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1. INTRODUCTION

Let Gi,...,G; be a collection of graphs, and H be a graph. We say the family {G1,...,G;}
packs into H if there are edge-disjoint copies of G1,..., Gy in H. The packing is called perfect
or ezact if ) ,cpe(Gi) = e(H), so that every edge of H is used exactly once. The study
of (perfect) packings is one of the oldest topics in graph theory. Indeed, the problem of the
existence of designs — one of the most fascinating questions of mathematics whose origins go
back to the 19th century — can be phrased as a perfect (hyper)graph packing problem. This
problem was solved only recently, first by Keevash [14], and independently by Glock, Lo, Kiihn
and Osthus [8].

In this paper, we concentrate on packings with larger graphs. The two most influential con-

jectures in this area concern the packing of trees, one of which is the following.

Conjecture 1 (Ringel’s conjecture). For each n € N and for tree T' of order n+ 1, we have that
2n 41 copies of T pack into the complete graph Kopy1.

Ringel’s conjecture [24]| was stated in 1968, and for a long time was only known to hold for
very specific families of trees, such as stars, paths and similar trees. The first general result on
this conjecture was proved in [4]. While the result in [4] has several further restrictions, the one
we want to highlight here is that it is approximate, by which we mean that the total number of
edges of the embedded trees must be at most (g) — (n?). For obtaining a corresponding exact
result it remains to remove the (n?) term, which is hard. Indeed, this gap in difficulty between
an approximate and an exact result is quite common in the area of packing and is best illustrated
by the increase in difficulty needed to get from Rodl’s proof [25] that approximate designs exist to
the existence of designs [14, 8]. Joos, Kim, Kiihn and Osthus [12] proved that Ringel’s conjecture
holds exactly for large bounded degree trees. Finally, Montgomery, Pokrovskiy and Sudakov 23],
and later Keevash and Staden [18], proved that Ringel’s conjecture holds for all sufficiently large
trees.

The result of Joos, Kim, Kiihn and Osthus is much more general than just Ringel’s conjec-
ture, and in particular their result allows the packing of any collection of bounded degree trees
{T1,...,Ton+1} each on n + 1 vertices into Ko,+1. The results of [18, 23] do not allow for such
an extension.

The second influential conjecture in the area is the following.

Conjecture 2 (Tree packing conjecture). For each n € N and for each family of trees (Ts)se[n}’

v(Ts) = s, we have that (T) ¢y, packs into the complete graph K.

Gyarfas [10] formulated this conjecture in 1978, and again for a long time it was known only
for specific path-like and star-like families. However even packing the few largest trees is already
difficult: Balogh and Palmer [3] showed in 2013 that one can pack the largest about n/* trees
into K, 41. Again, the first general approximate result is [4], and the theorem of Joos, Kim,
Kiihn and Osthus [12] mentioned above proves also that the tree packing conjecture holds for
any family of bounded degree trees when n is sufficiently large.
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Moving away from trees, Messuti, Rodl and Schacht [22] and Ferber, Lee and Mousset [5]
considered approximate packings of bounded-degree graphs which were non-expanding in a suit-
able sense. Subsequently, Kim, Kiihn, Osthus and Tyomkyn [19] proved a packing version of
the blow-up lemma, which in particular allows for approximate packings of general bounded-
degree graphs. In another direction, moving away from bounded-degree graphs, Ferber and
Samotij [6] proved an approximate version of the tree packing conjecture for trees of maximum
degree O(n/logn). We should remark that both these results apply in more generality than
packing into K,. Indeed, [19] in fact allows for packing into a Szemerédi partition, while [6]
works also in sparse random graphs.

For packings into complete graphs, the following result generalises both [19, 6]. A graph is
said to be D-degenerate if there is an ordering of its vertices such that each vertex has at most
D neighbours preceding it in the order. Many interesting families of graphs are degenerate—for
example trees are 1-degenerate and planar graphs are 5-degenerate.

Theorem 3 (|2, Theorem 2|). For every D € N and n > 0, there exists ng € N and ¢ > 0 so that
for each n > nq the following holds. Suppose that (G),.r is a family of D-degenerate graphs

cn
logn’

of orders at most n and mazximum degrees at most whose total number of edges is at most

(%) —nn2. Then (Gy) .5 packs into K.

Building on this, in [1] a perfect packing result for degenerate graphs was obtained with the
additional condition that many of the graphs are nonspanning and contain linearly many leaves
(we state a generalisation of this result in Theorem 5). Here, a leaf in a graph is a vertex of
degree 1. As observed in [1], this result implies that the tree packing conjecture holds for almost
all families of trees. However, observe that a tree necessarily either contains many leaves or many
short bare paths. Here, a subset U of vertices of a graph G induces a bare path if G[U] is a path
and for each vertex v € U we have degg(u) = 2. Hence to prove the tree packing conjecture,
at least for trees with maximum degree at most ¢n/logn, it only remains to consider trees with
many short bare paths. This paper resolves this case.

We remark that many results in this area allow for packing into more general graphs than K,.
One can also pack into quasirandom graphs, which we now define. Given a graph H with n
vertices, its density is the number e(H)/(”(f)). Given a bipartite graph K with parts of sizes
a and b, its bipartite density is the number e(K)/ab. Suppose that v € V(H) and S C V(H).
The neighbourhood of v is denoted by Ny (v) and the common neighbourhood of S by Ny (S) =
Myes Na(v). Here, the convention is that Ny () = V(H). We write degy(v) := |[Ny(v)| and
degp () := [Nm(5)].

Definition 4 (quasirandom). Suppose that L € N and v > 0. Suppose that H is a graph with n

vertices and with density p. We say that H is (v, L)-quasirandom if for every set S C V(H) of
at most L vertices we have [Ny (S)| = (1 :I:y)p|5|n,

Theorem 3 allows more generally packings in quasirandom graphs. The same is true of the
result of Joos, Kim, Kiithn and Osthus [12], and Keevash and Staden [18] formulate and prove a
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version of Ringel’s conjecture for quasirandom graphs. The following main result from [1] also
handles quasirandom graphs.

Theorem 5 (|1, Theorem 2|). For every D € N and d,a > 0, there exists ng, L € N and ¢, >0
so that for each n > ngy the following holds. Suppose that H is a (§,L)-quasirandom graph of
order n with at least dn® edges and that (Gs)ser is a family of D-degenerate graphs of orders
cn

at most n, mazimum degrees at most g’ and total number of edges at most e(H). Suppose
further, that there exists an index set B C F such that

e for each s € B we have v(Gs) < (1 — a)n, and

e the total number of leaves in the family (Gs),.p s at least an?.

Then (Gs)ger packs into H.

1.1. Our results. Our main result, Theorem 10, states that we can perfectly pack graphs from
families we introduce in Definition 9 into a quasirandom graph. This definition is technical and
tailored to the maximal possible generality allowed by our methods. However, combined with
Theorem 5, it allows us to prove that the tree packing conjecture holds for trees with maximum
degree O(n/logn).

Theorem 6. There exist ¢ > 0 and ng € N such that for eachn > ng any family of trees (Ts)

with v(Ts) = s and A(Ts) < 2 packs into Ky.

s€[n]

Similarly, we obtain an analogue of Ringel’s conjecture for trees with degrees bounded by
O(n/logn), where different trees are allowed.

Theorem 7. There exist ¢ > 0 and ng € N such that for each n > ng any family of trees (Ts)se[n]
with v(Ts) =n+ 1 and A(Ts) < < packs into Kopiq-

— logn

In fact, Theorem 6 and Theorem 7 both follow immediately from the following more general
packing result for trees, which we deduce in Section 2.

Theorem 8. For each §,d > 0 there exist ¢,€ > 0 and ng, L. € N such that for each n > ng and
any (&, L)-quasirandom graph H with n vertices and at least dn? edges the following holds. Any

family of trees (TS)se[N] satisfying

(@) Yoep e(Ty) < e(H),
(b) A(Ts) < = for all s € [N],

— logn

(¢) dn <v(Ty) < (1—6)n for all 1 < s < (3 +6)n and v(Ty) < n for all (3 +6)n <s < N,

packs into H.

We now introduce the class of graphs we can pack in our main result. The length of a path is

the number of its edges.

Definition 9 (OurPackingClass).
Given n,m,D € N and a,y > 0, let OurPackingClass(n,m;«,c, D) be the set of all families
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(Gs)geg of graphs for which there are disjoint index sets KK, J C G with |J| > an, and an odd
number Dyqq < D such that

(a) for each s € G, the graph G5 has v(Gs) < n vertices, mazimum degree A (Gg) <

— logn’
and is D-degenerate,

(b) Zsege (GS) <m,

(¢) for each s € J UK, we have v(Gs) < (1 —a)n,

(d) for each s € J, the graph Gs contains a family BasicPathss of an vertex-disjoint bare
paths of length 11,

(e) for each s € K there is a non-empty independent set OddVerts of vertices of Gs whose
degree is Dogq with |OddVerts| < (& and such that ) ;- |OddVerts| > (1 4+ a)n.

logn’

To summarise, Definition 9 allows families of graphs that

e by (a) may be spanning with respect to the host graph H the said family is to be
embedded into if n = v(H), have degeneracy bounded by a constant and maximum
degrees bounded by O(n/logn),

e by (b) may have the same number of edges as the host graph H if m = e(H),

e by (c¢) and (d) contain a reasonably sized collection of non-spanning graphs, each of
which contains linearly many constant-length bare paths, and

e by (¢) and(e) contain a collection of non-spanning graphs, each of which contains at
least one vertex of odd and not too large degree (which we will use to correct parities),
not too many of which are in any one graph and which total slightly more than n.

Our main result states that any family of graphs from this class can be perfectly packed into
any dense and sufficiently quasirandom graph.

Theorem 10 (main result). For every D € N and 0,d > 0, there exist ng, L € N and ¢, > 0 so
that for each n > ng the following holds. Suppose that H is a (§, L)-quasirandom graph of order n
with at least dn® edges. Then each family of graphs from OurPackingClass(n, e(H);d, ¢, D) packs
wnto H.

1.2. Optimality. Let us now briefly discuss the optimality of Theorem 10. Firstly, we cannot

relax the maximum degree condition in Definition 9(a). Indeed, Komlos, Sarkozy and Szemerédi

show in [20] that if we connect a disjoint union of lo(gjn many stars of orders loCTnn by a path going

through the centres of these stars, then we get a tree which asymptotically almost surely does
not appear in the random graph G(n,p) (here, p € (0,1) is arbitrary, and C' is sufficiently big,
depending on p). Of course, G(n,p) asymptotically almost surely satisfies our quasirandomness
condition. This example shows that not only packing but already finding a single graph is
impossible. This also shows the optimality of the maximum degree condition in Theorem 8.
Secondly, some of the graphs to be packed must be nonspanning, even if we only pack trees.
So, condition (c¢) in Definition 9 cannot be omitted. Indeed, in Section 9.1 of [4], a family of
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bounded-degree trees of orders n and total number of edges (g) is given that does not pack into
K,. Moving away from bounded degree graphs, suppose G is the following family of graphs.

cn
logn

graphs in G be long paths, such that in total we have (g) edges. Suppose now that there is

For any sufficiently small ¢ > 0, we put %n stars with leaves into G. We let the remaining

a packing of G into K,,. Let H be the subgraph of edges used by the stars. Consider the at

least %n vertices to which no star centre is embedded. These vertices form an independent set

cn’
3logn

in H and are in total adjacent to at most edges, so in particular one must have degree at

most % in H. Thus in order to have a perfect packing, G must contain at least ”T_l — 41%2;71
2
paths. If the average length of these paths is £, then we have (g) = 3%? + 6(”7_1 — 41‘(3)’;”) from

cn
6logn "

from spanning. This shows that our requirement on the number of non-spanning graphs with

which we conclude £ < n — In particular 2(n/logn) of the paths must be Q(n/logn)-far
many bare paths is sharp up to a log factor even for packing into K,, (and the same argument
works in any other regular graph). For packing into a quasirandom H, our conditions permit
one vertex of H to have (n) more neighbours than the average degree. Letting G be a family
of long paths, a similar argument tells us that the average length of the long paths is n — Q(n),
so that in particular Q(n) of the graphs in G must be Q(n) far from spanning, so that in this
more general setting our conditions are sharp up to the value of §.

1.3. Organisation. The remainder of this paper is structured as follows. In Section 2 we deduce
Theorem 8 from our main result. In Section 3 we provide a sketch of the proof of our main
theorem, Theorem 10. In Section 4 we provide a decomposition result that follows from the deep
results on the existence of designs by Keevash |15, 16| and that we shall use in the final stage of our
packing. In Section 5 we collect some probabilistic tools and facts about certain quasirandom
properties that we use in our proof. In Section 6 we provide the main lemmas covering the
different stages (Stage A-Stage G) of our proof and show how they imply Theorem 10. In
Section 7 we provide an auxiliary non-perfect packing result for anchored paths that we need in
Stages D and E of our proof. In Sections 8-14 we give the proofs of the lemmas for Stages A—G.
We finish the paper with some concluding remarks in Section 15.

2. DEDUCING THE TREE PACKING RESULTS FROM THE MAIN THEOREM

In this section, we deduce Theorem 8 from our main result, Theorem 10, and Theorem 5.

