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Žitná 25, 11567, Praha 1, Czech Republic

2. Université Paris-Est, LAMA, 61 Avenue du Général de Gaulle, F-94010 Créteil, France
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Abstract

We consider the compressible Euler system describing the motion of an ideal fluid confined
to a straight layer Ωδ = (0, δ)× R2, δ > 0. In the framework of dissipative measure-valued
solutions, we show the convergence to the strong solution of the 2D incompressible Euler
system when the Mach number tends to zero and δ → 0.
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1 Introduction

The present paper is devoted to the problem of the limit passage from three-dimensional to
two-dimensional geometry, and from compressible to incompressible inviscid fluid. In the infinite
straight layer

Ωδ = (0, δ)× R2, δ > 0, (1.1)

we consider the compressible Euler system describing the motion of a barotropic fluid,

∂t%ε + divx (%εuε) = 0, (1.2)

∂t (%εuε) + divx (%εuε ⊗ uε) +
1
ε2
∇xp (%ε) = 0, (1.3)

supplemented with the initial conditions

ρε(0, ·) = ρ0,ε, ρεuε(0, ·) = m0,ε, (1.4)

and the far field conditions
uε → 0, ρε → ρ̃ as |x| → ∞, (1.5)

with ρ̃ > 0 constant.
The above system is written in its non-dimensional form, with ε the Mach number (the

Strouhal number allowed by the scale analysis is set equal to one). Here, %ε = %ε (x, t) uε =
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uε (x, t) and p = p(%ε (x, t)) represents the mass density, the velocity vector and the pressure
respectively (for assumptions on the pressure see Theorem 3.1).

In the context of the low Mach number limit, the convergence of the solution of the compress-
ible Euler system to the solution of the incompressible system was shown in several papers for
well-prepared initial data of the compressible system, namely data for which the acoustic waves
are not allowed, and for smooth solutions of the compressible flow (see [1, 20, 30, 33, 37]). Indeed,
it is known that solutions of the compressible Euler system develop singularities in a finite time
independently how smooth and/or small the initial data are. Moreover, it was shown by Feireisl
et al. [22], it is very hard to prove that the life span of the smooth solutions is independent by
the Mach number. Consequently, smooth solutions are quite restrictive for compressible inviscid
flows. We would like to stress that, under certain hypotheses on initial data, Serre and Grassin
[27, 28] proved global smooth solutions to the compressible Euler in Rd (d ≥ 1). Recently, these
results have been extended by Blanc et al. [4] for the Euler system coupled to the Helmholtz or
Poisson equations.

In order to obtain global existence results, it is necessary to move into weak solutions. As
mentioned by Feireisl et al. [22], the recent theory of convex integration has shown the existence of
a ”large number” of global-in-time weak solutions for regular initial data, even if ”most of them”
violate the basic energy inequality associated to the system (see [12, 17]). Moreover, there exist
a family of ”wild” initial data producing infinitely many weak solutions satisfying the so-called
admissibility criteria (see, for example, [14, 15, 17]). Despite the present results the existence
of global-in-time admissible weak solutions for arbitrary (smooth) initial data remains an open
problem for the compressible Euler system. However, a recent analysis by Breit et al. [6] proposed
a new concept of dissipative solutions to the compressible Euler system.

Therefore, for the purpose of the present analysis, we move into the so-called dissipative
measure-valued (DMV) solutions. Let us mention that such type of solutions were recently de-
veloped by Demoulini et al. [18] in the context of polyconvex elastodynamics, while in context
of fluid dynamics were studied by Gwiadza et al. [23, 29] (measure-valued solutions in the sense
of DiPerna [16] can be found e.g. [31], [34], [5]). Indeed, for the Euler system, the advantage
of DMV solutions is that they exist globally in time for any finite energy initial data even if, in
general, the solutions are not uniquely determined by the initial data. In this framework, very
recently, the low Mach number limit analysis for the compressible Euler system was developed by
Feireisl et al. [22] for the case of well-prepared and ill-prepared initial data, namely the acoustic
waves are present and they are dispersed in the low Mach number limit. For other recent results
concerning singular limit analysis in the framework of DMV solutions the reader can refer, for
example, to [10, 21]. While, for heat conducting inviscid fluid to [7, 8].

In the context of thin-domain limit analysis, recently Caggio et al. [11] consider the compress-
ible Navier-Stokes system describing the motion of a viscous fluid confined in the straight layer
(1.1). They show that the weak solutions in the 3D domain converge strongly to the solution of
the 2D incompressible Navier-Stokes equations (Euler equations) when the Mach number tends
to zero as well as δ → 0 (and the viscosity goes to zero). For other works related to a dimension
reduction limit the reader can refer, for example, to [3, 9, 19, 32]. Compared with Naver-Stokes
equations, it is interesting and natural to investigate the low Mach number limit for compressible
Euler system in the context of thin-domain limit analysis. Based on the analysis of Caggio et
al. [11] and Feireisl et al. [22], our goal is to rigorously justify the asymptotic limit of solutions
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(%ε,uε) for ε, δ → 0 in the framework of DMV solutions. The analysis will be developed for
ill-prepared data. The well-prepared case is an easy consequence.

