ > 0. Now it follows
from the Milnor-Švarc theorem (see [10, Theorem 8.37(2)]) that the word
metric on Γ and d restricted on Γ are quasi-isometric. It is then a basic fact
left for the reader that a bijection between two uniformly discrete metric
spaces, the identity on Γ in our case, is quasi-isometric if and only if it is
bi-Lipchitz. �

Proof of Theorem 2.2. Fix some Γ, G and G∞ as above. Since Γ ≤ G is a
net by Fact 2.1, we get that the metric on Γ obtained as a restriction of the
Carnot-Carathédory distance on G∞ is bi-Lipschitz equivalent with a word
metric on Γ, applying Lemma 2.3.

It then follows by Lemma 1.16 that (Γ, G∞) is a good pair. We are now in
position to apply Theorem 1.14 to conclude that Lip0(Γ) ' Lip0(G∞). �

A characterization of those finitely-generated nilpotent torsion-free groups
Γ for which G is isomorphic to G∞ was provided by de Cornulier in [7,
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Theorem 1.8] as those groups for which its systolic growth is asymptotically
equivalent to its word growth. We refer the reader therein for an explanation
of these notions and for a review when this happens in small dimensions.

Theorem 2.2 as a direct generalization of Theorem 1.15 in particular ap-
plies to Euclidean spaces or to the Heisenberg matrices mentioned above.

Corollary 2.4. For any d ∈ N we have Lip0(Zd) ' Lip0(Rd). Also,
Lip0(H3(Z)) ' Lip0(H3(R)).

Quite differently than in infinite-dimensional Banach spaces, where all
nets are bi-Lipschitz equivalent, it has been shown that for every d ≥ 2, Rd
contains bi-Lipschitz non-equivalent nets (see [5]); in particular, nets not bi-
Lipschitz equivalent with Zd. Recently, this last result has been generalized
to the realm of connected simply connected nilpotent Lie groups (see [12]),
where the authors show that each such group with left-invariant Riemannian
metric contains bi-Lipschitz non-equivalent nets. Taking into account the
result of Hájek and Novotný that for every unbounded separable metric
space M and nets N1,N2 ⊆ M , we have Lip0(N1) ' Lip0(N2) (see [19,
Proposition 5]), we record the following corollary.

Corollary 2.5. Let Γ, G and G∞ be as in Theorem 2.2, and again sup-
pose that G and G∞ are isomorphic. Then for every net N ⊆ G we have
Lip0(N ) ' Lip0(G).

In contrast to Theorem 2.2 relating the spaces of Lipschitz functions on
a connected Lie group and its discrete lattice, we have the following obser-
vation for their preduals.

Fact 2.6. Let M be a metric space such that [0, 1] embeds bi-Lipschitz into
M . Let N be a countable metric space which is uniformly discrete or proper.
Then F(M) 6' F(N).

In particular, for any d ∈ N, F(Zd) 6' F(Rd). Or even more generally,
for any finitely generated nilpotent torsion-free group Γ and its Carnot group
G∞, F(Γ) 6' F(G∞).

Proof. Since F([0, 1]) is isometric to L1, we have L1 ↪→ F(M). Therefore,
F(M) is a separable Banach space which fails the Radon-Nikodým property
and in particular, it is not isomorphic to a dual space. On the other hand,
by [21, Proposition 4.4], if N is a uniformly discrete space, it has the Radon-
Nikodým property and by [9, Theorem 2.1], if N is countable and proper,
it is a dual space.

The “in particular” part follows, which is clear since every finitely gener-
ated nilpotent torsion-free group Γ is a countable proper metric space and
since G∞ is geodesic, [0, 1] embeds isometrically into G∞. �

Remark 2.7. Notice that this generalizes the old result that `1 and L1([0, 1])
are not isomorphic, while the spaces `∞ and L∞([0, 1]) are ([38]).

One may wonder what we can prove with our methods when for a given
Γ the corresponding Lie groups G and G∞ are not isomorphic. We can still
deduce the following.

Proposition 2.8. Let Γ, G and G∞ be as in Theorem 2.2. Then Lip0(G∞)
c
↪→

Lip0(Γ)
c
↪→ Lip0(G).
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Proof. First of all, since Γ ≤ G and G/Γ is compact, we get, using Lemma
2.3, that Γ with its word metric bi-Lipschitz embeds into G. So by Propo-

sition 1.7, since Γ is a doubling subspace of G, we get Lip0(Γ)
c
↪→ Lip0(G).

So we must show that Lip0(G∞)
c
↪→ Lip0(Γ).

By the above mentioned Pansu’s result [36], for each r > 0 the sequence
(BnΓ(e, rn))∞n=1 converges in the Gromov-Hausdorff distance to the ball
BG∞(e, r). Moreover, since Γ is a homogeneous and doubling subspace of
G, by Theorem 1.12 and Proposition 1.7 we get Lip0(Γ) '

⊕
`∞

Lip0(Γ).
Hence, it suffices to prove the following Lemma.