Proof of Theorem 8. Given § and d, let 6’ = §/1000. We choose ¢, £ > 0 sufficiently small and
ngp, L sufficiently large for both Theorem 10 with input D = 1, ¢’ and d, and Theorem 5 with
input D =1, d and o = (§')%.

Given H and trees T, ..., Ty satisfying the conditions of Theorem 8, we distinguish two cases.
First, suppose that among the indices {1,..., (% +0)n} there is a subset B of size §'n, such that
each tree T; with ¢ € B contains at least 6’n leaves. Then we apply Theorem 5, with constants
as above and this B, and it returns a perfect packing of (7;);c[n into H.
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Second, suppose no such B exists. Then there must be a set J of indices i < (% + &)n such
that 7; has less than §'n leaves, with |J| = 6'n. Given any ¢ € J such that T; has less than
d'n leaves, observe that the sum of the degrees of T; is 2v(7T;) — 2. Since at most 'n vertices
have degree 1 and all other vertices have degree at least 2, we see that at most §’'n vertices have
degree exceeding 2 in T;. Now let E be the set of edges in T} that contain at least one vertex
that is not of degree 2 in T;. We have

El< D) 1+ Y d@)=2(T)-2- > 2<20(T)—2-2(u(T) —26'n) < 46'n.
ceV(Ty),  zeV(Ty), zeV(Ty),
deg(z)=1  deg(z)>2 deg(z)=2
Removing all the edges in E from T}, we obtain a graph F with at most 46'n + 1 < 50'n
components. The total number of vertices in components with less than 50 vertices is at most
2500'n, so the remaining at least dn — 2508'n > 500'n vertices all lie in components with at least
50 vertices. Note that each such component forms the vertices of a bare path in G; and that
there are at most ¢’n such components. From each component of F' with at least 50 vertices, we
choose greedily pairwise vertex-disjoint paths of length 11 until we have a set SpecPaths; of §'n
vertex-disjoint bare paths in 7; of length 11, which we can do because after greedily choosing
such paths in the at most 6’n components at most 106'n vertices are left over.

We let K be an arbitrary subset of [(3 + 8)n] \ J of size (3 + 36)n. For each T} with i € K,
let OddVert; be a set of two leaves in T;. Set Doqq = 1. Observe that ), |OddVert;| =
(14+0)n > (1+6")n and hence (T;);cny is in OurPackingClass(n, (5);6',¢, D). Therefore, we can
apply Theorem 10 which returns a perfect packing of (7;);e[n) into H. O

3. OUTLINE OF THE PROOF OF OUR MAIN THEOREM

In this section, we give a rough sketch of our proof. We will give a much more detailed
discussion in Section 6, together with precise statements of the lemmas we need along the way.

We need to embed the graphs (Gy)seg into H; we can without loss of generality suppose this
will be a perfect packing (i.e. (b) of Definition 9 holds with equality). We first embed all the
graphs G5 with s € G\ (JUK), and most vertices of all the remaining graphs, using a randomised
packing algorithm from [2]; this is the bulk embedding, Stage A.

What remains is the following: for the graphs G with s € K we still need to embed (some of)
the vertices OddVert,. For the graphs G with s € J we still need to embed some bare paths
contained in BasicPaths,, whose ends are already embedded (we say the paths are anchored).

We next complete the embedding of the graphs G with s € IC. Since after this step, only bare
paths from (BasicPaths,)sc 7 — that is vertices of degree 2 — will be left to pack, there are some
obvious parity restrictions ahead. So, we use the odd degrees of OddVerts (c.f. Definition 9(e))
to fulfil these. This is the parity correction, Stage B.

Now we need to embed the anchored bare paths of G with s € 7. At each vertex v of H, we
have to use one edge per path anchored at v, and in addition each time we choose to use v as an

interior vertex we use two edges; this is why we needed to set the parity in the previous step. We
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split these graphs up into three parts, J = JoUJ1UJs, and perform the embedding of these bare
paths over several stages, preparing for an application of the results of Keevash [15, 16| on the
existence of designs in our final stage. We now first detail in what setup we want to apply the
design results in order to pack (parts of) our bare paths, we then outline how we can apply the
design results in this setup, and finally explain which preparations are performed for achieving
this setup.

Before the final stage we will be left with a subgraph of H; let us call this subgraph H* here.
We will ensure that H* has an even number of vertices, which come in terminal pairs {5;,8;}.
Thus we have a partition V(H*) = VgUVg into equal parts, which we call sides. We will also
ensure that all that remains is to embed some paths with three edges from some graphs G with
s € Jp such that each of these paths is anchored to a terminal pair: that is, if xyzw is such a
3-edge path in G, then there exists some ¢ such that z is embedded to the vertex H; of H* and
w to H;. When packing these paths in the final stage, we shall insist that y gets embedded to
the same side as z, i.e. Vg, and z to the same side as w, i.e. V.

Let us now explain how we apply the design results. We represent the embedding of the path
ryzw into H* as the embedding of a 4-vertex configuration called a diamond in an auxiliary
coloured and partially directed graph called a chest, which we now describe. (For an illustration
see also Figure 2.) The vertices of the chest come in two parts, the set V.= {1,2,...,|Vg|} and
the set U = Jp. We put coloured edges into V' as follows. For each edge B;8H; € E(H*), we
put a blue edge ij. For each edge H;H;, we put a red edge ¢j. Finally for each edge B;H; we
put a green arc directed from ¢ to j. Thus a 3-vertex cycle ijk in the chest, in which ¢5 is blue,
Jjk is green and directed from j to k, and ki is red, represents a 3-edge path B; H; H;H; in H*.
We put in addition edges from s € U to V as follows. For each i € V' such that G4 has a path
anchored on {B;,B;} we put a grey edge is. If j € V is such that B; has not been used in the
embedding of G, before the final stage, we put a black edge js, and if B has not been used in
the embedding of G before the final stage, we put a purple edge ks. A diamond is then the
4-vertex configuration obtained by adding a vertex s € U to the three-vertex cycle ijk described
above, with is grey, js black and ks purple. A copy of this configuration in the chest represents
a 3-edge path H; H; H;H; in H*, with the additional information that we can use this copy to
embed a 3-edge path of G, anchored at {H;,H;} and that H; and Hj, have not been used in the
embedding of Gs. In other words, a diamond in the chest represents a valid way to embed one
path of one graph G4 in H*. See Figure 3 for an illustration of this translation from paths to
diamonds.

We should at this point note that the chest can and will have multiple edges between its
vertices, but we will ensure that H;H; is not an edge of H*, meaning that the chest has no loops.
Suppose now that we have a collection of edge-disjoint diamonds in a chest, that is, we do not use
any one coloured edge or arc in two different diamonds. We remark that it may still be the case
that one red edge 75 is used in one diamond while a parallel blue edge ij is used in another. This
condition of edge-disjointness of the diamonds translated back to H* means the following: the
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FIGURE 1. The two left-hand pictures show an example of two paths from the
same graph G; embedded in H* to the paths Hy B3 HH; and H; B, HzH; and
the corresponding diamonds in the chest. The two right-hand pictures show an
example of two paths from different graphs G; and G embedded in H* to the
paths HsH4HH5 and H; By H3H5, respectively, and the corresponding diamonds
in the chest. The solid and dashed lines in this picture are only used to distinguish
the two paths/diamonds.

embeddings of 3-edge paths from various graphs G5 with s € Jy encoded by the diamonds do not
use any one edge of H* twice, and any two paths from any one G4 get embedded to disjoint sets
of vertices. In other words, a collection of edge-disjoint diamonds represents a way to extend
the packing we have before the final stage to a larger packing. In particular, we will ensure
the number of red, blue, green and grey edges are all the same. A collection of edge-disjoint
diamonds which use all of them—which we call a diamond core-decomposition—then represents
an extension of the packing before the final stage to the desired perfect packing. Note that our
diamond core-decompositions will not use all the black or purple edges, since the graphs G5 with
s € J are not spanning. A diamond core-decomposition is precisely a generalised design, whose
existence is proved by Keevash [15, 16| under certain conditions on the chest (see Section 4 for
more details). This final stage of our packing will be Stage G, designs completion.

The preparation we need to do before this is then simply to ensure that we end up with
the above setting, and that the Keevash conditions for the existence of the required generalised
design are met. In Stage C, partite reduction, we split the vertices of H into two equal sides and
pair them up into terminal pairs randomly. If v(H) is odd, we have one leftover vertex . We
embed a few paths from the graphs G5 with s € J, including all of those anchored at [, in order
to use up all the edges of H leaving [0 and any edges of H between terminal pairs.

In Stage D, connecting to terminal pairs, we embed some vertices from the graphs G5 with
s € Jp. Prior to this stage, the bare paths in this graph which we need to embed all have 11
edges, and they can be anchored anywhere in H (except [), not necessarily to terminal pairs. In
this stage, we embed the first four and last four vertices of each path in order that what remains
is to embed the middle 3 edges between some terminal pair {H;,H;} which we choose randomly.

As mentioned above, for our designs completion Stage G, we need the same numbers of red,

blue and green edges in the chest. That means we need the same number of edges of H within
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Vg, within Vi and crossing between Vg and V@, After Stage D, the left-over graph H has a
fairly uniform density, and in particular there are about twice as many edges crossing from Vg
to V@ as within Vg. In Stage E, density correction, we now make sure that we obtain precisely
the correct number of edges within Vg and Vig and crossing. We will embed further paths in the
following Stage F', but the number of edges from each set we use is fixed and taken into account.
We do this density correction by completing the embedding of the graphs G4 with s € Js.

In Stage F, degree correction, we ensure that some conditions of the following form hold. For
any given H; € Vg, the number of edges of H going from H; to Vg is equal to the number of
edges going from H; to Vg plus the number of s € Jy which have a path anchored at H;. Observe
that if we embed a diamond using i, there is a blue edge at ¢ and either a green arc leaving ¢
or a grey edge at ¢, so that a diamond core-decomposition can only exist if the above equality
holds. Following the language of Keevash [15, 16| we call these divisibility conditions. All these
conditions are very close to holding already after Stage E, so only tiny corrections are necessary.
We perform the degree correction by completing the embedding of the graphs G5 with s € J;.

We have J = Jp U J1 U Jo, so after Stage F, what remains is precisely the embedding of
three-edge paths from graphs G, with s € Jy described above as Stage G, designs completion.
For applying Keevash’s designs result in this stage we need one further condition: The chest has
to have certain quasirandomness properties (which we define precisely in Section 4). In Stages A,
D and E (which is where we embed a significant number of edges) we use randomised algorithms
to perform our embedding, and with high probability these algorithms give the required quasir-
andom output. In Stages B, C and F the number of edges we embed is tiny compared to e(H).
We simply ensure that we do not embed to any one vertex too often in these stages, and this is
enough to ensure that quasirandomness cannot be seriously affected. We should note that while
we eventually need quasirandomness to apply the Keevash machinery, we will also use it often
in our analysis of the preparatory stages; it is for instance the quasirandomness that guarantees
our divisibility conditions are all close to correct after Stage E.

Let us close this proof outline by describing the bulk embedding, Stage A, in some more detail.
This part of our proof is an extension of the proof of Theorem 3 given in [2|, which is built on
the following idea. Enumerate the graphs as G, ..., G|g|, with the graphs G for s € J UK last.
We embed the graphs one after another, edge-disjointly, in this order, except for the vertices in
OddVert, and BasicPaths;,.

For each G,, we pack the first (1 — §)n vertices in the D-degeneracy order as follows. We
embed the first vertex of G uniformly to V(H). Thereafter, when we need to embed vertex
1, we look at the already embedded neighbours 1, ..., z, of i. Suppose these are embedded to
v1,...,0, in H. Then we need to embed ¢ to a vertex which is adjacent to all of vy,... v, in H
and which we did not previously use in embedding G5. We pick such a vertex v uniformly at
random, embed i there, and delete all edges vv; with j € [r] from H.

For the graphs G with s € G\ (J U K), we still need to embed the remaining dn vertices.

This requires a separate argument which is not that relevant for this discussion.
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To show that this random process succeeds, we need to show that after each Gy is embedded,
the remaining graph H is still quasirandom. In turn, during the embedding of G, we need to
argue that the first ¢ vertices are embedded to roughly an i/n fraction of the common neigh-
bourhood of any D or fewer vertices of H. This is called the diet condition, and together with
the quasirandomness of H in particular it tells us that there will always be a large set of vertices
to which we can embed vertex ¢ + 1 of Gj.

The above analysis is detailed in [2]. However to make Stages B-G work, we need quite a few
additional properties of this packing, which we prove in this paper (in Section 8). In addition,
the randomised algorithm which we use in Stages D and E is related to the procedure described
above, but requires an entirely new analysis (which is given in Section 7).

We remark that another approach extending [2] was used in [1] to prove Theorem 5. However,
the structure that is put aside and packed later there are the leaves in (Gs), 5. The subsequent
perfect packing of these leaves is much easier than that of our systems of paths.