Formally, for ε, δ → 0, namely the low Mach and thin-domain limit, the limit system is
expected to satisfy the two-dimensional incompressible Euler system

divhv = 0, (1.6)

∂tv + v∇hv +∇hΠ = 0, (1.7)

with v = v (x, t) the velocity, Π = Π (x, t) the pressure, and the initial condition

v(0, ·) = v0. (1.8)

Here, we meant v = (v1, v2) a vector field in R2, with

∇h = (∂x1 , ∂x2), divh = ∇h · .

We assume the thickness δ of the domain depending by ε such that δ(ε) → 0 as ε, and, for a
function f defined in Ωδ, we denote its average in the x3-direction as

f(xh) = f
δ
(xh) =

1
δ

∫ δ

0

f(xh, x3)dx3, (1.9)

where xh = (x1, x2). Namely, a bar over a function denotes the average over x3 ∈ (0, δ). We will
show that, if the average value of the initial data of the compressible Euler system converges, in
a certain sense specified below, to the initial data of the incompressible Euler system, namely
(ρ0,ε,u0,ε) → (1,v0), then the limit (ρε,uε) – the (space) average of the solutions (ρε,uε) of the
compressible Euler system – corresponds to the (classical) solution of the incompressible Euler
system in R2.

The paper is organized as follows. In Section 2, we introduce the definition of dissipative
measure solutions, relative energy and the other necessary material. In Section 3, we perform
the necessary analysis of the acoustic waves and state our main theorem. Section 4 is devoted to
deriving uniform bounds of the Euler system independent of ε. The proof of the main theorem is
completed in Section 5.

2 Measure-valued solutions and relative energy inequality

In this section we introduce the DMV solutions and the relative energy inequality as key tool
of our analysis. Smooth solution of the incompressible Euler system will be also discussed.

2.1 Dissipative measure-valued solutions

Before introducing the notion of DMV solutions, for convenience of readers, we give a short
introduction of some concepts. For more details see [8] and [13].

First, we introduce the phase-space associated to the solutions [ρ,m] = [ρ, ρu], namely

Q = {[ρ,m] | ρ ∈ [0,∞), m ∈ Ωδ}.
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Now, let L∞weak−(∗)((0, T )×Ω;P(Q)) be the space of essentially bounded weakly-(∗) measure maps
Y : (0, T ) × Ω → P(Q), (t, x) 7→ Yt,x. By virtue of fundamental theorem on Young measures
(see Ball [2]) there exists a subsequence of {ρε,mε}ε>0 and parameterized family of probability
measures {Yt,x}(t,x)∈(0,T )×Ω

[(t, x) 7→ Yt,x] ∈ L∞weak−(∗)((0, T )× Ω;P(Q)),

such that a.a. (t, x) ∈ (0, T )× Ω

〈Yt,x;G(ρ,m)〉 = Ĝ(ρ,m)(t, x) for any G ∈ Cc(Q), and a.a. (t, x) ∈ (0, T )× Ω

whenever

G(ρε,mε) → Ĝ(ρ,m)(t, x) weakly-(∗) in L∞((0, T )× Ω).

Above, the hat over a function is intended as weak limit. The parameterized family of measures
{Yt,x}(t,x)∈(0,T )×Ω is called Young measure associated to the sequence {ρε,mε}ε>0. If G ∈ C(Q)
is such that ∫ T

0

∫
Ω

|G(ρε,mε)|dx ≤ C,

then G is Yt,x integrable for almost all (t, x) ∈ (0, T )× Ω and

[(t, x) 7→ 〈Yt,x;G(ρ,m)〉] ∈ L1((0, T )× Ω),

and

G(ρε,mε) → Ĝ(ρ,m)(t, x) weakly-(∗) in M((0, T )× Ω).

