THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

Invariant half-spaces for rank-one
perturbations

Viadimir Miiller

Preprint No. 58-2020
PRAHA 2020
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ABSTRACT. If T is a bounded linear operator acting on an infinite-
dimensional Banach space and € > 0, then there exists and operator F'
of rank at most one with ||F|| < e such that T'— F has an invariant
subspace of infinite dimension and codimension. This improves results
of Tcaciuc and other authors.

1. INTRODUCTION

The invariant subspace problem is the most important problem in op-
erator theory. It is the question whether each bounded linear operator on
a complex Banach space has a nontrivial closed invariant subspace. The
problem is still open for operators on Hilbert spaces, or more generally, on
reflexive Banach spaces. In the class of non-reflexive Banach spaces negative
examples were given by Enflo [4] and Read [10].

It is easy to see that each operator on a non-separable Banach space has a
nontrivial invariant subspace. Similarly, all operators on a finite-dimensional
Banach space of dimension at least two have eigenvalues, and so nontrivial
invariant subspaces. So the question makes sense only in separable infinite-
dimensional Banach spaces.

Inspired by the invariant subspace problem, the following question was
studied intensely: given a Banach space operator T, does there exists a
”small” perturbation F' such that T'— F has an invariant subspace?

It is easy to see that for each bounded linear operator T on a Banach space
X there exists a rank-one operator F' such that T'— F" has a one-dimensional
invariant subspace. Indeed, take any non-zero vector z € X and a rank-one
operator F' on X such that Fx = Tx. Then (T'— F)x = 0 and so T'— F has
the one-dimensional invariant subspace generated by .

So the proper question is: does every operator T' have a ”small” pertur-
bation F' such that T"— F has an invariant subspace of infinite dimension
and codimension?

For short, closed subspaces of infinite dimension and codimension are
called half-spaces.
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The first result in this direction was proved by Brown and Pearcy [3]:

Theorem 1.1. Let T be an operator on a separable infinite-dimensional
Hilbert space H and let € > 0. Then there exists a compact operator K on
H such that |K|| < e and T — K has an invariant half-space.

The question has been then studied by a number of authors, see e.g. [1],
[8], [9], [11]. The research culminated by [11], where the following results
were proved.

Theorem 1.2. Let T' be an operator on an infinite-dimensional Banach
space X. Then:

(i) ([11], Theorem 1.1) there exists an operator F of rank at most one
such that T — F has an invariant half-space;

(ii) ([11], Theorem 4.3) ife > 0, then there exists an operator F' of finite
rank with ||F|| < e such that T — F has an invariant half-space.

In this note we complete and unify the above results and show that for
any operator 1" acting on an infinite-dimensional Banach space X and € > 0
there exists an operator F' of rank at most one with ||F|| < € such that
T — F has an invariant half-space. The proof uses modified techniques from
[9] and [11].

2. PRELIMINARIES

For a (complex) Banach space X, we denote by X* its dual.
If M C X is a subset, then the annihilator M~ is defined by

M+ ={z* e X*: (m,z*) =0 for all m € M}.

Clearly M~ is a w*-closed subspace of X*.
Similarly, for a subset M’ C X* define the preannihilator ~M’ by

LM ={xe X :(x,m") =0 forall m* € M'}.

Clearly M’ is a weakly closed (and so closed) subspace of X.

A sequence (z,,)%2; in X is called basic if any vector z € \/77, z,, can
be written uniquely as © = > o7 | ana, for some complex coefficients o,.
Then there exist functionals zj, € X* (n € N) such that (z,,2}) = dn;
(the Kronecker symbol) for all n,j € N and sup{||z}|| : j € N} < oo.

Recall that any infinite-dimensional Banach space contains a basic se-
quence. If (x,)0% is a basic sequence in a Banach space X and A C N an
infinite subset such that N'\ A is infinite then it is easy to see that \/, . 4 =p
is a subspace of infinite dimension and codimension. In particular, in any
infinite-dimensional Banach space there is a half-space.

The basic result about the existence of basic sequences is the following
criterion, see [7] or [2], Theorem 1.5.6. Recall that a sequence of vectors in a
Banach space is called semi-normalized if it is bounded and bounded away
from zero.
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Theorem 2.1. (Kadets-Pelczyniski) Let (z,,)02, be a semi-normalized se-
quence in a Banach space X. Then the following conditions are equivalent:

(1) (zn)22y fails to contain a basic subsequence;
(ii) the weak closure {x,, : n € N}~ is weakly compact and fails to
contain 0.