4. DESIGNS

The main purpose of this section is to formulate a general decomposition result for directed
coloured partite multigraphs (Theorem 21), which is a special case of the deep results on the
existence of designs by Keevash [15, 16|, and apply it obtain a specific decomposition result
of certain partially directed coloured partite multigraphs (Proposition 14) that we shall use to
complete the packing in our proof of Theorem 10. Here, a partially directed multigraph consists
of a vertex set, a set (or a collection of sets) of directed edges and a set (or a collection of sets)
of undirected edges, with multi-edges allowed but loops not.

We first introduce some basic notions. For a directed graph G and v € V(G) we define
NZ*(v) and NZ(v) as the out-neighbourhood and the in-neighbourhood of v, respectively. As
before N (S) = ,eg N&*(v) and NZ(S) = N,es NZ (v). We write deg@”(v) = N2 (v)| and
degi(v) = INZ(v)| for the corresponding degrees. We shall be considering partially directed
multigraphs M with a collection of different edge sets E1, Eo, ..., E, where E; either consists
only of directed edges or only of undirected edges. We also write N%*(v), Nﬁ(v), deg% (v),
deg%"(v) in the former case, and Ng, (v), degg, (v) in the latter case for the neighbourhoods and
degrees in the sub(di)graph of M with edge set E;.

We now define the setup in which we want to apply the decomposition results mentioned
above. The partially directed multigraph which we want to decompose, and which we shall call
chest, has the following form. See the left hand side of Figure 2 for an illustration of this setup.

Definition 11 (chest). We have disjoint sets V and U of vertices and the following collection of
edge sets. The edge set E; contains directed edges in 'V, the edge sets E5 and Es contain edges in
V', and Ey4, E5, Eg contain edges between V' and U. Parallel edges or loops are not allowed within
any of these edge sets, though antiparallel edges are allowed in the set of directed edges El, and
different edge sets may have edges in common. If V, U, El, FEo, ..., Fg satisfy these properties,
we say that M = (VOU; Ey, Ey, Es, Eq, E5, Eg) is a chest.
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M
U1
V4
E2 V2
U3
Es

FIGURE 2. A chest (on the left) and a diamond in it (on the right).

In order to be able to apply the decomposition results we need our chest to have certain

quasirandomness properties.

Definition 12 (quasirandom chest). Define d; := |E—‘12‘, d; == E}“ fori =23, and d; =

| ("2)
% for i = 4,5,6. We say that a chest M is (v, L)-quasirandom if for every choice of
S1, 51,52, 55,54,5L,.56 CV and Sy, S5,S¢ C U of mutually disjoint sets of total size at most L
we have that
6 6
VANZ(S1) NNE (57) N (NE(S)| = (1 £)- JSHISI Hdisi\ V| and
=2 i=2

6 6
UN(Ng(S)| = 17 -[[d*v].

i=4 i1=4

We next define the partially directed graph into which we want to decompose a quasirandom
chest.

Definition 13 (diamond). A diamond in M is a graph ({v;}i,{ei}l ;) with e; € Ei and
ei € E; fori=2,...,6, and so that e; = (v1,v2), ea = {vs,v1}, es = {va,v3}, eq = {v1,v4},

es = {va,v4}, and eg = {vs, v4}.

See the right hand side of Figure 2 for an illustration of a diamond. A collection D of diamonds
in a chest M is a diamond core-decomposition of M if each edge of E;yUE>UE3UEg is used by
exactly one diamond of D, and each edge of E4UEs is used by at most one diamond of D.

It turns out that, in order to complete the packing of our trees in the proof of Theorem 10, we
need a diamond core-decomposition of a quasirandom chest (this part of our proof is encapsulated
in Lemma 38). The following proposition provides conditions under which we can obtain such a

diamond core-decomposition.

Proposition 14 (diamond core-decomposition). For every d,o > 0 there exists L,ny € N

and v > 0 with the following property. Let M = (VOU;El,EQ,Eg,E4,E5,E6) be a (v,L)-

quasirandom chest with |U U V| =n > ng and min{|U|, |V|} > on, such that d; = % > d, and
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d; = “ﬁl’[']' > d fori =4,5,6. Suppose that |E\| = |Ey| = |Es| = |Eg|. Suppose further that for

any vertex v € V. we have
(i) deg, (v) = deg!(v) + degp, (v),
(ii) degp,(v) = degi, (v) + degp, (v),
(iii) degp, (v) > deggit(v) + 4d~5|U],
(i) degp, (v) > deglt (v) + 4d5|U],
and for any verter u € U we have
(v) degp,(u) > degp,(u) +4d~"|V|
(vi) degp, (u) = degp,(u) + 4d='|V].

Then M has a diamond core-decomposition.

The remainder of this subsection is dedicated to the deduction of Proposition 14 from [16,
Theorem 19]. This theorem is very general and relies on heavy terminology specific to [16]. So,
as an intermediate step, we present in Theorem 21 a decomposition result which is fairly general
yet relatively easy to state. In order to state this result we need a number of definitions.

Theorem 21 allows us to decompose multi-digraphs into a family of digraphs in a coloured
and partite setting. For an integer D, a [D]-edge-coloured digraph is a digraph whose edges are
assigned colours from the set [D]. We remark that in this theorem the roles of H and G are
interchanged compared to the setting in the remainder of the paper: We decompose a digraph G
into graphs H from a family H. The reason for this change is that this will make it easier for us

to explain how Theorem 21 follows from [16, Theorem 19].

Definition 15 (decomposition). Let H be a family of [D]-edge-coloured digraphs on [q], and let
G be a [D]-edge-coloured digraph on [n]. We say that G has an H-decomposition if the edges of

G can be partitioned into copies of digraphs from H that preserve the colouring.

We can only decompose into certain types of edge-coloured digraphs, which we call simple

canonical digraphs.

Definition 16 (simple canonical digraphs). Let D,q € N, and let P = { P, ..., Pi} be a partition
of [q). Let H be a family of [D]-edge-coloured digraphs on [q]. Further, for each colour d € [D]
assume we are given a pair (i,7) € [t]?, which we call colour location of d. For a colour d € [D]
with colour location (i, j) such that i = j we assume further that d is specified as being an oriented
colour or an unoriented colour.

In this case, we say that the family H is simple P-canonical if the following hold for every
H € H and every colour d € [D] and its colour location (i, 7).

e There is no loop in H, there are no parallel edges in H, and there are no anti-parallel edges of

different colours in H.

o All the edges of H of colour d start in P; and end in P;.
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e Ifi=j and d is an unoriented colour, then all the edges of H of colour d come in pairs that
form directed 2-cycles.

e Ifi=7j and d is an oriented colour, then H contains no directed 2-cycles in colour d.

As illustration, let us explain how this definition is used in our application. Recall that in
our setup we decompose into diamonds on vertex set [4] (replacing v; in the definition of a
diamond with 7) containing directed edges and undirected edges and with vertices 1,2, 3 mapped
to V and vertex 4 mapped to U, as well as leftover edges from E, and Es. Translating this
to the setting of simple canonical digraphs, we would choose P = {P;, P,} with P, = {1,2,3}
and P» = {4} and H = {H;, Hy, H3} containing the following digraphs. The digraph H; is a
directed version of the diamond: We give the 6 edges of the diamond 6 different colours, and
then replace each undirected edge (i,4) of colour d with an edge directed towards 4 of colour d
(this choice of direction is arbitrary), and each other undirected edge (within P;) of colour d
with two antiparallel edges of colour d. The digraphs Ho and H3 can be used for the leftover
edges from E, and E5: Hj only contains the edge (1,4) in the same colour as in Hy and Hs only
contains the edge (2,4) in the same colour as in Hj.

We next define the types of digraphs that can be decomposed with the help of Theorem 21.

Definition 17 (general multi-digraph). Let P’ = {Py,..., P/} be a partition of [n]. We say
that a [D]-edge-coloured multi-digraph G on [n] with partition P’ is general if G has no loop, but
multi-edges, parallel and anti-parallel, of the same or different colours are allowed, as long as for
any colour d € [D] between any two parts P, and PJ’ with i # j, either all edges of colour d are
directed towards P! or all edges of colour d are directed towards Pj’».

Further, the digraphs we want to decompose need to satisfy a number of conditions, which we
define next, and which allow for a partite setting. We start with the divisibility conditions. For
a [D]-edge coloured (multi-)digraph H, a vertex v of H and a colour d € [D], we write H; for

out

the sub-(multi-)digraph of H containing exactly those edges of colour d. We also write degfyy(v)
out

for deggyy(v) and degﬁd(v) for deg?}d(v), and analogously for N?{’tfj(v), Nﬁd(v), N%#4(S), and
N%#4(S), where S C V(H).

Definition 18 (divisibility). Let P = {Pi, ..., P;} be a partition of [q] and P' = {P{,..., P/} be

a partition of [n]. Let G be a [D]-edge-coloured general multi-digraph on [n]. Let H be a family

of [D]-edge-coloured simple P-canonical digraphs on [q]. We say that (G, P’) is (H,P)-divisible

if the following hold.

O-divisibility: For d € [D], and H € H, let cq g denote the number of edges in H coloured d.
There are integers (mp)men such that for each d € [D] the number of edges of G in colour

d equals Y peq MH - CaH-
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1-divisibility: For any i € [t] and any vertex v € P, there exist integers (M z) HeH zep, Such
that for each d € [D] we have

deggftd(v) = E MH - deg%}f&(m) and degiG”’d(v) = Z MHg - degiHnyd(:L‘) .
HeH,xeP; HeH,xeP;
2-divisibility: For each d € [D] with colour location (i,7) (with respect to H), all edges in G of
colour d start in P, and end in PJ’ Further, if 1 = j and colour d is unoriented then all the
edges of G of colour d come in pairs that form directed 2-cycles.

Observe that 2-divisibility mandates that in G edges of colour d only run between a unique
pair (P/, P}) of parts (with possibly i = j). Since # is canonical also in any H € H we can have
edges of this colour d only between the corresponding pair (P, P;)

The next condition requires that copies of the digraphs H into which we seek to decompose

the digraph G are distributed regularly on edges of G.

Definition 19 (regularity). Let H be a family of [D]-edge coloured digraphs on [q] and let G
be a general [D]-edge-coloured multi-digraph on [n]. Let c,w > 0 be reals. We say that G is
(H,c,w)-regular if we can assign a weight wr € [w-n?"% w™t - n279] to each coloured copy
H' C G of any H € H, such that for every edge e € E(G) we have

Z Z wH’:(lj:c)7

HeH H'CG:ecE(H'),H'~H

where we denote the fact that H' is a coloured copy of H by H' ~ H.

In this definition the normalisation of the weights is n>~9 because we fix an edge in G and
sum over copies of H in G which contain this fixed edge. We also remark that we do not need
to see the partitions of H and G to formulate this condition. Never the less we will sometimes
say that (G, P’) is (H, c,w)-regular if G is (H, ¢, w)-regular.

The following final condition considers any vertex z in any H € H and requires that whenever
we choose for each vertex y in H other than = a set A, of at most h vertices in the part of G
where y should be embedded then the common neighbourhood of these sets A, in the part
where x should be embedded is of linear size, where for this common neighbourhood we take
edges directed as mandated by corresponding edges in H.

Definition 20 (vertex-extendability). Let P = (Pi,..., P;) be a partition of [q] and let P' =
(P{,...,P]) be a partition of [n]. Let H be a simple P-canonical family of [D]-edge-coloured
digraphs on [q]. Let G be a general [D]-edge-coloured multi-digraph on [n].

Let H € H, let x € [q] be any vertex of H, and let P; be the part of P containing z. Let y be
any other vertex of H, that is, y € [q] \ {z}. If (x,y) or (y,x) is an edge of H, then let d be its
colour. (Recall that since H is canonical, if (x,y) and (y,x) are both edges, then they have the
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same unoriented colour.) For any set A C [n] of vertices in G, we define

N2 (A) N P if only (y,x) € E(H),
NG (g = JNE(A D P if only (,y) € E(H),

P/ otherwise .

Let h be an integer and w > 0. We say that (G,P') is (H,P,w,h)-vertex-extendable if
the following holds for every H € H and every = € [q]. For every choice of pairwise dis-
joint sets {Ay}yeig\f) Of size |Ay| < h with Ay, C P| whenever y € Pj, the set Ay =

x,H .
MNyela\ iz} Ng’ )(Ay) has size |Az| > wn.

In our setting, regularity and vertex-extendability both follow from the quasirandomness prop-
erties of the chest. We are now ready to state the decomposition result that implies Proposi-
tion 14.

Theorem 21 (decomposition result). Given ¢, D € N and o > 0, there exist numbers wy > 0
and ng € N such that with ¢ = max{q,8+ |logy(1/0)|}, h = 297" and § = 2-10°¢"
holds for each n > ng and w € (n™%, wp).

Let P = (Py,...,P) be a partition of [q] and P = (P{,..., P}) be a partition of [n] such that
|P!| > on for each i € [t]. Let H be a simple P-canonical family of [D]-edge-coloured digraphs

the following

on [g], and let G be a general [D]-edge-coloured multi-digraph on [n].
Suppose that (G, P') is (H, P)-divisible, (H,w"™ ,w)-regular and (H, P, ¥/w, h)-vertez-exten-
dable. Then G has an H-decomposition.