Note that the Young measure [(t, x) 7→ 〈Yt,x;G(ρ,m)〉] is a parameterized family of non-negative
measures acting on the phase space Q, while Ĝ(ρ,m)(t, x) is a signed measure on the physical
space [0, T ]× Ω. In conclusion, the difference

µG ≡ Ĝ(ρ,m)− [(t, x) 7→ 〈Yt,x;G(ρ,m)〉] ∈M((0, T )× Ω),

is called concentration defect measure.
A dissipative measure-valued (DMV) solution of the Euler system (1.2) - (1.3) is a Young

measure {Yt,x}t∈[0,T ],x∈Ωδ
satisfying:

• Equation of continuity∫ T

0

∫
Ωδ

[〈Yt,x; ρ〉∂tϕ+ 〈Yt,x;m〉∇xϕ]dxdt = −
∫

Ωδ

〈Y0,x; ρ〉ϕ(0)dx, (2.1)

for all ϕ ∈ C∞c ([0, T )× Ωδ).

• Momentum equation∫ T

0

∫
Ωδ

[〈Yt,x;m〉∂tϕ+ 〈Yt,x;
m⊗m

ρ
〉 : ∇xϕ]dxdt+

∫ T

0

∫
Ωδ

〈Yt,x; p(ρ)〉divϕdxdt
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= −
∫

Ωδ

〈Y0,x;m〉ϕ(0)dx−
∫ T

0

∫
Ωδ

∇xϕ : dµM
D , (2.2)

for all ϕ ∈ C∞c ([0, T )×Ωδ; R3) and a signed measure µM
D ∈M([0, T ]×Ωδ; R3×R3) characterizing

the concentration defect.

• Energy inequality∫
Ωδ

〈Yτ,x;
1
2
|m|2

ρ
+
(
P (ρ)− P ′(ρ̃)(ρ− ρ̃)− P (ρ̃)

)
〉dx+D(τ)

≤
∫

Ωδ

〈Y0,x;
1
2
|m|2

ρ
+
(
P (ρ)− P ′(ρ̃)(ρ− ρ̃)− P (ρ̃)

)
〉dx (2.3)

for a.a τ ∈ (0, T ), where

P (ρ) = ρ

∫ ρ

eρ

p(z)
z2

dz, (2.4)

and the non-negative function D ∈ L∞(0, T ) is the so-called dissipation defect.

• Compatibility conditions∫ τ

0

∫
Ωδ

|µM
D |dxdt ≤ C

∫ τ

0

ξ(t)D(t)dt, for a.a τ ∈ (0, T ), for some ξ ∈ L1(0, T ). (2.5)

Remark 2.1. The functions

[ρ,m] 7→ m⊗m
ρ

, [ρ,m] 7→ |m|2

ρ

are singular on the vacuum set ρ = 0. We set

|m|2

ρ
=
{
∞, if ρ = 0 and m 6= 0,
0, otherwise.

Accordingly, it follows from the energy inequality (2.4) that

Supp[Yt,x] ∩ {[ρ,m] ∈ Q| ρ = 0, m 6= 0]} = ∅ for a.a. (t, x).

Remark 2.2. The measure Y0,x plays the role of initial conditions.

Remark 2.3. The proof of an existence of DMV solutions of Euler system was done in the

pioneer work by Neustupa, [34]. Feireisl et al. [7, 8] proved the existence of (DMV) solutions

to the non-rotating full Euler system. The existence of DMV solutions to (1.1) − (1.3) can be

obtained by analogous methods as in [8].

2.2 Relative energy inequality

Motivated by [22] (see also [25]), we introduce the following modified relative energy functional

E(ρ,m|r,U) =
1
δ

∫
Ωδ

〈Yt,x;
1
2
ρ|m
ρ
−U(t, x)|2 + (P (ρ)− P ′(r(t, x))(ρ− r(t, x))− P (r(t, x)))〉dx,

(2.6)
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where r > 0, U are smooth functions such that r − ρ̃, U are compactly supported in Ωδ. Any
DMV solution of (1.1) satisfies the relative energy inequality (see [26, 22])

E(ρ,m|r,U)|t=τ
t=0 +D(τ) ≤ 1

δ

∫ τ

0

R (%,u | r,U) dt, (2.7)

with the remainder

R (%,u | r,U) =
∫

Ωδ

〈Yt,x; (∂tU +
m
ρ
∇xU)(ρU−m)〉dx

+
1
ε2

∫
Ωδ

〈Yt,x; (r − ρ)∂tP
′(r)− p(ρ)divU−m · ∇xP

′(r)〉dx (2.8)

+
∫

Ωδ

∇xU : dµM
D = R1 +R2 +R3,

for a.a. τ ∈ [0, T ], and any r,U ∈C1([0, T ]× Ωδ), r − ρ̃, U compactly supported in Ωδ.