Lemma 2.9. Let (M,dM ) and (N, dN ) be pointed metric spaces such that N
is doubling, M is unbounded and for each r > 0 the sequence (BnM (0, rn))∞n=1

converges in the Gromov-Hausdorff distance to the ball BN (0, r). Then

Lip0(N)
c
↪→
⊕

`∞
Lip0(M).

Proof. For every m ∈ N we can find nm ∈ N so that the balls BN (0,m)
and BnmM (0,mnm) are of Gromov-Hausdorff distance less than 1/m. So,
by definition, we can find a metric dm on BN (0,m) ∪ BnmM (0,mnm) that
extends the metrics on BN (0,m), resp. BnmM (0,mnm), and such that for
every y ∈ BN (e,m) there is x ∈ BnmM (0,mnm) such that dm(y, x) < 1/m,
and vice versa. For every m ∈ N, we select some 4/m-net Nm containing
0 in BN (0,m), i.e. a maximal 4/m-separated subset of BN (0,m), and find
some one-to-one map jm : Nm → BnmM (e,mnm) such that jm(0) = 0 and
for every y ∈ Nm we have dm(y, jm(y)) < 1/m. Let N ′m be the image of jm.
Note that jm is a bi-Lipschitz bijection with N ′m. Indeed, for any y, y′ ∈ Nm,
y 6= y′ we have

dnmM (jm(y), jm(y′))

dN (y, y′)
=
dm(jm(y), jm(y′))

dm(y, y′)
≤ dm(y, y′) + 2/m

dm(y, y′)
≤ 6/m

4/m
=

3

2
.

On the other hand we have

dnmM (jm(y), jm(y′))

dN (y, y′)
=
dm(jm(y), jm(y′))

dm(y, y′)
≥ dm(y, y′)− 2/m

dm(y, y′)

≥ dm(y, y′)− dm(y, y′)/2

dm(y, y′)
=

1

2
.

It follows that N ′m is a net in BnmM (e,mnm). Let im : N ′m → Nm be the
inverse of jm. Clearly, for every y ∈ N there exists a sequence (ym)∞m=1,
where ym ∈ Nm and dN (ym, y) → 0. Therefore, (jm(ym))∞m=1 is a sequence
with im(jm(ym))→ y. So we are in position to apply Key Lemma 1.3 with

(im)m as above to get that Lip0(N)
c
↪→
⊕

`∞
Lip0(N ′m). Now each N ′m is a

closed subset of nmM and it is doubling with uniformly bounded doubling
constant, because it is a bi-Lipschitz image (with uniformly bounded bi-
Lipschitz constant) of the set Nm which is a doubling space as a subset
of the doubling space N . Hence, by Proposition 1.7, there is a uniform
constant C such that each Lip0(Nm) is C-complemented in Lip0(nmM);

hence, we have Lip0(N)
c
↪→
⊕

`∞
Lip0(nmM) and it suffices to observe that

each Lip0(nmM) is isometric to Lip0(M) via the mapping Lip0(nmM) 3
f 7→ nmf ∈ Lip0(M). �

�
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3. Lipschitz spaces over infinite-dimensional Banach spaces

Even though our tools were originally developed in order to prove that
Lip0(Zd) ' Lip0(Rd) for each d ∈ N, they may be used in order to get
some interesting consequences concerning Lip0(X) spaces, where X is an
infinite-dimensional Banach space.

3.1. Statements of a more general nature.

Theorem 3.1. Let X and Y be separable Banach spaces such that there is

C > 0 and a sequence (Xn)∞n=1 of subspaces of X with
⋃∞
n=1Xn = X such

that each Xn is C-isomorphic to a C-complemented subspace of Y . Then

Lip0(X)
c
↪→ Lip0(Y ).

Moreover, if Y = X (that is, each Xn is C-complemented in X), then

Lip0(X) '
⊕
`∞

Lip0(Xn).

In particular, if X is a separable infinite-dimensional Banach space then

• if (en)∞n=1 is a Schauder basis of X and Xn = span{ei : i ≤ n}, then
Lip0(X) '

⊕
`∞

Lip0(Xn);

• if X has no nontrivial cotype, then Lip0(c0)
c
↪→ Lip0(X);

• if X has nontrivial type, then Lip0(`2)
c
↪→ Lip0(X).

Proof. By Lemma 1.3, we have Lip0(X)
c
↪→
⊕

`∞
Lip0(Xn). By the assump-

tions we have
⊕

`∞
Lip0(Xn)

c
↪→
⊕

`∞
Lip0(Y ). By Theorem 0.2, we have⊕

`∞
Lip0(Y ) ' Lip0(Y ) and putting all together we obtain Lip0(X)

c
↪→

Lip0(Y ) and Lip0(X) '
⊕

`∞
Lip0(Xn) if Y = X.