Theorem 21 is a special case of [16, Theorem 19]. In Appendix A, we explain the connections
between the notion used in [16] and the one used here. We now use Theorem 21 to prove

Proposition 14.

Proof of Proposition 14. We first choose the constants. Let d,o > 0 be given. Set ¢ := 4 and
D := 6. Let wp and n{, be the output parameters of Theorem 21 for input ¢, D and o and set

¢ := max{q,8 + |logy(1/0)]}, h:= 2500° and g .= 2710%"
as specified in Theorem 21. Further, set

d~ 5Lhq’ h20
%) ,%}, and 'y::w—>0.

L:=h, no:=max{ny,w 7}, w:=min {( 5
Let n > ng and observe that n™% < w < wy as required by Theorem 21.

Now let M be a (v, L)-quasirandom chest with vertex set [n] = UUV satisfying the assump-
tions of Proposition 14. As Theorem 21 only decomposes digraphs and M has undirected edges,
we need to transform M as follows. Replace every unoriented edge inside V by an oriented
2-cycle of the same colour and replace every unoriented edge between V and U by an oriented

edge from V to U of the same colour. Abusing notation we call this transformed digraph M
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as well. Observe that M is a general multigraph. Naturally, we shall be using the partition
P' = {P], Py} with P{ =U and Py =V for M, hence ¢ := 2 in our application of Theorem 21.
By assumption we have |P/| > on for i =1, 2.

We next define the family H of simple canonical digraphs on [¢] = [4] we are decomposing M
into. (This was motivated already after the definition of simple canonical digraphs.) Indeed, let
Py :={1,2,3} and P, := {4}. Let H := {H,, Ha, H3}, where
e H; has an edge coloured by 1 directed from 1 to 2, a 2-cycle of colour 2 between 2 and 3, a

2-cycle of colour 3 between 3 and 1, an edge in colour 4 directed from 1 to 4, an edge in colour

5 directed from 2 to 4, and an edge in colour 6 directed from 3 to 4;
e H> consists of a single edge coloured by 4 directed from 1 to 4;
e Hj consists of a single edge coloured by 5 directed from 2 to 4.

In other words, H; is a directed analogue of the diamond, with directions and colours consistent
with directions and colours in M. The digraphs Hy and Hs consist of a single edge and their
purpose is that instead of using each edge E1UEyUE3UEg exactly once and each edge of EqUFs5
at most once in the definition of the diamond core-decomposition, we now want to use each edge
exactly once in a copy of a graph from H as in Definition 15.

By construction, an H-decomposition of M gives the desired diamond core-decomposition.
Theorem 21 provides us with such an H-decomposition. Hence it remains to check that the con-
ditions of this theorem are satisfied: We shall show that (M, P’) is (H,P)-divisible, (H, 67, w)-
regular and (H, P, “{/w, h)-vertex-extendable.

Divisibility: The 0-divisibility condition is implied by the fact that by assumption |El| =
|Eo| = |E3| = |E4| < |E5|,|Eg|, where the inequality follows from (iii)—(vi) of Proposition 14.
The 1-divisibility condition follows from (i)—(vi) of Proposition 14, the fact that each colour
in the (original) diamond appears only once, and the fact that Hy and Hj are single edges.
The 2-divisibility comes from the definition of the chest M and the corresponding digraphs
Hq, Ho, Hs.

Regularity: For every copy Hj of Hy in M and every edge Hj of colour 4 and every edge H,

of colour 5 in M, we choose the weights
L 1 _dy—dg ds —dg
T Bdadsds[VIIO] T VR T Gvp

Observe that wy, wyy, wy, € [n=2, (d°0?)"1n~2] and we have w < d’0? < 1, so these weights
are in the allowed range. By the (L,~)-quasirandomness of the chest M we have that every
edge e in M with colour i € {1,2,3} is contained in (1 £ ~)%d?|V| - d4dsds|U| copies of H; and
0 copies of Hy and Hs. Hence,

1
> > wi =(1 £ &IV |- didsdslU] - - = (1 £63).

- -
HeH H'CMiceE(H'),H/~H didydsds|V||U]|
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Every edge e in M with colour 6 is contained in (1 +v)?d3d4ds|V|* copies of Hy and 0 copies of
H, and Hs. Recall that |E\| = d1|V|?, |Eg| = dg|U||V|, and |E}| = |Eg| by assumption. Hence,

1

wrr = (1 +7)3d3dyds|V |2
2 2 = (1) didads|V] Bdydsdg|V||U]

HeM H'CMiecE(H'),H'~H
di|V|
de|U |

d1|V|2
| B

:(1i67)@:(1i67).

=(1+£6

= (1+6)

Next, every edge e in M of colour 4 is contained in (1 % ~)3d3dsdg|V'|? copies of Hy, in (|V] —
2)(|V'| — 3) copies of Ha corresponding of the placement of the two isolated vertices {2,3} in M,
and in 0 copies of Hs. Hence, using |Ey| = dy|U||V| and d1|V|? = |E| = |Eg| = ds|U||V|, we
get

d3d5d6|V|2 9 — dg
> S = e v (G
HEH  H'CMiecE(H'),H' ~H did1dsds|V||U| da|V|

di|V| (d4—d6)’U|> di|V|? + da|U||V| — ds|U||V|
=(14+6 + =(1+6
( 7)<d4|U\ da|U] (167) 4]
E
:(1167);]51; — (1£67).

The calculation for an edge of colour 5 is analogous to the previous case.

Extendability: We provide the details for checking vertex-extendability only for H = H; and
x =1 € V(Hj). The other cases are analogous. We choose any collection of pairwise disjoint sets
{Aiticup gy of size |4;| < h = L with A; €V ifi = 2,3 and A; C U if i = 4. Using the notation
from the definition of vertex-extendability, we have Ns\z/il’Hl)(Ag) = N%l,l(AQ) = Nib% (A2). Sim-
ilarly N(3’1’H1)(A ) = N’Xj( 5(A3) N N?fij(Ag) = Npg,(As), where we use that (undirected) edges
in Ey were replaced by oriented 2-cycles. Analogously, N(4’1’H1)(A4) = Ng,(A4). Accordingly,
we want to lower-bound the size of

A= () NGM(A4y) = NI (A9) NN, (A5) N Np, (Ag)
ye[\{1}
By the definition of (L,~v)-quasirandomness for the chest M, setting S| := As, Sy := As,
Sy:=Asand Sy = S3=5) = St =S =55 = S6 =0, and using that w < (%d) Lhd' we get
that

1 /
[A1] > (1= )dfdgdf|V] > Sd*on > n

as required for (H, 94¥/w, h)-vertex-extendability. O

5. PROBABILISTIC TOOLS AND QUASIRANDOMNESS

In this section we collect a number of other tools that we shall need for the proof of Theorem 10.
We start with some standard probabilistic results concerning properties of the hypergeometric
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distribution, McDiarmid’s inequality, and Freedman’s inequality. We then turn to the discussion

of various quasirandomness properties.
5.1. Probabilistic tools. Let us quickly recall the hypergeometric distribution.

Definition 22. Suppose that X is a set of order n, and Y C X has ¢ elements. Let Z be a
uniformly random subset of X of size h. Then |Y N Z| has hypergeometric distribution with

parameters (n, 4, h).

It is a well known fact that the hypergeometric distribution is at least as concentrated as the
binomial distribution with the same mean. In particular, we have the following bounds which

apply to the binomial, and hence also hypergeometric, distributions.

Fact 23 (Corollary 2.4, Theorems 2.8 and 2.10, and (2.9) in [11]). Given integers (n,£,h), the
hypergeometric distribution with parameters (n,¢, h) has mean %. Suppose that N is a random
variable whose distribution is either hypergeometric with parameters (n, ¢, h), or binomial with

parameters (n,p). Then, for each c € (0, %), we have
2
P[|N — E[N]| > cE[N]] < 2exp <—03 : E[N]) .

We also have
P [N — E[N] > 5] < exp(—s)
whenever s > 6E[N].

Putting these two bounds together, we get the following observation, which we will use rather
often. We have N = E[N] £ n%Y with probability at least 1 — exp(—n®5%) for all sufficiently
large n. To see that this is true, observe that if E[N] < n%® then we only need to consider
the possibility N > E[N] + n%9; since n%? > 6E[N] the second bound applies and gives us
the desired result. If on the other hand n%% < E[N] < n, then we use the first bound with
c=n"01,

Suppose that 2 = Hle Q; is a product probability space. A measurable function f : 2 — R
is said to be C-Lipschitz if for each wi € Qy,...,w; € Qy, for each i € [k] and each w] € Q;
we have |f(wi,...,wi,...,wg) — f(wi,...,w},...,wg)| < C. McDiarmid’s Inequality states that
Lipschitz functions are concentrated around their expectation.

Lemma 24 (McDiarmid’s Inequality, [21]). Let f : [[_, Q% — R be a C-Lipschitz function.
Then for each t > 0 we have

Pl — Elf)| > 1] < 2exp (—étk) .

Let € be a finite probability space. A filtration Fy, F1,..., Fn is a sequence of partitions of €2
such that F; refines F;_; for all i € [n]. Note that in this finite setting, a function f: Q — R is
Fi-measurable if f is constant on each part of F;. Further, for any random variable Y:  — R
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the conditional expectation E(Y|F;): Q& — R and the conditional variance Var(Y|F;): Q — R
of Y with respect to F; are defined by

E(Y[|F)(x) = E(Y|X),

where X € F is such that z € X .
Var(Y|F)(z) = Var(Y|X),

Suppose that we have an algorithm which proceeds in m rounds using a new source of ran-
domness €2; in each round . Then the probability space underlying the run of the algorithm is
[1:%, Q. By history up to time t we mean a set of the form {wi} % -+ X {wi} X Qg1 X -+ Qy,
where w; € ;. We shall use the symbol 7% to denote any particular history of such a form.
By a history ensemble up to time t we mean any union of histories up to time ¢; we shall use
the symbol .Z to denote any one such. Observe that there are natural filtrations associated to
such a probability space: given times t; < t2 < ... we let F;, denote the partition of 2 into the
histories up to time ;.

The following inequality, a corollary of Freedman’s inequality [7] derived in [1], will be our
main concentration tool for analysing random processes. The event £ will generally be an
assertion that various good properties are maintained up to some stage in a random process, and
in particular it is important that £ need not be measurable with respect to any elements of the

given filtration.

Corollary 25 (|1, Corollary 7]). Let Q2 be a finite probability space, and (Fo,Fi,...,Fn) be a
filtration. Suppose that we have R > 0, and for each 1 < i < n we have an F;-measurable

non-negative random variable Y;, nonnegative real numbers i,V and an event £.

(a) Suppose that either & does not occur or we have Y ;- E[Yi‘]:i,l] <, and0<Y; <R
for each 1 <i<n. Then

£ and iYi>2ﬂ] gexp<—ﬁ>.
i=1

P

(b) Suppose that either € does not occur or we have y ;- E[Yi‘}}_ﬂ =ntv,and0 <Y; <R
for each 1 < i <mn. Then for each 0 > 0 we have

~2

ST e —

P
2R(fi+ 70+ 0)

€ and Y Vi # ik (7 + §)
=1

In particular, if v = g = fiij > 0 and 7 < 1, then
~ 2

SQexp(—%).

P& and > Y; # (1 + 27))

i=1

5.2. Quasirandomness. Here we collect the definitions of various auxiliary quasirandomness
properties that we use in our proof. The last of these, index-quasirandomness, is the strongest.
However, a large fraction of this paper will be taken up by the analysis of two randomised

algorithms for which we need a less general notion of quasirandomness; in order to keep notation
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in these parts manageable, we also give weaker definitions at the level that these two pieces of
analysis need.

We start with a generalisation of (v, L)-quasirandomness, that was introduced already in [2].
We will need this notion to state various lemmas from [2] and to perform our own extra analysis

of the randomised algorithm from |[2].

Definition 26 (diet condition). Let H be a graph with n vertices and p(g) edges, and let X C
V(H) be any vertex set. We say that the pair (H,X) satisfies the (v, L)-diet condition if for
every set S C V(H) of at most L vertices we have

INg(S)\ X| = (1£7)p"(n —|X]).

Observe that if H is a (v, L)-quasirandom graph, and X is a randomly chosen subset of vertices
whose size is not too close to n, then it is very likely that (H, X) has the ((1 + o(1)~y, L)-diet
condition. The randomised algorithm of 2], which we briefly described at the end of Section 3,
has the property that (H,X) is very likely to satisfy the diet condition, where X is the image
of the currently embedded vertices of G; at any given time in the embedding of G;. This is our

way of formalising the idea that the image of G; looks like a random set of vertices.

An important tool in this paper is a randomised algorithm for packing path-forests whose
leaves are all embedded, which we state and prove in Section 7. As discussed in the proof sketch
of Section 3, when we need this algorithm we will be working with a graph whose vertices are split
into two parts (the ‘sides” mentioned in the proof sketch) and densities within and between the
sides are not necessarily equal. The following definition is a partite version of quasirandomness
and the diet condition.