2.3 Solution of the incompressible Euler system

As shown by Oliver [35], the incompressible Euler system (1.6)-(1.7) possesses a unique strong
solution

v ∈ C([0, T ];Wm,2(R2)), Π ∈ C([0, T ];Wm,2(R2)), m ≥ 3, (2.9)

for any

v0 ∈Wm,2(R2), divv0 = 0. (2.10)

3 Initial-data and acoustic waves

In order to introduce the contribution coming from the acoustic waves, we consider the initial
data for the system (1.2) - (1.3) in the following form

ρε(0, ·) = ρ0,ε = ρ̃+ εs0,ε, uε(0, ·) = u0,ε (3.1)

for s0 ∈ L∞ ∩ L1
(
R2
)

and u0 = v0 + ∇hΨ0, divx(ρ̃v0) = 0. Here, the acoustic contribution
comes from the density perturbation described by s, and the gradient of the acoustic potential
Ψ. We assume ill-prepared initial data, namely

1
δ

∫
Ωδ

〈Y ε
0,x;

1
2
ρ|m
ρ
− u0,ε(x)|2 +

1
ε2

(P (ρ)− P ′(ρ0,ε)(ρ− ρ0,ε)− P (ρ0,ε))〉dx→ 0 (3.2)

as ε→ 0. This could be rephrased as follows

ρ0,ε − ρ̃

ε
bounded in L∞

(
R2
)
,
ρ0,ε − ρ̃

ε
→ s0 in L1

(
R2
)
, u0,ε → u0 in L2

(
R2,R3

)
. (3.3)

The corresponding (two-dimensional) acoustic system reads{
ε∂tsε + ρ̃∆hΨε = 0,
ε∂t∇hΨε + p′(eρ)

eρ ∇hsε = 0,
(3.4)
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with the initial data
sε(0, ·) = s0, ∇hΨε(0, ·) = ∇hΨ0. (3.5)

For technical reasons, the initial data must be smoothed and cut-off via suitable regularization
operators, namely

sε(0, ·) = s0,η =
ρ̃

p′(ρ̃)
[
p′(ρ̃)
ρ̃

s0]η, ∇hΨε(0, ·) = ∇hΨ0,η = ∇h[Ψ0]η, (3.6)

where [·]η denotes the regularization.
Denoting the corresponding (smooth) solutions of the acoustic system as (sε,η, Ψε,η), the

energy conservation and the standard energy estimates hold in two-dimension, namely

d

dt

∫
R2

1
2

[
p′ (ρ̃) |sε,η(t, ·)|2 + ρ̃2 |Ψε,η(t, ·)|2

]
dx = 0 (3.7)

with p′ (ρ̃) = a2, a > 0 velocity of sound, and

sup
t∈[0,T ]

[‖Ψε,η(t, ·)‖W m,2(R2) + ‖sε,η(t, ·)‖W m,2(R2)] ≤ C(m, η)[‖∇xΨ0,η‖W m,2(R2) + ‖s0,η‖W m,2(R2)],

(3.8)

for any fixed m ≥ 0 and η > 0.
Moreover, the so-called dispersive estimate reads as follows (see [36])

‖Ψε,η(t, ·)‖Lq(R+,W k,p(R2)) + ‖sε,η(t, ·)‖Lq(R+,W k,p(R2)) ≤ Cε
1
q ‖∇xΨ0,η‖W m,2(R2) + ‖s0,η‖W m,2(R2)

(3.9)

for any

p ∈ (2,∞) ,
2
q

=
1
2
− 1
p
, q ∈ (4,∞)

m ≥ 0, k = 0, 1, ...,m− 1. (3.10)

3.1 Incompressible limit on thin domain – main result

Our main result reads as follows.

Theorem 3.1. Let p ∈ C1(0,∞) ∩ C[0,∞) satisfying

p′(ρ) > 0 for all ρ > 0, lim sup
ρ→∞

p(ρ)
P (ρ)

= P∞ <∞,

lim inf
ρ→∞

p(ρ)
ργ

≥ p∞ > 0 for some γ > 1.

Let {Y ε
t,x}(t,x)∈[0,T ]×Ω be a family of DMV solutions to the scaled compressible Euler system

(1.2)-(1.3) satisfying the compatibility condition (2.5) with a function ξ independent of ε. Let

the initial data {Y ε
0,x}x∈Ω be ill-prepared, namely (3.2) holds.

Then,

Dε → 0 in L∞(0, T ),
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ess sup
t∈(η,T )

1
δ

∫ δ

0

∫
B

〈Y ε
t,x;

1
2
ρ|m
ρ
− v|2 +

1
ε2

(P (ρ)− P ′(ρ̃)(ρ− ρ̃)− P (ρ̃))〉dx→ 0

as ε→ 0 for any compact B ⊂ R2 and any 0 < η < T , where v is the solution of the incompressible

Euler system (1.6)-(1.7) with initial data v0 = P [u0], where P denotes the standard Helmholtz

projection onto the space of solenoidal functions.

The rest of the paper is devoted to the proof of Theorem 3.1.