The “In particular” part follows from certain known results. The result
concerning Schauder basis is immediate. Further, by the result of B. Maurey
and G. Pisier [33], X has no nontrivial cotype iff `∞ is finitely representable
in X, and since each `n∞ is 1-injective, we easily see that for each n, `n∞
is 2-isomorphic to a 2-complemented subspace of X, which by the above

implies Lip0(c0)
c
↪→ Lip0(X). If X has nontrivial type, we use the result by

T. Figiel and N. Tomczak-Jaegermann [14] (see also [34, Theorem 15.10]),
by which there is C > 0 such that, for each n, `n2 is C-isomorphic to a

C-complemented subspace of X; hence, Lip0(`2)
c
↪→ Lip0(X). �

Remark 3.2. By Theorem 3.1, we have Lip0(c0) '
⊕

`∞
Lip0(`n∞). However,

it is not true that F(c0) '
⊕

`1
F(`n∞). Indeed, by the result of T. Kochanek

and E. Pernecká [24], the Banach spaces F(`n∞) enjoy the Pe lczyński’s prop-
erty (V ∗). This property is preserved by `1 sums [2] and it implies that
the Banach space is weakly sequentially complete and so it does not contain
isomorphic copy of c0; hence, we have c0 6↪→

⊕
`1
F(`n∞). But, by the result

of G. Godefroy and N. Kalton [16], we have c0 ↪→ F(c0).

Let us recall that a Banach space X is said to be an Lp,λ-space (with
1 ≤ p ≤ ∞ and λ ≥ 1) if every finite-dimensional subspace of X is contained
in an n-dimensional subspace of X, for some n ∈ N, whose Banach-Mazur
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distance to `np is at most λ. A space X is said to be an Lp-space if it is an
Lp,λ-space for some λ ≥ 1.

Theorem 3.3. Let X be a separable infinite dimensional Lp-space for some
p ∈ [1,∞]. Then Lip0(X) ' Lip0(`p) if p < +∞ and Lip0(X) ' Lip0(c0) if
p = +∞.

Proof. It follows from the definition of an Lp-space and from Theorem 3.1

that we have Lip0(X)
c
↪→ Lip0(`p). On the other hand, by [40, Corollary 2.1],

there exists C > 0 and an increasing sequence (kn)∞n=1 such that each `knp is
C-isomorphic to a C-complemented subspace of X; hence, by Theorem 3.1,

we obtain Lip0(`p)
c
↪→ Lip0(X).

The conclusion follows from the Pe lczyński decomposition method and
the fact that Lip0(`p) is isomorphic to its `∞–sum. �

Remark 3.4. It is known [11] that whenever K is infinite metric and compact
space then we have F(C(K)) ' F(c0); in particular, Lip0(C(K)) ' Lip0(c0).
Theorem 3.3 might be seen as a far reaching generalization of the later
fact which naturally leads to the question of whether F(X) and F(c0) are
isomorphic whenever X is a separable infinite dimensional L∞-space.

Our next application is based on a result by P. Hájek and M. Novotný
[19]. Recall that all nets in a given infinite dimensional Banach space are
bi-Lipschitz equivalent, see [30].

Corollary 3.5. Let X be a Banach space such that X ' Y ⊕ X, where
Y is a Banach space with a Schauder basis. Let NX be a net in X. Then

Lip0(X)
c
↪→ Lip0(NX).

Proof. By Lemma 1.16 and Proposition 1.4, we have Lip0(X)
c
↪→
⊕

`∞ Lip0(NX).
Since X ' Y ⊕ X, we may apply [19, Theorem 8] and get

⊕
`1
F(NX) '

F(NX) which implies
⊕

`∞
Lip0(NX) ' Lip0(NX). �

Note that, as mentioned already in [19], the above applies to quite a rich
class of spaces.

Remark 3.6. Let us note two consequences of the above which we consider
interesting.

• Lip0(Nc0) is not a Grothendieck space. Indeed, by Theorem 3.5

we have Lip0(c0)
c
↪→ Lip0(Nc0) and Lip0(c0) is not Grothendieck as

the predual F(c0) contains c0 and so it is not weakly sequentially
complete.
• If Lip0(N`1) is Grothendieck then c0 6↪→ F(L1). Indeed, since we

have Lip0(L1) ' Lip0(`1)
c
↪→ Lip0N`1 , it would follow that Lip0(L1)

is Grothendieck and so its predual F(L1) would not contain a copy
of c0.

In the light of Corollary 3.5 it is natural to ask for which separable infinite-
dimensional Banach spacesX we have Lip0(X) ' Lip0(NX). The only result
in this direction we have is the following, which we prove in the remainder
of this subsection.
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In the sequel, for every n ∈ N, Zn will be viewed as a canonical subset of
`1, i.e. the subgroup generated by the first n basis vectors, and as such it will
be equipped with the inherited `1-metric. Analogously

⊕
N Z, the subgroup

generated by all the basis vectors of `1, which will be for notational reasons
denoted by Z<N.