Definition 27 (block-quasirandom, block-diet). Suppose that L € N and v > 0 are given.
Let H be a graph, and U C V(H) be a subset. We say that (H,U) is (v, L)-block-diet on
ValVis = V(H) if for every pair of sets Sg C Vi, Sm C Vig with |Sg| + |Sw| < L we have

’(NH[VEIaVEE](SE') N Ny (Se)) \ U‘ = (1) Ve \ U| - d(H[Vi])%8 - d(H[Va, Vig]) %=,

(N1 (S5) N Nir ) (S)) \ U] = (1) Vi \ U] d(HTVE]) B! - d(H Ve, Vi) 581

where d(H[Vi)]) is the density of H[Vm], d(H[V&g]) is the density of H[Va|, and d(H[Vg, Va])
is the bipartite density of H[Vg, Vm]. If (H,0) is (v, L)-block-diet, we say H is (v, L)-block-

quasirandom.

We remark that we shall only consider whether some (H,U) is block-diet when we already
know that H is block-quasirandom.

Our final quasirandomness condition is a good deal more complicated. Recall from the proof
sketch in Section 3 that eventually in Stage G we will draw an auxiliary chest and argue that
a generalised design in this chest corresponds to completing our perfect packing. We need the
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chest to be regular and extendable (as defined in Section 4) and to obtain this we ask for a partite
quasirandomness condition rather similar to that of block-quasirandomness. In particular, we
should be able to control the size of common neighbourhoods (in specified colours) of several
vertices of the chest. The following index-quasirandomness controls the sizes of these sets when
they are within the part V' whose vertices i € [§] correspond to terminal pairs {H;,H;} of H.

Recall that a vertex £ € U in the chest corresponds to a graph G, (and we still need to embed
a path-forest in Gy). There are edges of three different colours leaving ¢ in the chest, which
tell us which vertices of Vg and of Vg have not been used to embed vertices of GGy, and which
terminal pairs need connecting by a path. We do not need to know the graph structure of Gy in
order to know where these edges go, we simply need to know the set Uy of vertices of H used in
the embedding, and the set A, which contains the indices i € [§] of terminal pairs {B;,H;} to
which paths of Gy are anchored.

In order to stick to this definition throughout the stages of our packing, we need to enhance
this a little. From Stage C onwards, we have a collection of path-forests in various different
graphs, indexed by « in the following definition, to pack. Each of these graphs has a used set
Uy. However only some of them, indexed by «’, will be the graphs whose packing we complete
in Stage G and only these graphs have a set Ay of terminal pairs.

In the following definition we have an error parameter v and a size parameter L, which play
much the same réle as the similar parameters in the above quasirandomness conditions. In
addition we have two density parameters d; and ds. The density d; is (approximately) the
density within each of Vg and Vig; we will always have very nearly (but not necessarily exactly)
the same number of edges within each of these sets. The density do is the density between Vg
and V. We have sets S1 and Ss of vertices of H, whose common neighbourhoods in respectively
Vg and Vi we want to consider. In addition, we have sets 11,75 C x and T3 C «’. We want to
know which vertices of Vg are not used in the embedding of graphs Gy with ¢ € T, and similarly
vertices of Vi for £ € T,. In addition, we want to know which i € [§] are terminal pairs for each
Gy with ¢ € Ts.

A coloured common neighbourhood in the chest is thus the same thing as a set of vertices
i € [5] which satisfy all of the following. Bj; is in the common neighbourhood of S, and not used
by any graph Gy with ¢ € Ty. Similarly H; in the common neighbourhood of S5 and not used by
any graph Gy with ¢ € Ty. Furthermore {H;,H;} is a terminal pair of Gy for each ¢ € T3. The

following definition controls the sizes of all such sets.

Definition 28 (index-quasirandom). Let H be a graph on n vertices for n even, and Vg = {B; :
i €[]}, Vie = {8 : i € [2]} be disjoint verter sets such that V(H) = VeUVi. Further, let
(Ut)eer be a collection of vertex sets Uy C V(f]), and (Ap)eex be a collection of index sets with
Ay C [2] and ' C k. For a vertex set S C V(H) and an index set T C r we define

Ny (8,T) :=Ng(S)\ | Ue.
LeT
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One should think of Ny (S,T) as being the vertices of H adjacent to all members of S and not
used in the embedding of any Gy with £ € T.

We say that the triple (f{ Va, Vim) is (L,~,d, d2)-index-quasirandom with respect to (Up)pcx
and (Ag)eers, if for all S1,S2 C V(H ) for all T3 C k' and all Ty, Ty C &, T1,Ts, T3 pairwise
disjoint such that

S, [S2l, [Th], |To|, [T5] < L

the set

U (51,9, T, To, Ts) i= S i € [5]: B; € N (1, Th), Bi € Ny (82, Th)i € ) A
LETS

satisfies

S1NVa|+|S2NVa| ;1S1NVig|+|S2nVg| T Uy Ay
Uy (81,82, T, T2, T3)| = (1) VRISl gV SN E|'§' H ( | ‘) H 11/2’ :
(ETIUT, (€T3

As mentioned, through the Stages of our packing we will maintain index-quasirandomness.
However to apply our path packing theorem, we need the weaker block-quasirandomness and

block-diet. The following lemma checks that we indeed get it.

Lemma 29. Suppose that the triple (H, Vg, Vi) is (L,~, d1, d2)-indez-quasirandom with respect
to sets (Up)ger and (Ag)pen. Suppose that v is sufficiently small compared to L' and that
n = |V(H)| is sufficiently large given L,~,dy,ds. Then we have

d(H[VE]),d(H[Vg]) = 1+ 2y)dy and d(H[Va,Va]) = (1+v)ds.
In addition, for each £ € k, we have
Ve \ Udl, Vis \ Ul = (1 £) (% - 54)

and the pair (H,Uy) is ((L + 2)v, L)-block diet.

Proof. Observe that ‘NH(U) NVa| = |Ux({v},

i) - (") =5 X INuo) Vil =

UEVE

,0,0)|. So we have

l\’)\v—l @

(ESIPRLRYCEYCER S (”/ 2) |

o
2 2

Analogously, we obtain d(H[Va]) = (1 £ (v + 5£))d1, and d(H[Va, Vis]) = (1 £ v)d2 (in the last
case we have |Vg||Vis| = tn? as compared to the small order difference between (|V25\) and n?

which is responsible for the worse error parameter). For the second part, let U = U;. We have

Va\ Ul = (00,0, {1,0.0)) = (1)1~ 202 = (1) (5 - 1)
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Let Sm and Sg be as in the definition of block-diet. Setting Sy := S U Sg we have

(N s v 1) (S3) N Ny (Se) \ U] = [Ug (8, S, 0, {£},0)] = (1 + y)d|*=lal=l . (1 - 'Z')Z
_ dH[Ve) \"= rdEve ve)\® o
=(1£7) <(1i(v+JL>)> < %) ) (3-%)
= (14 (L +2)y)d(H[V&))'*= - d(H[Va, Va)) %=l Vi \ U] .
The estimate for [(N gy (S2) N Ny v (Sm) \ U] is done analogously. O

6. THE PROOF OF THE MAIN THEOREM

In this section we give our proof of Theorem 10. We first set up constants and preprocess
the graphs (Gs)seg- In the key Section 6.4 we introduce the seven packing stages in seven
corresponding lemmas, which readily yield Theorem 10.

Before we start, we introduce some notation. Suppose that P is a path of length £. For any such
a path, we will tacitly (and arbitrarily) fix a left-right orientation. Now, given h € {0,1,..., ¢},
let leftpath; (P) be the leftmost subpath of P of length h (that is, with h edges and so h + 1
vertices). If h = 0, then leftpath,, is the leftmost vertex of P (which we will typically view as a
vertex rather than a 1-vertex graph). We define rightpath;, (P) analogously. If h < £ and h has the
same parity as ¢, we define middlepath,(P) as P — (leftpath,_j,_9)/o(P) Urightpath,_j,_9) 5(P)).
Hence the length of middlepath;, (P) is h.

6.1. Constants. Recall that we are given Dy, d and §. Throughout Sections 6-14, we shall use
the following constants satisfying the following hierarchy, where the numbers Dy, Ly, Lg, Lp,
Lc and D are integers and the remaining constants are positive real numbers:

1 1 1 1
1) —,d,d>A>—> — >
(1) DO,,>> >>LF>>LE>>LD

1 1 1
> —— > =003 0 >VWFSVESTD > VA > ,E> — .
LC D no

This hierarchy should be understood as follows. Given D 1 d, 6, there is a function f (Dy 1), d,?)
which is monotone decreasing as any of the parameters decreases. We may choose any 0 < A <
f(Dal,d, ). Given this choice, we may then choose any LEl sufficiently small (in the same
sense), and so on. We will finally be supplied with a parameter n > ng by Theorem 10, and we
will want to assume that An, ogn and o1n are all integers. Observe that for any given x > 0
there is a real number y with x — ny ! <4 < 2 such that yn is an integer. So what we will in
fact do is the following: we do not at this stage specify A precisely, but rather an interval of the
form [%a:, :c] where x is sufficiently small given Dy 1. d, 8. We then insist that L]_;l is sufficiently
small for A = %x, and so on, again choosing intervals for oy and oy. With this construction
we in particular have fixed values for all the constants listed above except A, o¢ and o1, and a

guarantee that whatever values we choose in the specified intervals for these three constants, our
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calculations will work. One requirement we make is that ng 1'is smaller than the length of any
of these three intervals.

The constants promised by Theorem 10 are ng, L := 2D + 3, ¢, £&. Suppose now that the
remaining parameter n > ng of Theorem 10 is given. We now fix A\, g and o7 in their specified
intervals such that An, ogn and o1n are all integers. Similarly, we increase if necessary § by less
than 1/n such that dn is an integer. From this point and through the rest of the proof, we keep
these constants fixed.

We now summarise the meanings of these various constants. We refer to sets Jy, J1, J2 and
use notation SpecPaths, which are defined in Section 6.3 below in order to keep these descriptions

in one place.

Dy, d: The graphs which we want to pack are all Dy-degenerate, and the graph H into which we
pack has at least dn? edges.
The graphs G with s € J U K have (1 — §)n vertices.

A: The size of J (i.e. the number of graphs with many bare paths) is An. For each s € Jp U Js
we have |SpecPaths,| = An.

oo: The size of Jy is ogn.

o1: The size of J is o1n, and if s € J; then |SpecPaths,| = o1n.

D, Lg, Lp, Lg, Lg: In quasirandomness conditions in our various stages, we bound above the
number of vertices for which we control the size of a common neighbourhood and the number

of guest graphs whose common image we look at. This bound is D after Stage A (for
consistency with [2]), and then L¢ after Stage C, and so on.

YA, YD, VE, YF: The accuracy of our quasirandomness conditions is measured by ya after Stage
A (and by 2ya after Stage B and 100ya after Stage C), and is then yp after stage D, and

SO O1.

c: We impose the bound A(G5) <
& We require H to be (§,2D + 3)-quasirandom.

for all guest graphs Gi.

lo n
no: We require n > ny.

6.2. Correcting inequalities and sizes. It is convenient to assume in our proof that various
of the inequalities in Definition 9 hold with equality, and to reduce the size of some sets from
what is guaranteed by Definition 9.

We want that ) ;e(Gs) = e(H), so that our aim will always be a perfect packing. By
Definition 9(b ), we have ) e(Gs) < e(H). So, we add e(H) — > . e(Gs) copies of the graph
K5 to our family and correspondingly increase the size of G. Observe that a perfect packing of
the new family contains a packing of the old family.

We want that

(2) M
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Since we are given to start | J| > dn > An by Definition 9, we remove arbitrarily indices from J
until we obtain this.

We want that (1+8)n < |U,ex OddVerts‘ < (14 2d)n. The lower bound is given by Defini-
tion 9(e). If the upper bound is exceeded, we remove arbitrarily indices from K one at a time
until it is no longer exceeded. Since removing one index decreases (by Definition 9(e)) the size

of U,ex OddVert, by at most locg”n < 0n, the result is the desired pair of inequalities.

We want that each G5 with s € JUK has exactly (1—0)n vertices. So, we add (1—0)n—v(Gs)
isolated vertices to each G5 with s € J UK. Observe that a packing of the new family of graphs
immediately gives a packing of the old family by ignoring the added isolated vertices. Similarly,
we obtain v(Gs) = n for each s € G\ (J UK).

Abusing notation slightly, we will continue to use the same letters G4, J and so on for the
modified family of graphs.

6.3. Subgraphs of (Gs)scg used in the packing stages. Our packing stages, detailed below,

will refer to the following subgraphs of our guest graphs (Gs)scg. Fix two disjoint families

Jo, i € J with |Jo| = ogn and |J1| = o1n. Set Jo := T \ (Jo U J1), meaning that

(3) |Jo| = (A =09 —01)n .

The graphs G indexed by these three families will play quite different roles in the packing. For

s € J1, let BasicPaths), C BasicPaths, be an arbitrary family of o1n paths. For s € J, we define
BasicPaths;, if se J,

SpecPaths; = { BasicPaths!, if se Ji,

{middlepath;(P) : P € BasicPaths,} ifseJs.

For s € IC, let
G* := G, — OddVert, .

Next, for each s € J, we are going to define a graph GL' C G, by trimming off parts of the bare
paths, i.e., for s € J let

Gl := G, — {middlepath, ,(P) : P € SpecPaths,, P has length ¢} .