4 Energy bounds

We introduce the following decomposition (see for example [24])

h(ρ,m) = [h]ess(ρ,m) + [h]res(ρ,m), [h]ess = ψ(ρ)h(ρ,m), [h]res = (1− ψ(ρ))h(ρ,m),

where

ψ ∈ C∞c (0,∞), 0 ≤ ψ(ρ) ≤ 1, ψ(ρ) = 1 for all ρ ∈ [
1
2

min
Ωδ

ρ̃, 2 max
Ωδ

ρ̃].

The right-hand side of the energy inequality (2.4) is bounded uniformly for ε→ 0. Consequently,
we have

ess sup
t∈(0,T )

1
δ

∫
Ωδ

〈Y ε
t,x;

1
2
|m|2

ρ
+

1
ε2

(P (ρ)− P ′(ρ̃)(ρ− ρ̃)− P (ρ̃))〉dx ≤ C. (4.1)

Now, in order to derive further bounds, we follow the analysis in [22]. Since

P ′′ (ρ) =
p′ (%)
%

, for ρ > 0,

the convexity of P (ρ) gives

|ρ− ρ̃|2 ≤ C (δ) (P (ρ)− P ′ (ρ̃) (ρ− ρ̃)− P (ρ̃)) (4.2)

whenever 0 < δ ≤ ρ, ρ̃ ≤ 1
δ
, δ > 0;

1 + |ρ− ρ̃|+ P (ρ) ≤ C (δ) (P (ρ)− P ′ (ρ̃) (ρ− ρ̃)− P (ρ̃)) (4.3)

if 0 < 2δ < ρ̃ <
1
δ
, % ∈ [0, δ) ∪

[
1
δ
,∞
)
, δ > 0.

The above estimates give

ess sup
t∈(0,T )

1
δ

∫
Ωδ

〈Y ε
t,x;

[∣∣∣∣ρ− ρ̃

ε

∣∣∣∣2
]

ess

〉+ 〈Y ε
t,x;
[
P (ρ) + 1

ε2

]
res

〉dx ≤ C. (4.4)

Moreover, we have

1
δ

∫
Ωδ

〈Y ε
t,x;
[
|m|2

]
ess
〉dx ≤ 1

δ

∫
Ωδ

〈Y ε
t,x;

[
ρ

∣∣∣∣mρ
∣∣∣∣2
]

ess

〉dx ≤ C. (4.5)
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From

[|m|]res ≤
|m|
√
ρ

[
√
ρ]res ,

we have [
|m|

2γ
γ+1

]
res

≤ C

(
ερ

∣∣∣∣mρ
∣∣∣∣2 +

1
ε

[ργ ]res

)
.

Consequently
1
δ

∫
Ωδ

〈Y ε
t,x;
[
|m|

2γ
γ+1

]
res
〉dx ≤ εC. (4.6)

Finally, we obtain

〈Y ε
t,x;m〉 bounded in L∞(0, T ;L2(R2) + L

2γ
γ+1 (R2)),

〈Y ε
t,x; [

ρ− ρ̃

ε
]ess〉 bounded in L∞(0, T ;L2(R2)),

ε−
2
γ 〈Y ε

t,x; [ρ]res〉 bounded in L∞(0, T ;Lγ(R2)), (4.7)

where we averaged in the sense of (1.9), noticing[
|m|2

]
ess

≤
[
|m|2

]
ess

bounded in L∞(0, T ;L1(R2),

[
|m|

2γ
γ+1

]
res

≤
[
|m|

2γ
γ+1

]
res

bounded in L∞(0, T ;L1(R2),[∣∣∣∣ρ− ρ̃

ε

∣∣∣∣2
]

ess

≤

[∣∣∣∣ρ− ρ̃

ε

∣∣∣∣2
]

ess

bounded in L∞(0, T ;L1(R2),

ess sup
t∈(0,T )

‖ [ρ]res ‖
γ
Lγ(R2) ≤ ess sup

t∈(0,T )

‖[ργ ]res‖L1(R2) ≤ cε2;

and where we used the following Jensen’s inequality

〈Y ε
t,x; |f |〉p ≤ 〈Y ε

t,x; |f |p〉, p ≥ 1.

5 Convergence

The proof of Theorem 3.1 is based on the ansatz r = ρ̃ + εsε,η and U = V +∇xΨε,η in the
relative energy inequality (2.8). Here, V = (v, 0), with v solution of incompressible Euler system
(1.6)-(1.7), and (sε,η,Ψε,η) solution of the acoustic system (3.4) with ∇xΨε,η = (∇hΨε,η, 0). For
simplicity, we drop the subscript ε, η in (sε,η,Ψε,η). Moreover, we assume ρ̃ = 1. In the following,
we estimate each Rj (j = 1, 2, 3) in (2.8).