Proposition 3.7. We have⊕
`∞

Lip0(Z<N) ' Lip0(`1).

In the proof we will use an important geometrical observation by E.
Pernecká and G. Lancien [26]. Let us denote by Cn(y,R), where n ∈ N,
y ∈ Rn and R ∈ (0,∞), the hypercube having edge length R and vertices
vγ , γ ∈ {0, 1}n, given by vγ = y +Rγ, that is

Cn(y,R) := co{vγ : γ ∈ {0, 1}n}.
If C is a hypercube as above, we denote by VC its vertices. Given a hypercube
C ⊂ Rn as above and a function f defined on VC , there exists a unique
function Λ(f, C) defined on C which is extending f and is coordinatewise
affine, i.e., t 7→ Λ(f, C)(x1, . . . , xi−1, t, xi+1, . . . , xn) is affine whenever 1 ≤
i ≤ n. The function Λ(f, C) was originally constructed inductively, see [26,
Section 3.1], but there exists even an explicit formula mentioned in [41,
Section 3]

Λ(f, C)(x) :=
∑

γ∈{0,1}n

(
n∏
i=1

(
1− γi + (−1)γi+1xi − yi

R

))
f(vγ). (4)

The crucial result for us will be the following result proved in [26, Lemma
3.2], for an alternative proof see also [41, Remark 3.4].

Lemma 3.8. Let C ⊂ Rn be a hypercube. Consider Rn equipped with the
`1-norm. Then for every function f : VC → R we have

Lip(Λ(f, C)) = Lip(f).

Corollary 3.9. Let n ∈ N and consider Zn as a metric subspace of `n1 .

Then there exists E ∈ Extpt
0 (Zn, `n1 ) with ‖E‖ ≤ 1.

Proof. We cover `n1 by hypercubes Cn(x, 1), x ∈ Zn. Further, we put
E(f)(y) = Λ(f, Cn(x, 1))(y) whenever y ∈ Cn(x, 1) for some x ∈ Zn. Since
Λ(f, C) is uniquely determined as the only coordinatewise affine extension
of f |VC , we easily see that E is well-defined and, having in mind the formula
(4), we see that E is linear and pointwise-to-pointwise continuous. More-
over, by partitioning each segment [x, y] with respect to the hypercubes
through which it passes and using the estimate from Lemma 3.8, we get
‖E(f)‖Lip ≤ ‖f‖Lip for each f ∈ Lip0(Zn). �

Proof of Proposition 3.7. Since (Z<N, `1) is obviously a good pair, by Propo-

sition 1.4 we have Lip0(`1)
c
↪→
⊕

`∞
Lip0(Z<N). Using our Key Lemma 1.3,

Lip0(Z<N) is isometric to a 1-complemented subspace of
⊕

`∞
Lip0(Zn). By

Corollary 3.9 and Fact 0.4, each Lip0(Zn) is isometric to a 1-complemented
subspace of Lip0(`n1 )(note that, by Theorem 1.15, we also have Lip0(Zn) '
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Lip0(`n1 ), but now the important information is that the norms of the iso-
morphisms and projections are uniformly bounded) which is isometric to a
1-complemented subspace of Lip0(`1) by Fact 0.5. Putting all together, we
get

Lip0(`1)
c
↪→
⊕
`∞

Lip0(Z<N)
c
↪→
⊕
`∞

(⊕
`∞

Lip0(Zn)
)

c
↪→
⊕
`∞

⊕
`∞

Lip0(`1) ' Lip0(`1)

and an application of the Pe lczyński’s decomposition method finishes the
proof. �

Let us note that we do not know whether Lip0(Z<N) is isomorphic to its
`∞-sum.

3.2. Lipschitz spaces over Orlicz spaces. The methods developed for
good pairs of metric spaces from the first and second sections can be applied
even in the infinite-dimensional setting. As we will see, (`p, Lp) is a prime
example of a good pair in this context. It turns out however that it is
possible to work with sequence and function spaces of greater generality
than the standard (`p, Lp)-case. Indeed, we are naturally led to the Orlicz
spaces, which generalize the Lp case, and the content of this subsection is
to exploit our tools in this generality. We start with basic preliminaries.

Let (Ω,Σ, µ) be a σ-finite measure space and Φ be a Young function sat-
isfying the ∆2-condition, namely, a function Φ : [0,∞)→ [0,∞) satisfying

(1) Φ(0) = 0;
(2) Φ is convex and increasing;
(3) Φ satisfies the ∆2-condition: there is K > 0 such that Φ(2x) ≤ KΦ(x)

for all x > 0.