That is, we have

(4) v(Gs) =n foreachse€ G\ (JUK),

(5) v(G*) = (1 — 6)n — |OddVert,| for each s € K ,
(6) v(Gl) = (1 =6 —100y)n for each s € 71 ,

(7) v(Gly = (1 -6 —10\)n for each s € Jp ,

(8) (Gl = (1-6—-6\)n foreach se Js .

6.4. The packing stages. Our packing of (Gg)seg into H will be provided in seven stages,
called Stages A—G. These stages are captured by Lemma 30 (Stage A), Lemma 31 (Stage B),
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\%= H Vig
o Legend
{Py, P>} = SpecPaths, Stage D ——
Stage G rerereneeees

Py

FicUre 3. Embedding a graph Gg, s € Jy.

Lemma 33 (Stage C), Lemma 34 (Stage D), Lemma 36 (Stage E), Lemma 37 (Stage F) and
Lemma 38 (Stage G). The proofs of these key lemmas are given in Sections 8-14.

Before turning to these lemmas, let us briefly summarise which parts of which graphs are em-
bedded in which stage. The graphs (Gy) seg\(kcug) Will be packed entirely in Stage A. In Stage A,
we shall also pack (G*),ex and (G!)SGJ. We shall add the odd-degree vertices (OddVerts)sex to
the packing in Stage B, hence finalising the packing of (Gs)sex. Stage C is devoted to splitting
V(H) into two vertex sets Vg and Vig of sizes | 5], and {@} if n is odd. Further, for each s € J
we embed a subset of the paths SpecPaths,; the unembedded paths will be called SpecPaths}. In
doing so, we use all the edges of the form H;H;. If n is odd, we further do away with having to
deal with [@ in the future by using all the edges incident with it. From Stage D to Stage G we
pack the remaining paths from (Gs)se7. These packings differ for Jy (see Figure 3), J1 and Jo.
In each of these stages, we shall have some family, say P, of paths we want to process during
that stage. P are subgraphs of | J, ; SpecPaths;. We emphasise that being a subgraph can mean
both that for paths of (J,. 7 SpecPaths; we restrict to some shorter paths, or that we consider
subfamilies of {SpecPaths}}c 7 and take the corresponding paths of the full length. The paths
of P will be anchored, by which we mean that prior to that stage, for each P € P we have that
the embedding of leftpathy(P) and rightpathy(P) is defined, while the rest of P is unembedded.
When {leftpath,(P), rightpathy(P)} is embedded on {u,v} C V(H), we say that P is anchored
at u and v. In that given stage we shall then embed P. The progress of the embedding during
the above stages is also outlined in Table 1.
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lStageH g\ (KuJg) [ K Jo J1 T2
A Packing G Packing G? Packing GE Packing G! Packing GL‘
v Packing complete | X OddVert, missing X 10-paths missing X 10-paths missing X 6-paths missing
B Packing OddVert,
v Packing complete
C Packing < 1 path Packing < n°% paths from SpecPaths
from SpecPaths,
Packing leftpath, (P)
D and rightpath, (P)
for P € SpecPaths’
X 2-paths missing
E Packing SpecPaths’,
v Packing complete
F SpecPaths

v Packing complete

Packing middlepathg (P)
G for P € SpecPaths}
v Packing complete

TABLE 1. Packing of different parts of the graphs {Gs}seg in Stage A-Stage G
depending on the type s. The description is slightly imprecise. For the purpose
of the table, a missing £-path means that £ vertices on a bare path need to be
embedded; since these are surrounded by 2 anchors, this means £+ 1 edges to be
packed.

We remark that each of the seven stages starts with a quasirandomness assumption, and
indeed none of the seven packing steps would be possible without such an assumption. Hence,
the outcome of each step needs to provide the quasirandomness conditions for the next step.
These quasirandomness features are more complicated than the one formulated in Definition 4
which talks merely about the structure of the host graph. In particular, we need to guarantee
quasirandomness properties for the images (as vertex sets) of the embedded graphs and for the
anchors of the paths still to be embedded.

Let us now turn to the stages. Given embeddings (¢s)ser of graphs (Fs)scr into a graph H,
the leftover graph is the graph on vertex set V(H) containing precisely all edges of H not used
by any ¢s. The image in H of the embedding ¢ is the set of vertices in V(H) used by ¢s.

In Stage A we shall pack the family (Gs)seg\cug) U (G*)sexc U (G!)Sej into the graph H
(see (A.1)) with leftover graph Ha. As mentioned above, in addition to providing the packing of
the family (G*)sexcU (G!) seg, we need to obtain certain quasirandomness conditions for H that
will be used in later stages. Here, (A.ii) and (A.ii7) guarantee that the individual images of the
graphs (G*)sexc U (G!) se are spread uniformly, (A.iv) and (A.v) guarantee that neighbours of
the reserved odd degree vertices are embedded uniformly, while (A.vi)—(A.iz) assert that anchors

of paths that remain unembedded are spread uniformly.

Lemma 30 (Stage A, bulk embedding). Given constants D € N, 6,\,01,7a > 0 there are
constants &, ¢ > 0 such that the following holds. Given graphs (Gs)seg as described above, and a
graph H which is (&£,2D43)-quasirandom, there exist maps (¢2)seg with the following properties.
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(A.4) (¢2)seg packs (Gs)seq\(xug)y U (G*)sexc U (G!)sej into H with leftover graph Ha of
density da and with images (im™ (s))scg in H.
(A.it) For each S CV(H), |S| <D and eachT C J UK, |T| < D we have
A
. im™ (s
N (9 U imA ()] = (1 £ )l TT (1 - 2y

n
seT seT

(A.uit) For every pair of disjoint sets S1,S52 C V(H) with |S1],|S2] < D we have with X :=
{s€ T :imA(s)N Sy = 0,5 CimA(s)} that

|To N &X| = (14 va) (6 +100)1511(1 — 5 — 100)%2)) 7] |
AN X] = (1£94)(6 + 1007) 5111 — § — 1007)1%2!| 73 ,
|To N X| = (14 74)(6 4+ 60)51(1 — 6 — 6X)%2l| 7] .
(A.iv) For every v € V(H) we have Y - degq, ((¢2)71(v); OddVert,) < 22 yhere if

logn’

v & im?(s) we count these degrees as zero.
(A.v) For every v € V(H) we have

> > I Lwawesun = 4TI,

se;vgim™ (s) x€0ddVerts yeNg, (z)

(A.vi) For each v € V(H) and for every s € J such that v & im™(s) we have that

Hx € U {leftpathy(P), rightpathy(P)} : v € Np, (qbf(z:))}‘
PeSpecPaths

= (1 & ya)da - 2|SpecPaths,| .

(A.vii) For every v € V(H) the following hold. The number of P € |J,c 7 SpecPaths, for
which v € {¢2 (leftpathy(P)), ¢ (rightpathy(P))} is equal to 2(1 + X)oq|J1|. For
every J* € {Jo, J2} we have that the number of P € J,c 7. SpecPaths for which
v € {2 (leftpathy(P)), ¢ (rightpathy(P))} is equal to 2(1 £ )| T*.

(A.viii) For every pair of distinct vertices u,v € V(H) and for every J* € {Jo, J1, T2} the
following hold. The number of P € |J,c 7« SpecPaths; for which u ¢ im#(s) and
v € {¢A (leftpathy(P)), p2 (rightpathg(P))} is equal to

(@) 2(1 & )X + 10N)|Jol, if T* = T,
() 2(1£2)01(6 + 1001)| 7|, if T* = T,
(c) 21 £ )N + 6))| e, if T* = Jo.
Ifu, ', v are distinct vertices of V(H), the number of P € Uses, SpecPaths, for which
u, v’ & im?(s) and v € {p2 (leftpathy(P)), ¢ (rightpathy(P))} is equal to
(d) 2(1 £ 22)A(S + 10A)? o).
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(A.iz) For every two distinct vertices vi,v2 € V(H) we have that the number of P €
Uses SpecPaths, for which {vi,v2} = {2 (leftpathy(P)), ¢ (rightpathy(P))} is at
most n03.

The proof of this lemma, which we give in Section 8, relies on the analysis of the randomised
algorithm PackingProcess, which was introduced in [2] and was also one of the key components
in [1]. We use the main technical result of [2] as a black box to pack the graphs (Gs)seg\(xus)
after which the remaining edges still form a quasirandom graph. Unfortunately, we cannot use
the results of |2] as a black box to pack the remaining graphs, all of which have at most (1 —d)n
vertices. The reason is that, in addition to providing the packing of the family (G*)sexcU (G!) seg
we also need to ensure various quasirandomness properties listed in (A.ii)—(A.iz). Note that the
density da of the leftover graph of this stage satisfies

0 da = (Z) (et = Y @) - Y el - Y elcl)

seG\(KUT) sek seJ

n

-1
= <2> . (Dodd - | Usex OddVerts| + 11An|Jo| + 1001n| T | + 7An\j2\)
(10)  [sec6a.(n] = (144 0.1)\2%

We now turn to Stage B. By suitably embedding the reserved odd vertices | J . OddVerty we
shall ensure that the degrees of vertices of the leftover graph of this stage have parities suitable
for the remaining stages of our packing process. Let us provide more details on this now. Suppose
that v € V(H) is an arbitrary vertex. After Stage A, there are degy, (v) edges incident to v
which are available for the remaining stages. We know that once the packing is completed, all
these edges will be used (by our assumptions on equalities from Section 6.2). These host graph
edges will be used to accommodate guest graph edges of the following types.

[et1] Edges of the type zy € E(Gs), where y € OddVert,, = € Ng, (y), ¢2(x) = v and s € K.
The number of such edges is equal to

0ddOut(v) := Y _degg, ((¢2) " (v), OddVert,) .
sekl
let2] Edges of the type zy € E(G,), where y € OddVert,, € Ng,(y), s € K, and where y
will be mapped on v.
let3] Edges leftpath;(P) and rightpath;(P) of the paths P € SpecPaths, (for s € J), for those
paths P for which ¢ (leftpathy(P)) = v or ¢ (rightpathy(P)) = v. The number of such
edges is equal to
(11) PathTerm(v) := Z [{v}n {2 (rightpathy (P)), ¢ (leftpathy(P)) : P € SpecPaths,}| .
s€J
let4] Edges xy of the paths P € SpecPaths, (for s € J) with x or y that will be mapped to v,
for which P is not anchored at v, i.e., (¢)~1(v) N {leftpathy(P), rightpathy(P)} = 0.
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H Legend
Specleaves, °
Gs,,81 €K neighbors of SpecLeaves, ®
Specleaves,, °
neighbors of SpeclLeaves,
wrong parity !
GSQ, s €K

FIGURE 4. Embedding graphs G, and Gg,, s1,s2 € K. In this picture all vertices
in OddVert, are leaves.

Each path counted in [et4] will actually use 2 edges at v. In particular, the total number of
edges counted in |et4] will be even. Since edges counted in |et1] and [et3| are already determined,
we need to adjust the number of edges counted in |et2] so that it has the same parity as

Parity(v) := degy, (v) — OddOut(v) — PathTerm(v) mod 2 .

In other words, we need to embed | J . OddVert, in such a way that for each vertex v, the number
of vertices from J . OddVert; embedded on v has the same parity at Parity(v) (see (B.id)).
An illustration is given in Figure 4.

The number of edges we are newly embedding in Stage B is at most Dodd| Usex OddVerts’
by our assumptions, which is linear in n. So the density dp of the leftover graph Hgp after the
packing of (Gs)seg\(cug) U (G!)Sej U (Gs)sek is very close to da. Because we are embedding so
few edges in Stage B, we do not need to use a randomised algorithm for this stage but can rely
on matching-type arguments. We shall show (see (B.iv)) that we can perform this packing stage
so that each host graph vertex loses only a tiny fraction of incident edges. It follows that the
leftover graph Hg automatically inherits the quasirandomness properties concerning the uniform
spread of images and anchors from Ha. Accordingly, the following lemma does not list most of

these quasirandomness properties again. We prove this lemma in Section 9.

Lemma 31 (Stage B, parity correction). Given partial embeddings (¢*)seg as described in
Lemma 30, there exist maps (¢2)seg with the following properties.

(B.i) For each s € K, the map ¢B is an embedding of the entire graph G into H which
extends ¢2. For each s € G\ K we set ¢B = ¢,
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(B.ii) (¢3)seg is a packing of (Gs)seg\(ICuj) U (Gs)sej U (Gs)sexc into the graph H with

leftover graph Hg of density dg and images (imB(s))
(B.iii) For each v € V(H) we have

seg”

deg, (v) = PathTerm(v) mod 2 .

(B.iv) For each v € V(H) we have degy (v) > degy, (v) —8Dcn.
(B.v) For each S CV(H), |S| <L and each T C J, |T| < L we have

N () \ | im®B(s)| = (1 £ 294)d; 'n [ ] (1 - |1mB(S)> .

n
seT seT

In Stage C, we randomly split V' (H) into two vertex sets Vg and Vi of size [ %], and a special
vertex [ if n is odd. We label the vertices of Vg as {H; : i € [|5]]} and of Vig as {H; : i € [| 5 ]]}.
We then embed a few of the paths in [ J,c ; SpecPaths, so that the following three things happen,
of which the last two apply only when n is odd. Firstly, all the edges of H which are of the form
H;H; are used. Secondly, all paths which are anchored at [ are embedded. Thirdly, all other
edges leaving [ are used. After this, if n is odd then all edges incident to the vertex [ are used
up. So, regardless of the parity of n in the remaining Stages D-G we effectively work with a host
graph on an even number of vertices.