5.1 The convective term

We write

1
δ

∫ τ

0

R1dt =
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (∂tU + U · ∇xU) · (%U−m)〉dxdt

+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;
(

m
%
−U

)
· ∇xU · (%U−m)〉dxdt. (5.1)
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The last term is controlled by∫ τ

0

‖∇hv(t, ·)‖L∞(R2)E(t)dt+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;
(

m
%
−U

)
· ∇x∇xΨ · (%U−m)〉dxdt

≤
∫ τ

0

c(t)E(t)dt− 1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

m
%
⊗m : ∇x∇xΨ〉dxdt

+
2
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (m⊗U) : ∇x∇xΨ〉dxdt− 1

δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; % (U⊗U) : ∇x∇xΨ〉dxdt. (5.2)

For the m
% ⊗m term and from (4.1), we have

∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x;

m
%
⊗m : ∇x∇xΨ〉dxdt

∣∣∣∣ ≤ c(T )

∥∥∥∥∥ |m|2
%

∥∥∥∥∥
L∞T (L1(R2))

∥∥∇2
hΨ
∥∥

L8
T (L∞(R2))

≤ c(η, T )

∥∥∥∥∥ |m|2
%

∥∥∥∥∥
L∞T (L1(R2))

∥∥∇2
hΨ
∥∥

L8
T (W 1,4(R2))

≤ c(η, T )ε
1
8 (5.3)

Moreover, by using the uniform bound of 〈Y ε
t,x;m〉 in L∞(0, T ;L2 + L

2γ
γ+1 (R2)),∣∣∣∣1δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (m⊗U) : ∇x∇xΨ〉dxdt

∣∣∣∣
≤ c(T )

∥∥〈Y ε
t,x;m〉

∥∥
L∞T (L2+L

2γ
γ+1 (R2))

‖U‖
L∞T (L4+L

6γ
2γ−3 (R3))

∥∥∇2
hΨ
∥∥

L8
T (L4(R2))+L6

T (L6(R2))

≤ c(T )c(η)
(
ε

1
8 + ε

1
6

)
≤ c(η, T )ε

1
8 . (5.4)

For the last U⊗U term in (5.2), we have∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x; % (U⊗U) : ∇x∇xΨ〉dxdt

∣∣∣∣
≤ ε

∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

(U⊗U) : ∇x∇xΨ〉dxdt
∣∣∣∣+ ∣∣∣∣∫ τ

0

∫
R2
〈Y ε

t,x; (U⊗U) : ∇x∇xΨ〉dxdt
∣∣∣∣

≤ c(T )ε+ c(η, T )ε
1
8 ≤ c(η, T )ε

1
8 . (5.5)

For the first term on the right side of (5.1),

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (∂tU + U · ∇xU) · (%U−m)〉dxdt

=
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (∂tV + V · ∇xV) · (%U−m)〉dxdt+

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; ∂t∇xΨ · (%U−m)〉dxdt

+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;∇xΨ · ∇x∇xΨ · (%U−m)〉dxdt

+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (V · ∇x(∇xΨ) +∇xΨ · ∇xV) · (%U−m)〉dxdt. (5.6)
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Since V = (v, 0) and v is the solution to the Euler equations (1.7), we have

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (∂tV + V · ∇xV) · (%U−m)〉dxdt = I1 + I2,

where

I1 =
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∇xΠ〉dxdt =

1
δ

∫
Ωδ

〈Y ε
t,x; %Πdx〉dx|τt=0 −

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; %∂tΠ〉dxdt

= ε
1
δ

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

Πdx |τt=0〉 dx− ε
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

∂tΠ〉dxdt ≤ c(η, T )ε, (5.7)

with ∇xΠ = (∇hΠ, 0) and Π the pressure in (1.7), and

|I2| =
∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x; %U · ∇xΠ〉dxdt

∣∣∣∣ ≤ ∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x; (%− 1) ·U · ∇xΠ〉dxdt

∣∣∣∣
+
∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x;U · ∇xΠ〉dxdt

∣∣∣∣ . (5.8)

Similarly to the analysis above, for the first term on the right hand side of (5.8), we have∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x; (%− 1) ·U · ∇xΠ〉dxdt

∣∣∣∣ ≤ ε

∣∣∣∣1δ
∫ τ

0

∫
Ωδ

〈Y ε
t,x;

(%− 1)
ε

·U · ∇xΠ〉dxdt
∣∣∣∣

≤ c(T )ε

For the second term on the right hand side of (5.8), we have

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;U · ∇xΠ〉dxdt =

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;V · ∇xΠ〉dxdt+

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;∇xΨ · ∇xΠ〉dxdt.