A dual version of this criterion can be found in [5] or [6], Theorem III.1
and Remark III.1.

Theorem 2.2. If (z},)7°, is a semi-normalized sequence in a dual Banach
space X* and 0 is a weak*-cluster point of {x}}>°, then there exist a basic
subsequence {yf}72, of (x})p, and a bounded sequence (yi)7>, in X such
that (yk,y;) = Ok,; for all k,n € N.

Denote by B(X) the algebra of all (bounded linear) operators on a Banach
space X.

Let T € B(X). Denote by N(T) the kernel of T, N(T) = {x € X :
Tz =0}, and by R(T) = TX the range of T. Write R®(T) = (3o, R(T*).
Clearly R*°(T) is a (not necessarily closed) linear manifold.

Clearly N(T) C N(T?) c N(T3) C ---. Denote by ascT the ascent of
T, ascT = min{k : N(TFt!) = N(T*)} (if no such k exists then we set
ascT = o). It is easy to see that if ascT = k < oo then N(T7) = N(T*)
for all 7 > k.

Denote by K(X) the closed two-sided ideal of all compact operators on
X. For T € B(X) let ||T||e be the essential norm of T', ||T'|| = inf{||T+ K] :
K € K(X)}. Let 0.(T') be the essential spectrum of an operator T' € B(X),
oe(T) ={\ € C: T — X is not Fredholm}. It is well known that o.(7") is the
spectrum of the class 7'+ K(X) in the Calkin algebra B(X)/K(X).

3. MAIN RESULT
For short, we use the following definition.

Definition 3.1. Let T" be an operator acting on an infinite-dimensional
separable Banach space X. We say that 7' has property (P) if for every
e > 0 there exists an operator F' € B(X) of rank at most one such that
|F|| < eand T — F has an invariant half-space.

Proposition 3.2. Let X be a separable infinite-dimensional Banach space,
let T € B(X),0€ 0.(T)NJo(T) and ascT < co. Then T has property (P).

Proof. If dim N(T') = oo then any half-subspace of N(T') is invariant for 7T,
and so T has property (P).

So we may assume that dim N(7') < co. Let ¢ > 0. Let k = ascT < oo
and E = N(T*). Then E is a finite-dimensional subspace of X, dim E <
k-dim N(T'). Let M C X be a complement of E, X = E & M. Let Py be
the projection onto M along E. Then Pg := I — P); is the projection onto
E along M.
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Find a sequence (\,) C C\ o(T) such that A, — 0. Since 0 € o.(T), we
have lim,, oo [|[(T' — An) ~Y||e = co. Consequently,

lim || Py(T — M) Y| = oo.

By the Banach-Steinhaus uniform boundedness theorem, there exists a vec-
tor u € X, ||ul]| =1 such that

sup{||Pas (T — M) "'ul| : n € N} = 0.

Without loss of generality we may assume that limnHooHPM (T - An)_luH =
0. For n € N set
 Pu(T =)

[ Par (T — An) |

In

We have ||z,| = 1 and

(T = A\)(I = Pe)(T — A\o) '
1Par (T = An) =]

Try, = Mon+ (T —\)zn = Ay +
(3.1)
N u (T =X)Pe(T =) M
[ Par (T — An) | 1Py (T = An) "t

= AnTn

where \,z,, + m — 0 asn — oo and

(T — M) Pp(T — An)~u

€E
1P (T = An) =]

since TE C E.

We show that the sequence (z,,)2%; has a basic subsequence. Suppose
the contrary. By Theorem 2.1, {z, : n € N}~ is weakly compact and
does not contain 0. By the Eberlein-Smulian theorem, there exists a weakly
convergent subsequence () of (z,,), zx—x and z # 0. Then Tap——Tx
and Tz € E = N(T*) by (3.1). So z € N(T*') = N(T¥) = E. By
definition, x € M for all k, and so x € M. Hence x = 0, a contradiction.

So the set {x,, : n € N} contains a basic sequence. By passing to a
subsesquence if necessary we may assume that (x,)22 is a basic sequence
in M. Let (x})2X, C M* be the corresponding biorthogonal sequence,
(mn,x;) = 0p; for all n,j € N.