The key assumption of Theorem 10 was that of quasirandomness of the host graph, formalised
in Definition 4. In (A.i)—(A.iz) we saw more complicated quasirandomness conditions which
dealt for example with mutual positions of the images of different graphs Gs. In the following
stages we will encapsulate our running quasirandomness properties under a common quasirandom
setup, which we define now. That is, after each of the next three stages, we will argue that we have
maintained the quasirandom setup (with quasirandomness parameter becoming a bit worse in
each step) and gained certain additional good properties, which permit the final step to complete
a perfect packing. In what follows, the reader should think of Uy as the vertices in V' (H) used
in the current partial embedding of Gg; of Fy as the path-forest in Gy which remains to be
embedded, with Ay the vertices to which the paths of F are anchored and ¢ the anchoring; and
of I as the indices of terminal pairs to which we can connect (after Stage C) or have connected
(after Stage D).

Definition 32 (Quasirandom setup). Let H be a graph on an even number of vertices partitioned
into Vg = {H; : i € [v(H)/2]} and Vg = {B; : i € [v(H)/2]}. Let J = JoUTUT2 be a set
of indices. For each i and s € J;, let Fs be a path-forest whose components all have at least /
vertices. Let Ug be a subset of V(H), and let Ay C Us. Let ¢s be a bijection from the leaves of
Fs to As. For each s € J and a € {8,8}, let A2 denote the set of x € As such that ¢s(y) € Vg,
where x and y are the leaves of a path in Fs. Finally let for each s € Jy the set I be a subset of
[v(H)/2]. This is a (v, L,d1,ds)-quasirandom setup if the following conditions are satisfied.



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 34

(Quasil) The triple (H,Vg, V@) is (L,~,d,ds)-indez-quasirandom with respect to the sets

(Us)seg and (Is)seg, -
(Quasi2) For each a,b € {B,8} and each s € J1 U J> we have |ASNV,| = (1 +7)1|As|. For
each s € Jy we have |A; N V,| = (1 £ 7)1 Ayl

(Quasi3) For everyv € V(H), a € {B,8} and i € {1,2} we have that the number of s € J;
such that Fs has a path with leaves x and y such that ¢s(x) = v and ¢s(y) € V, is

equal to (1 +7)5- > seq 1As|-
(Quasid) For each s € Jy, each u € Vg \ U and each v € Vig \ Us we have
[{B € Ny (u) i € L}, |[{B; € Ng(v) i € L} = (1 £ 7)dy|L]
and ‘{EIZ €Ng(v):ie€ s} ,|{EE¢ €Ng(u):ie€ Is}’ = (1 £ 7)do|I] .

(Quasib) For each s € J, each a € {HB,8}, each u € Vg \ Us and each v € Vig \ U we have

(12) [{B € Ny (u) N A2} = (1 £ 7)d1|AL N Ve,
(13) [{B € N (v) N A2} = (1 £ 7)do| A2 N VE],
(14) [{8; € Ng(v) N A2} = (1 £7)di| AL N Vil
(15) and ‘{EEl € Ng(u) N Ag}} = (1£v)d2|AY N Va|.

(Quasi6) Given disjoint sets S1,S2 C V(H) with |S1|,|S2| < L, for each i = 1,2 we have

n — |Us)151! U |19
nlS1l+152| ‘

|{SE$ : SlﬂUSIQ,SQQUSHI(li’y)Z (
s€J;

Given additionally T C [v(H) /2] with |T| < L such that {8;,8; : i € T} is disjoint

from S1USs, suppose that there is no i such that {8;,8;} C S1US2. Then we have

(n = U )50 152 (2] ) ™!

‘{5 S \.70 : Sl N US - @,SQ g USvT g IS}’ = (1 :l:’Y) Z n|S1|+\Szl+\T\

s€Jo
(Quasi7) For each i = 0,1,2 and each v € V(H), the number of s € J; such that v € As is
(1£7) Zseji Vrlzs‘ :
(Quasi8) For each i = 1,2 and each u,v € V(H) with uw # v, the number of s € J; such that
u€ As andv & Us is (1 £7) ) 7. M. If in addition there is no j such

n

that {u,v} = {8;,8;} then the number of s € Jy such that u € Ay and v & Uy is
Asl(n—|Usg
(1£9) Yy, 020

Note that when we use this definition, in all the summations the summands will be constant
or very nearly so, for example |A| will vary by only a constant as s ranges over any one J;.
The following lemma now encapsulates what we do in Stage C. We prove it in Section 10.



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 35

Lemma 33 (Stage C, partite reduction). Given partial embeddings (¢2)seg as described in
Lemma 31 extending partial embeddings (¢?)5€g as described in Lemma 30, we can construct
the following.

If n is even we find a labelling V(H) = {8, B; }icjn/o)- If n is odd we find a suitable labelling
V(H) = {Iﬂ} U {Eivaﬂi}ie[(nfl)/Q]- Set Vg := {Ell 11 € H%H} and Vg := {EBz 11 € H%“}

We find partial embeddings (¢€)seg into H extending the (¢B)scg, such that no edge of H is
in the image of two different gbg, ¢S and such that the following holds. For each s € J, the map
¢S embeds some entire paths from SpecPaths,, and no other vertices. For each s € Jy, the map
¢S embeds exactly one path of SpecPaths, if n is odd, and evactly zero paths if n is even. For
each s € J1 U Ja, ¢S embeds at most n® paths. We denote the remaining unembedded paths in
G by SpecPaths? for each s € J. We write im€(s) = im(¢%).

In addition, every edge of H of the form B;8; for i € [|[n/2]] is in the image of some ¢C. If
n is odd, every edge of H incident with B is in the image of some ¢<.

Let Hc be the graph on VUV of edges of H which are not in the image of any ¢C. Let dc
be the density of Hc. With the given Jo, J1, J2, let for each i = 0,1,2 and s € J; the path-forest
FC be SpecPaths?, the set UC = im®(s), and the set AS be the images of the leaves of FC under
¢S, with ¢s the restriction of ¢ to the leaves of FE. For each s € J we have AS C V(Hc),
i.e. all unembedded paths have their anchors in Vg U Vg. Finally let for each s € Jy the set
IC€ = {ie[|%]] : B;,8; ¢ UC}. Then we have a (100va, Lc, dc, dc)-quasirandom setup.

Furthermore, for each s € Jo we have |I| = (1+£10va)% (1 - @)2, and for each u € V(Hg)

n

and indez j € [| 5 ]] suchéﬁhact u ¢ {8;,8;), the number of s € Jy such that u € AS and j € I€
24715

is (L £1007A) D gezy = oz
In Stage D we shall extend our packing by outer parts of paths of |J,. o SpecPaths?; recall
Figure 3. More precisely, for each s € Jy we shall extend the packing to

G5¥:=G,— | J  middlepath,(P).
PecSpecPaths?;

Observe that |SpecPaths}| has the same size for every s € Jy, which we denote by
(16) |SpecPaths}| = A*n .

Recalling that SpecPaths, = BasicPathss (see Section 6.3) has size An, we see that \* = A, if
n is even, and A* = X\ — 1/n, if n is odd. A crucial property guaranteed in Lemma 34 is that
the unembedded edges middlepath,(P) are always anchored on a terminal pair, that is, a pair of
vertices of the form {H;,H;}. We shall call the graph consisting of edges that remain after this
step as Hp. Observe that the density of Hp will satisfy

(17) dp = (Iev(iVDE)I) = (1) (14X — g9 — 1)\ + 6A0g + 2207) .
2

The following lemma is proved in Section 11.
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Lemma 34 (Stage D, connecting to terminal pairs). Given partial embeddings (¢S )seg as de-

S
scribed in Lemma 33, we can construct the following.
We find partial embeddings (¢P)seg into H extending the (¢€)seg, such that no edge of H

S

is in the image of two different ¢, 133, such that the following holds. For each s € J \ Jo we
have ¢P = ¢€. For each s € Jy and each P € SpecPaths?, the map ¢P embeds all vertices of P
except for the two vertices middlepath, (P), which are not embedded. Furthermore, the fifth and
eighth vertices of P are embedded to {5;,8;} for some i € [|5]] (not necessarily in this order).
We write imP (s) = im(¢P).

Let Hp be the graph on Vs U Vg of edges of H which are not in the image of any ¢2. Let dp
be the density of Hp. With the given Jo, J1, J2, let for each i = 1,2 and s € J; the path-forest
F, be SpecPaths?, the set Uy = imP(s), and the set A, be the images of the leaves of Fy under

D with ¢4 the restriction of ¢P to the leaves of Fy. Let for each s € Jy the path-forest F, be
SpecShortPaths, := {middlepath;(P) : P € SpecPaths*}, the set Us = im(¢P), and the set As be
the images of the leaves of Fy under ¢P, with ¢4 the restriction of ¢2 to the leaves of Fy. Let

the set I, = {i € [|5]] : B;,8; € As}. Then we have a (yp, Lp, dp, dp)-quasirandom setup.

In Stage E we shall finish packing of (Gs)sez,. To this end we need to pack SpecPaths} for
each s € Jo. The main feature is that we achieve a precise given count of edges of Hg within
Vg, within Vg, and from Vg to V. To motivate where these count requirements come from, we
need to explain packings in Stage F and Stage G.

[fgl] In Stage F, we pack {SpecPaths}}sc7 . Recall that each path P from this set has 11
edges. If one endvertex of P was mapped (in Stage A) to Vg and the other to Vig, then
the packing in Stage F will be such that 3 edges of P will be mapped inside Vg, 3 edges
will be mapped inside Vg and 5 edges will be mapped into H[Vg, Vi]. If both endvertices
of P were mapped (in Stage A) to Vg, then the packing in Stage F will be such that 2
edges of P will be mapped inside Vg, 3 edges will be mapped inside Vg and 6 edges will
be mapped into H|[Vg, Vig|. The situation when both endvertices of P were mapped (in
Stage A) to Vg is symmetric.

[fg2] In Stage G, we pack {SpecShortPaths,}sc 7. Recall that each path P from this set has 3
edges. The packing will be such that 1 edge of P will be mapped inside Vg, 1 edge will
be mapped inside Vi and 1 edge will be mapped into H[Vg, Vig]. (Recall Figure 3.)

So, denote by jom, (resp. jog, and jmm), the number of paths from {SpecPaths}, s € J;} with
one anchor in Vg (resp. in Vg, and in Vig) and the other one in Vi (resp. in Vg, and in V@). The
above description explains why we require the counts (18).

Define df, := 8(\*0g + LL0?) and dg := 4(\*0o + o}). The following fact is immediate.

Fact 35. We have min{dj, dg} > 400\* and dy — dg = 4)\*0y.

The numbers dg and dg, will be close to the edge densities between the vertex sets Vg and Vg,
and within either of the sets Vg and Vi, respectively, after Stage E finishes. This is expressed by

the quasirandomness setup below. The proof of the following lemma can be found in Section 12.
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Lemma 36 (Stage E, density correction). Given partial embeddings (¢P)seg as described in
Lemma 34, we can construct the following.

We find partial embeddings (¢¥)seg into H extending the (¢P)seg, such that no edge of H is in
the image of two different ¢, qﬁg Furthermore, the following holds. For each s € J\ J2 we have
¢F = ¢P. For each s € Jo, the map ¢¥ embeds all vertices of Gs. We write imF(s) = im(¢F).
Let Hg be the graph on Vg U Vig of edges of H which are not in the image of any ¢=. We have

eng (Va) = oo n? + 2jes + 3(jem + jom)
(18) eng (Vi) = oo n? + 2jmm + 3(jem + joa)
eng (Va, Vi) = ooA*n? + 6(jog + jem) + Hjos -

With the given Jo, J1 and () let for each s € Jy the path-forest Fy be SpecShortPaths?, and
for each s € Ji the path-forest Fg be SpecPaths:. Let for each i = 0,1 and s € J; the set
Us = im(¢F), and the set A, be the images of the leaves of Fy under ¢¥, with ¢, the restriction

of ¥ to the leaves of Fs. For each s € Jy let the set I, = {i € [|2]] : B;,8; € As}. Then we
have a (g, L, dy, dg)-quasirandom setup, for suitable numbers dg, dp > 0.

At this moment, it only remains to embed (J, 7, SpecPaths; and (J,. 7 SpecShortPaths,. In
Stage F we embed the former family in such a way that it will allow embedding the latter family
in Stage G. In order to see how the embedding should look in Stage F, we thus need to look at
the situation we will be in before and during Stage G. For any v € Vg U Vg, let us write ¢(v) for
the number of paths from {SpecShortPaths,, s € 7y} anchored at v. Observe that since for each
s € Jo the set SpecShortPaths, is a set of disjoint paths, we have t(v) equal to the number of

s € Jo such that v € A, which by (Quasi7) is
(19) t(v) = (1 £9D)2X*oon .