(5.9)
Performing integration by parts in the first term on the right-hand side of (5.9), we have

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; divxVΠ〉dxdt = 0

thanks to incompressibility condition, divxV = 0. For the second term on the right-hand side of
(5.9) using integration by parts and acoustic equation, we have

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;∇xΨ · ∇xΠ〉dxdt = −1

δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;∆xΨΠ〉dxdt

= ε
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; ∂tsΠ〉dxdt

= ε

[
1
δ

∫
Ωδ

〈Y ε
t,x; sΠ〉dx

]t=τ

t=0

− ε
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; s∂tΠ〉dxdt, (5.10)

that it goes to zero for ε→ 0. Moreover, by using similar argument as above, the last two terms
in (5.6) are of order

c(η, T )(1 + ε)‖∇hΨ‖L8
T (W 1,4(R2)) ≤ c(η, T )ε

1
8 . (5.11)
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Finally, using divxV = 0, we get

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; ∂t∇xΨ · (%U−m)〉dxdt = −1

δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∂t∇xΨ〉dxdt

+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (%− 1)V · ∂t∇xΨ〉dxdt+

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; %∂t∇xΨ · ∇xΨ〉dxdt (5.12)

The first term on the right side of (5.12) will be cancelled later by the pressure term while, by
using the acoustic wave equations (3.4), the second term equals to

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

ε∂t∇xΨ ·V〉dxdt = −1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

a2∇xs ·V〉dxdt

≤ c(T )
∥∥∥∥%− 1

ε

∥∥∥∥
L∞T (L2+Lγ2 (R2))

‖v‖
L∞T (L4+L

4γ
3γ−4 (R2))

‖∇hs‖L8
T (L4+L4(R2))

≤ c(η, T )ε
1
8 , γ2 = min{2, γ}. (5.13)

Finally, by using the acoustic equations, ε∂t∇xΨ = −a2∇xs,

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; %∂t∇xΨ · ∇xΨ〉dxdt

= −a2 1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

∇xs · ∇xΨ〉dxdt+
1
2

∫
R2
〈Y ε

t,x; |∇hΨ|2 |τt=0 〉dx

≤ c(η, T )ε
1
8 +

1
2

∫
R2
〈Y ε

t,x; |∇hΨ|2dx |τt=0 〉dx. (5.14)

From (5.1) to (5.14) we find

1
δ

∫ τ

0

R1dt ≤ c(η, T )ε
1
8 +
∫ τ

0

c(t)E(t)dt+
1
2

∫
R2
〈Y ε

t,x; |∇hΨ|2 |τt=0 〉dx−
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; %u·∂t∇xΨ〉dxdt.

(5.15)

5.2 Terms depending on the pressure

We recall that

1
δ

∫ τ

0

R2dt =
1
ε2

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (%− r) ∂tP

′ (r)− p (%) divxU−m · ∇xP
′ (r)〉dxdt,

where r = 1 + εs. We have

1
ε2

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∇xP

′ (r)〉dxdt =
1
ε

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∇xsP

′′(r)〉dxdt

=
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∇xs

P ′′(1 + εs)− P ′′(1)
ε

〉dxdt+
1
δ

1
ε

∫ τ

0

∫
Ωδ

〈Y ε
t,x; a2m · ∇xs〉dxdt

since P ′′(1) = p′(1) = a2. Realizing that∣∣∣∣P ′′(1 + εs)− P ′′(1)
ε

∣∣∣∣ ≤ c|s|,
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the first term on the right side is controlled by

c(η, T )
∥∥〈Y ε

t,x;m〉
∥∥

L∞T (L2+L
2γ

γ+1 (R2))
‖s‖L∞T (L4+L∞(R2)) ‖∇hs‖

L8
T (L4(R2))+L4γ

T (L
2γ

γ−1 (R2))

≤ c(η, T )εmin{ 1
8 , 1

4γ }. (5.16)

By using the acoustic equations,

1
δ

1
ε

∫ τ

0

∫
Ωδ

〈Y ε
t,x; a2m · ∇xs〉dxdt = −1

δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;m · ∂tΨ〉dxdt,

which cancels the same term appeared on the right side of (5.12). Now we write

1
ε2

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; (%− r) ∂tP

′ (r)− p (%) divxU〉dxdt

=
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

P ′′(r)∂ts〉dxdt+
∫ τ

0

∫
R2
〈Y ε

t,x; sP ′′(r)∂ts〉dxhdt

−1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

p(%)− p′(1)(%− 1)− p(1)
ε2

∆xΨ〉dxdt

−1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x; p′(1)

%− 1
ε

1
ε
∆xΨ〉dxdt. (5.17)

Note that

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

P ′′(r)∂ts〉dxdt =
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

P ′′(1)∂ts〉dxdt

+
1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

(P ′′(r)− P ′′(1)) ∂ts〉dxdt.