Set v = x:Py € X* (n € N). Then y € E*, (Tn,y;) = On,; for all
n,j € N and ¢ := sup{[|y}|| : j € N} < co. Without loss of generality we
may assume that Y00 | || Pa (T — o) "tul| ! < /e

Set F=u® (Y..0, WW) Then F' is an operator of rank one

and

171 = el |32 vt | < 2 Tt = sl <
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Let L = (\/ff:1 xzn) VE. Clearly dim L > dim \/;” | #2, = co. Furthermore,

codim \/ZO:1 T9y, = oo and since dim E < oo, we have codim L = co. Hence
L is a half-space and (I'— F)E =TFE C E C L. Furthermore, for n € N we
have

n U _ (T — )\Qn)PE(T — )\gn)*lu
[ Par (T — Aon) ] [P (T — Aon) L]
u
[1Pas (T = M)~
(T — Xop) Pe(T — Xop) " tu
1Py (T = Agn) ~aon |

(T - F)x2n = donTon

e L.

= AonTon —

The dual result is also true.

Proposition 3.3. Let X be a separable infinite-dimensional Banach space,
let T € B(X), 0 € 0e(T)N9co(T) and ascT* < co. Then T has property

(P).

Proof. If dim N(T*) = oo then codim R(T') = oco. If dim R(T) = oo then
R(T) is a half-space invariant for 7. If dim R(T") < oo then dim N(T') = oo
and any half-subspace of N(T') is invariant for 7. So T" has property (P).

So we may assume that dim N(7T™) < co. Let € > 0. Let k = ascT™ < oc.
Let E' = N(T**). Then E' is a finite-dimensional subspace of X*.

We have R(T*) = +E'. So codim R(T*) < co. Let E C X be a comple-
ment of R(T*), X = E® R(T*). Let M' = E+. Then M’ is a w*-closed
subspace of X* and X* = M’ @ E’. Let Pyy be the projection onto M’
along E'. Then Pg := I — Py is the projection onto E’ along M.

Find a sequence (A\,) C C\ o(T) = C\ o(T™*) such that \,, — 0. Since
0 € 0e(T) = 0(T*), we have lim,, o [|(T* — X\p) 7Y|e = 0o. Consequently,

lim H_P]\/[/(’_Zw< - )\n)ilH = OQ.
n—oo

By the Banach-Steinhaus uniform boundedness theorem, there exists a vec-
tor u* € X*, ||[u*|| = 1 such that

sup{HPM/(T* - )\n)_lu*H in € N} = 0.

Without loss of generality we may assume that lim,, .. HPM/ (T~ —)\n)_lu* H =
o0. For n € N set

*

. PM/(T* - /\n)’lu*
T P (T = A T
We have ||y}|| =1 and

(T* = M) = Ppr)(T* = M)~
[Par (T = An) = te||
u* (T* — M) P (T* — \p) " Lu
1Pagr (T = A) "1 [[Pagr (T = An) "l

Ty = Ay + (T7 = Aa)yn = Anyy, +
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*

where A\, vy, + ||PM/(T*Qi)\n)*1u*H — 0 as n — oo and

(T* — X)) P (T* — \p) " tu
[ Pagr (T% = An) ~ ||

eFE

since T*E' C E'.

Since X is a separable Banach space, the closed unit ball in X* with
the w*-topology is metrizable and compact. So (y)) has a w* convergent
Subsequence Without loss of generality we may assume that yn—>y So
Trys STy € B = N(T*%). Hence y* € N(T*+1) = N(T*) = E.
However, clearly y* € M’, and so y* = 0. By Theorem 2.2, (y)2° ; contains
a basic subsequence. Without loss of generality we may assume that (y;;)0° ;
is basic. Let (y,)52; C X be a bounded sequence satisfying (yn,yj*> =
5717]‘ (n,] S N)

Let @ : X = E® R(TF) — R(T*) be the canonical projection onto
R(T*) along E. Let x, = Qun, (n € N). Then z, € R(T*) for all n,
(Tn,yj) = 0nj (n,j € N) and c:=sup{||z,[| : n € N} < o0.

By passing to a subsequence if necessary we can assume that

— 1 Par (T = An)~h|| e

Define operator F' = (Z;O:l W——K%M*II) ®u*. Then F is an operator
of rank one and

1P = fla] - HZ Ty

Let

< E.
ZHPM/ — Agn) "l

[e.e]

n=1

_ 1 Y * LE/
- \/ Yon N :
n=1

Clearly *(\/o% 1 y3,) D {m2j+1 : j € N}. So dim*(\/52, y3,) = oo. More-
over, codim T E’ < 0o, and so dim L = oo.
Similarly, xo; ¢ L(\/ZOZ1 y%‘n) D L. So codim L = oo and L is a half-space.
We show that (I' — F)L C L. Let z € L = +(\/22, y3,) N +E'. To show
that (I' — F')z € L we must show that