Remark 3.10. From convexity and condition (1) it follows that a Young
function Φ is continuous at 0, therefore, it is continuous in [0,∞). From the
condition (2) one may easily deduce that lim inf

x→∞
Φ(x)/x > 0; in particular,

Φ is unbounded. We will call a Young function Φ an N -function if it also

satisfies limx→0
Φ(x)
x = 0 and limx→∞

Φ(x)
x =∞, see [44, §II].

For the sequel, a Young function Φ is fixed.
Let us denote by LΦ(Ω, µ) the set of all the real-valued measurable func-

tions f defined µ-almost everywhere on Ω (functions which agree µ-almost
everywhere are identified) such that∫

Ω
Φ(|f |)dµ <∞

and let

‖f‖Φ := inf{r > 0 :

∫
Ω

Φ(|f |/r)dµ ≤ 1}, f ∈ LΦ(Ω, µ)

It is a classical result, see e.g. [44, Chapter III], that (LΦ(Ω, µ), ‖ · ‖Φ) is a
Banach space. We refer the reader to [44] for more information.

If Ω is some Lebesgue-measurable subset of R and µ is the Lebesgue
measure restricted to Ω, we will denote LΦ(Ω, µ) by LΦ(Ω). If Ω = N and µ
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is the counting measure on N, we will denote LΦ(Ω, µ) by `Φ, the space of
all sequences (xn)∞n=1 ∈ RN such that

‖(xn)n‖Φ := inf{r > 0 :
∞∑
i=1

Φ(
|xi|
r

) ≤ 1} <∞,

also called Orlicz sequence space, defined in [31].

Fact 3.11. If µ(Ω) <∞, then LΦ(Ω, µ) ⊂ L1(Ω, µ).

Proof. Let f be an arbitrary function from LΦ(Ω, µ). Since Φ is a convex
increasing function, we have lim infx→∞Φ(x)/x > 0. It means that there
exists δ > 0 and N > 0 so that Φ(x)/x ≥ δ whenever x ≥ N . Defining
ΩN = {x ∈ Ω : |f(x)| ≥ N}, we may write∫

Ω
|f |dµ =

∫
ΩN

|f |dµ+

∫
Ω\ΩN

|f |dµ

≤ δ−1

∫
Ω

Φ(|f |)dµ+Nµ(Ω) <∞,

and deduce that f ∈ L1(Ω, µ). �

The proof of the next well known fact is easy and therefore will be omitted.

Fact 3.12. If 0 < α < β, then the identity map Id : LαΦ(Ω) → LβΦ(Ω) is

an isomorphism with distortion ‖Id‖‖Id−1‖ ≤ β
α .

Remark 3.13. By applying [23, Theorem 17.41] and by using some standard
measure theory arguments, it is easy to check that if (Ω,Σ) is a standard
Borel space and µ is non-atomic σ-finite measure, then LΦ(Ω, µ) is iso-
morphic to either LΦ[0, 1] or LΦ[0,∞) depending if µ is finite or infinite
respectively, therefore, in what follows we will restrict our investigations to
LΦ[0, 1] and LΦ[0,∞).

The main result of this section is as follows. We note that the ‘in particu-
lar’ part can be derived already from Theorem 3.3. Further, let us emphasize
that by `αnΦ below we denote the Orlicz space associated to the function
αnΦ.

Theorem 3.14. If (αn)n is a sequence of strictly positive real numbers with
lim
n→∞

αn = 0, then

Lip0(LΦ[0,∞)) '
⊕
`∞

Lip0(`αnΦ).

In particular, Lip0(`p) ' Lip0(Lp) for 1 ≤ p <∞.

From the previous theorem and an application of a classical result we
obtain another consequence.

Theorem 3.15. If Φ is a N -function and LΦ[0, 1] is reflexive, then there
exists a sequence (Xn)n of Banach spaces such that Xn ' `2 for each n ∈ N
and

Lip0(LΦ[0, 1]) '
⊕
`∞

Lip0(Xn).

In particular, each Lip0(Lp) for 1 < p <∞ admits a decomposition as above.
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In order to give a proof of Theorem 3.14 we will first establish a couple
of lemmas.

Lemma 3.16. Let (αn)n be a sequence of strictly positive real numbers. If
lim
n→∞

αn = 0, then

Lip0(LΦ[0,∞))
c
↪→
⊕
`∞

Lip0(`αnΦ).

Proof. For each m ∈ N, consider the operator Tm : `αmΦ → LΦ[0,∞) given
by

Tm((xn)n) =
∞∑
n=1

xn · χ[αm(n−1),αmn).

If Tm((xn)n) = f , then for each r > 0 we have∫ ∞
0

Φ(
|f |
r

)dµ =

∞∑
n=1

∫ αmn

αm(n−1)
Φ(
|f |
r

)dµ

=
∞∑
n=1

∫ αmn

αm(n−1)
Φ(
|xn|
r

)dµ =
∞∑
n=1

αmΦ(
|xn|
r

).