We find the first term on the right side is cancelled by the last term in (5.17), while the remaining
term equals to

−1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

%− 1
ε

P ′′(r)− P ′′(1)
ε

∆xΨ〉dxdt

≤ c(T )
∥∥∥∥%− 1

ε

∥∥∥∥
L∞T (L2+Lγ(R2))

‖s‖
L∞T (L4+L

4γ
3γ−4 (R2))

‖∆hΨ‖L8
T (L4+L4(R2))

≤ c(η, T )ε
1
8 . (5.18)

Similarly, ∫ τ

0

∫
R2
〈Y ε

t,x; sP ′′(r)∂ts〉dxdt =
∫ τ

0

∫
R2
〈Y ε

t,x; sP ′′(1)∂ts〉dxhdt

+
∫ τ

0

∫
R2
〈Y ε

t,x; s (P ′′(r)− P ′′(1)) ∂ts〉dxhdt

≤ 1
2

∫
R2
〈Y ε

t,x; a2 |s|2 |τt=0〉 dx+ c(T ) ‖s‖L∞T (L2(R2)) ‖s‖L∞T (L4(R2)) ‖∆hΨ‖L8
T (L4(R2))

≤ 1
2

∫
R2
〈Y ε

t,x; a2 |s|2 |τt=0 〉dxh + c(η, T )ε
1
8 . (5.19)
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Finally, realizing that 1
δ

p(%)−p′(1)(%−1)−p(1)
ε2 is uniformly bounded in L∞(0, T ;L1(Ωδ)),

1
δ

∫ τ

0

∫
Ωδ

〈Y ε
t,x;

p(%)− p′(1)(%− 1)− p(1)
ε2

∆xΨ〉dxdt

≤ c(T ) ‖∆hΨ‖L8
T (L∞(R2)) ≤ c(T ) ‖∇hΨ‖L8

T (W 2,4(R2)) ≤ c(η, T )ε
1
8 . (5.20)

From (5.16) to (5.20) we conclude that

1
δ

∫ τ

0

R2dt ≤
1
2

∫
R2
〈Y ε

t,x; a2 |s|2 |τt=0 〉dxh + c(η, T )εα, α = min{1
8
,

1
4γ
}. (5.21)

5.3 Concentration measure term

Finally, we can control the concentration measure through the use of the compatibility con-
ditions (2.5), namely

1
δ

∫ τ

0

R3dt =
1
δ

∫ τ

0

∫
Ωδ

∇xU : µM
D dxdt ≤ ‖∇xU‖L∞(R3)

∫ τ

0

ξ (t)D (t) dt.

Using the conservation of energy for acoustic wave system and all estimates in the above three
subsections, we find

E (%,u | r,U) (τ) +D(τ) ≤ c(η, T )εα +
∫ τ

0

c(t)E(t)dt+
∫ τ

0

ξ(t)D(t)dt,

where c(t) = ‖∇hv(t, ·)‖L∞(R2) ≤ c‖v(t, ·)‖W 3,2(R2) according to Sobolev’s embedding lemma. By
Gronwall’s inequality,

E (%,u | r,U) (τ) ≤ c(η, T )εα + c(T )E(0), a.e. τ ∈ (0, T ), (5.22)

where c(T ) = exp
∫ T

0
‖∇hv(t, ·)‖L∞(R2)dt. Sending ε→ 0 and then η → 0 we find

lim
η→0

lim
ε→0

E (%ε,uε | rε,η,Uε,η) (τ) = 0 uniformly in τ ∈ (0, T ),

as well as
lim
ε→0

E (%ε,uε | rε,Uε) (τ) = 0 uniformly in τ ∈ (0, T ),

where rε = 1 + sε, Uε = (v +∇hΨε, 0). We thus conclude the proof of Theorem 3.1 by realizing
that ∇hΨε,η → 0 in Lq(0, T ;Lp(R2)) as ε → 0 for any p > 2, q > 4 according to the dispersive
estimates (3.9). Indeed, for any compact set K ⊂ R2,∥∥∥√%εuε − v

∥∥∥
L2

T (L2(K))
≤
∥∥∥√%εuε −Uε,η

∥∥∥
L2

T (L2(R2))
+ c(T,K) ‖∇hΨε,η‖Lq

T (Lp(K)) ,

which vanishes as ε→ 0 and then η → 0.
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[25] E. Feireisl, J. B. Jin and A. Novotný, Relative entropies, suitable weak solutions, and
weak-strong uniqueness for the compressible Navier-Stokes system, J. Math. Fluid Mech.,
14 (2012), 717-730.
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