(T = F)z,y35) = 0

and

for all j € N and
(T =F)zy") =0
for all y* € F'.
We have
(T = F)z,y3,) = (2, T"y2,) — (Fz,43,)
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" u* (T* — )\Qn)PE/(T* — )\gn)*lu*
= (2, A\on¥Ys, + — >
< B2 T Py (T = )T [1Parr (T = Aon) ||
_ (z,u”) _
[P (T = Agn )~ ||

Furthermore, for y* € E' we have

(T = F)e) = (=T = () (L sy V) =

since T*y* € E', z € *E' and x3, € +E' for all n € N. Hence (T —F)L C L,
and so T has property (P). O

Lemma 3.4. Let T € B(X), dim N(T) < 0o. Then TR®(T) = R®(T).

Proof. Clearly TR*(T) C R>®(T).

Let x € R*(T'). Suppose on the contrary that x ¢ TR>*(T).

Let n = dim N(T). Set ko = 0. Since x € R*(T) C R(T), there exists
yo € X such that Tyg = x. Since x ¢ TR>(T), there exists k1 € N such
that yo & R(T*).

Since z € R®(T) C R(T**1), there exists y; € R(T*) with Ty; = z.
Since = ¢ TR>(T), there exists ko > k; such that y; ¢ R(T*2).

Inductively we can find vectors yi, ..., Yn, Ynt1 and numbers k1 < ko <
o+ knt1,knto such that Ty; = z and y; € R(T%)\ R(T%+) for j =
1,...,n+ 1.

Set uj = yj—yo (j =1,...,n+1). Clearly Tu; = 0 for all j =
1,...,n+1. We show that the vectors uy, ..., u,+1 are linearly independent.
Suppose that Z;”;l aju; = 0 for some coeflicients a;. We have

n+1 n+1

0= Zajyj —yozaj,
j=1 Jj=1

where Z?ill a;y; € R(T*) and yo ¢ R(T*). So Zyill a; = 0.

Let jo be the smallest index such that a;, # 0. Then

n+1
0= Z ajy; € QjoYjo + R(TijH)'
J=jo

Since yj, ¢ R(T*o+1), we have o, = 0. So aj = 0 for all j and the vectors

U1, ..., Ups1 are linearly independent elements in N(T"), a contradiction with
the assumption that dim N(7") = n.
Hence = € TR>®(T). O

Theorem 3.5. Let X be an infinite-dimensional Banach space, let T €
B(X) and € > 0. Then there exists an operator F € B(X) of rank at most
one such that ||F|| < e and T — F has an invariant half-space.
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Proof. Without loss of generality we may assume that X is separable.

Let A € 0¢(T) satisfy |\ = max{|u| : u € 0c(T)}. Then there are only
countably many elements p € o(T) satisfying |u| > |A|. So there exists a
sequence (A,) C C\ o(T) such that \, — .

Replacing T' by T' — A we may assume without loss of generality that
A=0.

So we may assume that 0 € o.(T') N da(T).

By Proposition 3.2, we may assume that ascT = oco. Clearly we may as-
sume that dim N (7") < oo; otherwise any half-subspace of N(7T') is invariant
for T. We have

N(T) > R(T)NN(T) > R(T>) " N(T) > -,
where R(T7) N N(T) # {0} for all j € N. So there exists jo € N such that
R(T?)N N(T) = R(T7) N N(T)

for all j > jo. Hence R(T70) N N(T) = R*°(T) N N(T) and there exists a
nonzero vector yo € R(T) N N(T).

By Lemma 3.4, we have TR>(T) = R*°(T). So we can find inductively
vectors y; € R®(T) (j € N) such that Ty; =y;—1 (j > 1) and Ty = 0.

By Proposition 3.3, we can assume that ascT* = oco. Similarly we can
find vectors yg, yi,y3, - - - € X* such that yg # 0, T"y; =y ; (j € N) and
T*y5 = 0.

Let L = \/]O-iO yj. Clearly TL C L. Vectors y; (j > 0) are linearly
independent. Indeed, suppose that Z?io ajy; = 0 for some finite sum.
Suppose that o, # 0 and a; = 0 for all j > jg. Then

o0
0= TJO Zajyj = aj0y0~
j=0
So aj, = 0, a contradiction. So dim L = oo.
For j,k=0,1,... we have

(Y, vk =0

since y; € R®(T) C R(T*™) and y; € N(T***1). So L+ > V{y; : k =
0,1,...} where the vectors y; are linearly independent as above. Hence
dim L' = oo and so codim L = oo.

Hence T has an invariant half-space. O
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