It follows that ‖Tm((xn)n)‖Φ = ‖(xn)n‖αmΦ and we deduce that Tm is an
isometric embedding of `αmΦ into LΦ[0,∞).

Next, we will prove that for any given f ∈ LΦ[0,∞) and ε > 0 there is
m0 ∈ N such that for each m ≥ m0 there is h ∈ Tm[`αmΦ] with∫ ∞

0
Φ(
|f − h|
ε

)dµ ≤ 1

and it will follow that ‖f − h‖Φ ≤ ε.
Because f ∈ LΦ[0,∞) and Φ satisfies the ∆2-condition on the whole

interval [0,∞), we deduce that f/ε ∈ LΦ[0,∞). Then
∫∞

0 Φ( |f |ε )dµ < ∞
and we may fix N ∈ N such that

∫∞
N Φ( |f |ε )dµ < 1

2 .
From Fact 3.11 we have that f |[0,N+1] belongs to L1[0, N + 1]. Because

αn > 0 for each n and limn→∞ αn = 0, if bxc = max{m ∈ N : m ≤ x},
then limn→∞ αnbα−1

n (N + 1)c = N + 1 and it is standard to check, by using
the Lebesgue Differentiation Theorem, that the sequence of step functions
(hn)n given by the expression

hn =

bα−1
n (N+1)c∑
j=1

aj · χ[αn(j−1),αnj) + χ[αnbα−1
n (N+1)c,N+1]

where aj = αn

∫ αnj

αn(j−1)
fdµ for each j, converges pointwise to f µ-almost

everywhere in [0, N + 1].

Since Φ is continuous at 0, the sequence (Φ◦ |f−hn|ε )∞n=1, seen as elements of
L1[0, N + 1], converge pointwise to the zero function µ-almost everywhere.
Then, by the Lebesgue’s Dominated Convergence Theorem, there is m0

such that if m ≥ m0, then
∫ N+1

0 Φ( |f−hm|ε ) ≤ 1
2 . We may also assume m0
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sufficiently large so that N ≤ αmbα−1
m (N + 1)c whenever m ≥ m0. Then, if

m ≥ m0 we consider

h =
∞∑
j=1

xj · χ[αm(j−1),αmj)

where xj = hm(αm(j − 1)) if j ≤ bα−1
m (N + 1)c and xj = 0 for otherwise.

Clearly, h is an element of Tm[`αmΦ]. Finally,∫ ∞
0

Φ(
|f − h|
ε

) =

∫ N

0
Φ(
|f − h|
ε

) +

∫ ∞
N

Φ(
|f − h|
ε

)

≤
∫ bα−1

m (N+1)c

0
Φ(
|f − hm|

ε
) +

∫ ∞
N

Φ(
|f |
ε

) ≤ 1

2
+

1

2
= 1.

The thesis follow by a direct application of the Key Lemma 1.3. �

Remark 3.17. From Fact 3.12, the spaces `αnΦ in the previous Lemma are
pairwise isomorphic. In the particular case Φ(t) = tp, for some 1 ≤ p <
∞, they are all isometric to `p and the mappings Tm above constitute a
sequence of linear embeddings of `p into Lp[0,∞) with distortion ‖Tm‖‖T−1

m ‖
uniformly bounded by 1. This fact together with the subsequent argument
leads to the conclusion that (`p, Lp) is a good pair.

Lemma 3.18. For any α > 0, `αΦ is isometric to a 1-complemented sub-
space of LΦ[0,∞).

Proof. It is well-known and straightforward to check that the expression

P (f) =
∞∑
n=1

(
1

α

∫ αn

α(n−1)
fdµ) · χ[α(n−1),αn).

defines a 1-projection from LΦ onto an isometric copy of `αΦ. �

We are now in position of proving the main results of this section:

Proof of the Theorem 3.14. It follows from Lemma 3.18 and Fact 0.5 that
Lip0(`αnΦ) is 1-complemented in Lip0(LΦ[0,∞)) for each n ∈ N. Then,

by applying Theorem 0.2, we get
⊕
`∞

Lip0(`αn)
c
↪→ Lip0(LΦ[0,∞)). By

Lemma 3.16 and an application of the Pe lczyński decomposition method

we obtain
⊕
`∞

Lip0(`αn) ' Lip0(LΦ[0,∞)). The “In particular” part follows

from the easily verifiable fact that for Φ(t) = tp we have `αnΦ isometric to
`p for each n ∈ N. �

Remark 3.19. For the next proof, we recall that if Φ is an N -function,
according to [44, Corollary IV.4.12], LΦ[0, 1] is reflexive if and only if Φ
satisfies both ∆2 and ∇2-condition (i.e., there is some K > 1 so that Φ(x) ≤
Φ(Kx)

2K for all x), which is equivalent, see [44, Corollary II.2.3], to the fact that
both Φ and its complementary Young function Ψ (Ψ(t) = sups>0{st−Φ(s)},
t ≥ 0) satisfy the ∆2-condition. These conditions imply nontrivial Boyd
indexes for LΦ[0, 1] (see e.g. [32, Proposition 2.b.2]), for which [20, Theorem
8.6] applies, see also [32, Theorem 2.f.1].
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Proof of the Theorem 3.15. Without loss of generality we may assume that

Φ(1) = 1 (for otherwise we may replace Φ by Φ̂ = (Φ(1))−1Φ); from Fact 3.12
LΦ[0, 1] ' L

Φ̂
[0, 1] and consequently Lip0(LΦ[0, 1]) ' Lip0(L

Φ̂
[0, 1])). Be-

cause Φ is convex, Φ(0) = 0 and Φ(1) = 1, it follows that Ψ : [0,∞)→ [0,∞)
given by Ψ(t) = t2χ[0,1] +(2Φ(t)−1)χ[1,∞) is a Young function equivalent to

t2 at 0 and equivalent to Φ at ∞. Here we recall that two Young functions
Φ,Ψ : [0,∞) → [0,∞) are said to be equivalent at ∞ (resp. 0) if there
exists 0 < t0 < ∞ and A,B, a, b > 0 such that AΨ(at) ≤ Φ(t) ≤ BΨ(bt)
whenever t ≥ t0 (resp. t ≤ t0), see [20, §7]. Since Φ is a N -function and
LΦ[0, 1] is reflexive (see Remark 3.19), by [20, Theorem 8.6 and the second
remark after its statement], we have LΦ[0, 1] ' LΨ[0,∞). Then, according
to Theorem 3.14:

Lip0(LΦ[0, 1]) ' Lip0(LΨ[0,∞)) '
⊕
`∞

Lip0(`(1/n)Ψ).

Since (1/n)Ψ is equivalent to t2 at 0, from [31, Proposition 4.a.5.] we deduce
that `(1/n)Ψ ' `2 for each n ∈ N. �

It seems to be an interesting problem to find classes of Orlicz functions Φ
for which we have Lip0(`Φ) ' Lip0(LΦ) e.g. by observing that (`Φ, LΦ) is a
good pair (it seems that our proof would work only for functions Φ satisfying
Φ(2x) = KΦ(x)).

4. Questions

In this section we show that our results open quite a lot of space for
further investigations. We suggest several natural open problems which we
consider interesting.

4.1. Question related to finite-dimensional spaces. In this paper, we
have considered finitely generated and Lie groups as a natural class of
pointed metric spaces for which it is interesting to investigate the corre-
sponding spaces of Lipschitz functions and their preduals, Lipschitz-free
spaces. It is of interest to demonstrate that ‘different’ groups have non-
isomorphic Lip0-spaces and Lipschitz-free spaces. One must be careful with
the notion of being different and with the class of groups in consideration.
For example, all non-abelian free groups are bi-Lipschitz equivalent to each
other. Moreover, it follows from the result of Godard [15] that for every
countable free group F we have F(F ) ' `1 and Lip0(F ) ' `∞ since F iso-
metrically embeds into an R-tree. This includes F = Z which is not even
quasi-isometric to any non-abelian free group. So we face some restrictions.
However, it leads us to pose the following question for hyperbolic groups
which is motivated by the fact that asymptotic cones of finitely generated
hyperbolic groups are (non-separable) R-trees (see e.g. [10, Proposition
11.167].

Question 1. Is F(Γ) ' `1 (and Lip0(Γ) ' `∞) for every finitely generated
hyperbolic group Γ?

Both positive and negative answer would be intriguing. Negative answer
would show that the functor F(·) can distinguish even some hyperbolic
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groups, while positive answer would imply that there exists a group Γ with
property (T) with F(Γ) ' `1 - this follows since there are hyperbolic groups
with property (T) (see e.g. [10, Chapter 19]). It is known that every action
by affine isometries of a group with property (T) on `1 with its standard
norm has a fixed point (see [1, Corollary D]). On the other hand, since the
action of Γ on itself by left multiplication induces a proper action by affine
isometries on F(Γ), it would imply that there is a renorming of `1 on which Γ
has a proper action by isometries. Note that it is not clear which groups with
property (T) have fixed points for isometric actions on all spaces isomorphic
to a Hilbert space (see e.g. [25] where this is discussed). In particular, we
emphasize there is a conjecture of Shalom that there is a hyperbolic group
with property (T) with a proper isometric action on a space isomorphic to a
Hilbert space (see again [25]). This last observation suggests that in general
for a group Γ with property (T), it is likely that F(Γ) 6' `1, or at least the
Banach-Mazur distance from `1 should be ‘large’.

On the other hand, one of the main open problems in the area of Lipschitz-
free spaces and spaces of Lipschitz functions is to distinguish Lip0(Rm) and
Lip0(Rn), or equivalently according to our results, Lip0(Zm) and Lip0(Zn),
for m 6= n. The same for the spaces F(Rm) and F(Rn), or F(Zm) and
F(Zn). This research project could be brought to a wider context of Carnot
groups and their discrete counterparts, finitely generated nilpotent torsion-
free group, as considered in this paper.

Question 2. Are the functors Lip0(·) and F(·) complete invariants of quasi-
isometry and/or isomorphism for the classes of simply connected nilpotent
Lie groups, resp. finitely generated torsion-free nilpotent groups?

The only results that we are aware of are the following. Naor and Schecht-
man prove (see [35]) that Lip0(R) 6' Lip0(R2) and Lip0(Z) 6' Lip0(Z2), and
the same for the functor F(·). It immediately follows by the main result
from [6] that F(Z) 6' F(H3(Z)) and F(R) 6' F(H3(R)).

To put the previous question into a wider context, we note that it is still
one of the main open problems in the metric geometry of Lie groups whether
two quasi-isometric simply connected nilpotent Lie groups are isomorphic
(see e.g. [10, Problem 25.44]). Also, if Γ and ∆ are two quasi-isometric
finitely generated torsion-free nilpotent groups, then their associated Carnot
groups are isomorphic (see [37] or [10, Theorem 25.43]). On the other hand,
it is still open whether their Mal’cev closures are isomorphic, we refer to [45]
for a discussion about this last problem.

4.2. Question related to infinite-dimensional spaces. The result that
Lip0(Zd) ' Lip0(Rd), which motivated our research, can be considered for
generalization into two natural directions. Either to drop the assumption
of commutativity and keep the assumption of finite-dimensionality, which
is what we did when we considered the Carnot groups as finite-dimensional
generalization of Rd. Or the other way round, to keep the assumption of
commutativity and drop the assumption of finite-dimensionality, which leads
to the following question.

Question 3. Let NX be a net in a separable Banach space X. Is Lip0(Nx) '
Lip0(X)?
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We do not know the answer to Question 3 even for classical spaces such
as X = `1 or X = c0. Note that if it was true that Lip0(X) ' Lip0(NX)
for every separable Banach space X, then uniformly homeomorphic Banach
spaces would have isomorphic spaces of Lipschitz functions.

Question 4. Let NX be a net in a separable Banach space X. Do we have
Lip0(NX) '

⊕
`∞

Lip0(NX)?

We have been able to prove that Lip0(`p) ' Lip0(Lp) either using the
‘global geometric fact’ that (`p, Lp) is a good pair (see Theorem 3.14), or
using the ‘local geometric fact’ that locally `p and Lp are the same (see
Theorem 3.3). Both locally and globally, Lp and Lq for 1 ≤ p < q <∞ are
geometrically quite different, therefore the following is a natural conjecture.

Question 5. Is Lip0(Lp) 6' Lip0(Lq), for 1 ≤ p < q <∞?

Another natural question concerns the preduals of Lip0(Lp). For the good
pairs of the form (Γ, G∞), we can distinguish their free spaces, however these
tools are not available for the pair (`p, Lp).

Question 6. Is F(`p) ' F(Lp) for every (some) 1 ≤ p 6= 2 <∞?

Question 7. Let X be a separable Banach space. Is it true that Lip0(`2)
c
↪→

Lip0(X)?

We do not know the answer to Question 7 even for X = c0 and X = `1.

Question 8. Is F(`p) '
⊕

`1
F(`np ) for some (or even every) 1 ≤ p <∞?

Note that if the answer to Question 8 is positive for some p then, using
the argument from Remark 3.2, we would have c0 6↪→ F(`p), which would in
the case of p = 1 or p = 2 answer a question raised already in [8].

Our last question is related to our poor knowledge of F(Rd) spaces. Since
we have proved that Lip0(Rd) ' Lip0(Zd), it seems to be natural to inves-
tigate the properties of Banach spaces Lip0(Zd). By the already known
results, it seems that those spaces share many properties of `∞ and so it
is natural to wonder how far one can go with this. The first natural and
interesting property could be the Grothendieck property. Note that every
von Neumann algebra is a Grothendieck space, see [42] or [13], so a pos-
itive answer would support the intuition that Lipschitz spaces behave in
many ways as von Neumann algebras. For example, it is already known
that both Lip0(Zd) and Lip0(Rd) have isometrically unique preduals and
that their preduals are weakly sequentially complete spaces - for Lip0(Rd)
the reference is [49] and [8] or [24], for Lip0(Zd) this follows from the result
by Kalton [21, Proposition 4.3] by which the predual F(Zd) is isomorphic to
a subspace of an `1-sum of finite-dimensional spaces and so it has so-called
property (X), see [17].

Question 9. Is Lip0(Zd) a Grothendieck space for each d ∈ N?
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