Since each path of SpecShortPaths is anchored to a terminal pair by Lemma 34 for each i € [| 5 ]]
we have t(B;) = t(H;).

In Stage G, we will embed all paths as follows: given a path abcd € SpecShortPaths,, with
#¥ (a) = B; and ¢F (d) = B;, we will embed b into Vg and ¢ into V. Consider some B;. In
Stage G, we will use ¢(BH;) edges from B; into Vg to deal with the paths anchored at BH;, and
(since we complete a perfect packing in Stage G) all the remaining edges from H; to Vg are used
to accommodate inner vertices of paths in | J,. o SpecShortPaths,, and these paths also use all
the edges from H; to V. A similar statement holds for H;. It follows that in Hg we need, for
each i € [|§]],

(20)  degp,(Bi, Vis) = degp, (B, Va) + t(8) and degy, (H;, Va) = degy, (B, Va) + t(H) -

We will see that this is essentially the only requirement for Stage F. That is, the fact that
we have after Stage E a quasirandom setup, together with the fact that we will use only very

few edges at any given vertex in Stage F, ensures that we still have a quasirandom setup after
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Stage F, which is one of the key properties needed for the existence of designs in Stage G. The
following lemma is proved in Section 13.

Lemma 37 (Stage F, degree correction). Given partial embeddings (¢F)seg as described in
Lemma 86, we can construct the following.

We find partial embeddings (¢F )seg into H extending the (¢F)scg, such that no edge of H
is in the image of two different ¥, 5 such that the following holds. For each s € Jy we have
¢F = ¢, For each s ¢ Jy, the map ¢¥ embeds all vertices of Gs. Let Hy be the graph on VU Vi
of edges of H which are not in the image of any ¢¥. The for each i € |n/2| the equation (20)
holds. We write im¥ (s) = im(o¥F).

With the given Jo, 0 and 0 let for each s € Jy the path-forest Fs be SpecShortPaths’. Let for
each s € Jy the set Us = im¥ (s), and the set A, be the images of the leaves of Fy under ¢¥ , with

b5 the restriction of ¢ to the leaves of Fs. For each s € Jy let the set I, = {i € [|n/2]] : B;,8; €
As}. Then we have a (yr, Lk, dy, dr)-quasirandom setup, for suitable numbers dj, dp > 0.

It remains to pack {SpecShortPaths,}sc 7. This is done in our last stage, encapsulated by the

following lemma, which we prove in Section 14.

Lemma 38 (Stage G, designs completion). Given partial embeddings (¢¥)seg as described in
Lemma 37, there exist maps (¢F)seg with the following properties.

(G.i) For each s € Jo, the map ¢S is an embedding of G into H which extends ¢F. For
each s € G\ Jo, set & = ¢F.
(G.i7) The collection (¢S )seg is a packing of (Gs)4eg nto the graph H.

The key tool of the proof of Lemma 38 is Keevash’s machinery of generalised designs as we
introduced in a tailored setting in Proposition 14. Again, recall that the key features for this
machinery to work are the (yg, L, dg, dp)-quasirandom setup, (20) and that no terminal pair
forms an edge (which we obtained in Stage C).

Once all these stages are complete, we obtained the desired packing of (Gg)seg into H. This
finishes the proof of Theorem 10.

7. PACKING PATHS

A path-forest is a nonempty collection of components, each of which is a path of length at
least 2. In this section we show how to pack a collection of path-forests into a quasirandom graph
H, with several constraints. First, the quasirandom graph will be partitioned into two sides Vg
and Vg of equal size, and the vertices of each path in each path forest will be pre-assigned to one
side or the other. Furthermore, the path-forests are ‘anchored’, i.e. each leaf is pre-embedded
to a specific vertex of H, and each path-forest is required to avoid a set of ‘used’ vertices given
for that path-forest. What is helpful, the path-forests we pack will always contain only paths of
bounded length, they will never be spanning (in fact they will always miss a positive proportion
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of the unused vertices in each part of H), and the assignment of sides is such that we finish the
packing with a positive density of edges in each side and between the two sides of H unused.

Such a packing is not generally possible; however we will assume that the anchors and used
vertices are quasirandomly distributed, and under this additional condition we show the following
simple random algorithm works. We go through the path-forests in turn and in each path-forest
pack one (randomly chosen) path after another, in each case choosing one of the possible paths
consistent with the assigned sides uniformly at random. Our aim is to show that the resulting
packing ‘looks random’ in the sense that in each path-forest the vertices used, and in total the
edges in and between sides used, look like uniform random sets of the appropriate sizes. The
main result of this section is Lemma 42.

7.1. Embedding one path-forest. To begin with, we formally state the algorithm we use to
embed one path-forest, and give the analysis of this algorithm.

Algorithm 1: RandomPathEmbedding
Input: e a path-forest F' with anchors A,
e a graph H on VUV,
e aset Uy C V(H) of used vertices,
e an assignment & : V(F) \ A — {Vg, Va},
e an embedding ¢o : A — V(H) such that im ¢y C Uy
choose a uniform random order Fi,..., Fi« of the components of F;
Yo = ¢o;
for t=1 to t* do
let x1,...,x; be the path Fy;
let v1 = ¢o(z1), and v = ¢o(xg);
let Paths; be the set of vi-vg-paths vy, vs, ..., v of length k — 1 in H — U;_1 such that
v; € &(x;) for each 1 < i < k;
if Paths; is empty then halt with failure;
choose a path P uniformly at random in Paths;;
Yy =Y U{F; — P};
U :=Up Uimfy;
end
return ¢ = -

In order to analyse this algorithm, we only need to specify what precisely we mean by a

quasirandom distribution of the anchors.

Definition 39 (anchor distribution property). Suppose that we are given an n-vertex graph H
with V(H) = VgUVa, a subset U of V(H), a path-forest F whose degree-1 vertices are the set
A. For~ >0, we say an injective map ¢o : A — U and assignment & : V(F)\ A — {Vg, Va}
has the ~-anchor distribution property if the following holds.

Given a,b,c € {H,8} let Agp denote the collection of x € A such that ¢o(x) € V,, and
such that the neighbour y of x satisfies {(y) = Vi, and the next vertex z (adjacent to y) satisfies
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£(z) = V. Define dam = dmp to be the bipartite density of H[Vig, Vi), dum to be the density of
H[V@], and dgg to be the density of H[Vi]. For each v € V; \ U we have

{2 € Aqpe: do(2) € Nu(v) }] = (1 £7)dap| A, 099,

+ Lyn

We write Ay p = AgpaU Agpm, and normally we will only need to refer to A, p; the y-anchor

distribution property implies
H-TEAab po(r) € Ng(v H (1£9) ab|Aab’i’7n
The following lemma contains all the facts we need about the running of Algorithm 1.

Lemma 40 (Embedding a path forest). Given an integer L > 5 and real v > 0, there is a
constant C > 0 such that the following holds for all 0 < v < C~' and all sufficiently large n
(depending on y).

Let F be a path-forest with leaves A (also called anchors), in which each path has at least 5
and at most L vertices. Suppose vn < |Va|, |Va| < n, and let H be (v, L)-block-quasirandom on
ValUVis with densities d(H[Vg]) = deg, d(H[Va]) = dgm, d(H|[Va, Va]) = dgm, each at least v.
Let ¢pg: A — V(H) be an embedding of the anchors and & : V(F) — {Vg, Vm} be an assignment
of the vertices of the paths to the parts of H such that ¢o(x) € {(x) for each x € A. For each
ac{8,8} let X, :={x € V(F) : {(x) =V,}, and suppose that | X, \ A| > vn. Let U C V(H)
be a set of “used” vertices such that im ¢g C U, and suppose that for each a € {8, B} we have

Vo \U| = {z e V(F)\ A: &(z) = Vo }| = wn.
Suppose that we have the y-anchor distribution property, and (H,U) is (v, L)-block-diet. Suppose
that |{(z,y) : zy € E(F),z € Xo\ A,y € Xb\AH > vn for each a,b € {8,8}. Let V' be a set
of specified vertices with |V'| > vn and V' CVg\U or V' C Vg \U.
When we ezecute RandomPathEmbedding (Algorithm 1), then
(PE1) with probability at least 1 — eXp( - n*O'g), we obtain an embedding ¢ : V(F) —
imgg U (V(H)\ U) of F in H estending ¢o and such that ¢(z) € &(x) for each
xeV(F)\A.
Moreover, if we get such an embedding ¢, the following hold.
(PE2) If a € {B,8} is such that V' C V, \ U, then

[\ im¢NV'| # (14+Cr)|V'| |“/X\“U‘] <exp (—n’?).

(PE3) For each Sg C Vg \ U, Sz C Vig \ U with |S,| < L for each a, we have
. - —Hz  €(x)=V, |5al
P[(S5USg)Nimg = 0] = (1 Cqy) [ (Mtillecpiipaczall) ™,
ac{B,H}
(PE4) For each edge e € E(H —U), setting a,b € {8, 8} such that e € E(H Vg, V3]), we have

{(r.y) : sy € B(F), 2 € Xo\ A,y € Xp\ A}|
dap|Va \ U]V \ U]

P ¢ uses e] = (1+C)
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(PE5) For each a,b € {B,8}, each x € A such that x € X, and the neighbour of x in F is
in Xy, and each v € Vi \ U with ¢o(x)v € E(H) we have

P ¢ uses ¢o(x)v] = (1 + 07)W .

(PEG6) For each pair of edges uwv,u’v' € E(H), we have
Pl¢ uses uv and u'v'] < n =32,
Proof. Given an integer L > 2 and v > 0, we set
C :=exp (1O4L41/76) ,
and given 0 < v < 1/C, for each z € R we let t* be the number of components of F, and let

By = yexp (%) .

We set e = v2C~!, and note that B~ < V/C.

First, we show that after randomly ordering the paths of F', each interval of en consecutive
paths from this order has the anchor-distribution property. This avoids the possibility that
neighbours of anchors are distributed in a non-uniform way for most of the process: this imbalance
would eventually be corrected, but it would complicate the analysis.

Claim 40.1. In the uniform random order F1, ..., Fi= of the components of F', with probability
at least 1 — exp ( — n0'4) for each 1 <i <t*+1—en the forest F} (with the same U, and § and

¢o restricted to F}) whose components are Fj, Fii1,. .., Fiien_1 has the y-anchor distribution
property. Furthermore, for each a € {8, H}, we have % (1+ )I‘I/)((;EI\L{LI'

Proof. Since for each 1 < i < t* + 1 — en, the distribution of paths in F' selected to F}" is a
uniform random set of en paths, by the union bound it suffices to show the above properties of
F hold with probability 1 — exp ( — n0'5) for a uniform random set F* of en paths of F. Note
that |X,| > vn for each a, and so in particular t* > vn/L > 2en.

To begin with, we show that the vertices in X, \ A are well distributed. Given a € {8, B},
we partition the path components of F' according to their number of vertices in X, \ A. Suppose
there are u; paths with j vertices in X, \ A for each 0 < j < L (and note no path has more

than L vertices). Then in expectation we choose “:™ paths with j vertices in X, \ 4 to F*, and
u]sn :l:nO .98 09).

so by Fact 23 the probability we do not pick such paths is at most exp(

Assuming none of these bad events occur, we conclude
X, NV F* )\ Al = Z] (uéen + no,gg) _ \Xaﬁ\/gf)\ALen + 12098

So with probability at least 1 —exp ( nd 8) the above estimate holds for each a € {H, B}, which
c e[ XeNV(FF\A Xa
implies % =(1+ )\‘l/( }\,L\ for each a € {8, B}.

We now show F* is likely to have the y-anchor distribution property. To that end, fix a vertex

ve V(H)\U. For any a,b,c € {H,H}, consider the set A, ;.. Each path of F' may have zero,
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one, or two endpoints & € Agp. such that ¢o(xz) € Ny (v), and we partition the paths of F'
accordingly into sets of sizes wug, u1, us respectively. By the given y-anchor distribution property

we have 232':0 juj = (1) dap|Aapc| £ 3709, Moreover, as before, the expected number of
UjETL

G
uiﬁ + n09 of these paths is at most exp ( -n

we see that the total number of endpoints « € Agp . of paths of F* such that ¢o(z) € Ny (v) is

and by Fact 23 the probability of failing to select
0.8)

paths in the jth set we select to F™* is

. Assuming none of these bad events occur,

2 1
. ) 14+7v)dgp| A end5yen-n0-9°
Z] ) (u;fn :I:n0'98> _ (1£7)dap|Aq,b,clent 5y + 37,098

t*
=0

By a similar argument, we have
}Aa,b,c N V(F*)‘ = M 4 n0.98

with probability at least 1 — exp ( — no'g). It follows that the number of endpoints x € A,y of
paths of F* such that ¢g(z) € Ng(v) is

(1£9)dap|Aape NV (EF*)| £ 2yn®9 £ 5n09®

with probability at least 1 — exp ( — n0'7), where we use that t* > 2en. Taking the union bound
over choices of a, b, ¢ and v we see the probability that this part of the y-anchor distribution
property holds for F™* is at least 1 — exp ( — no'ﬁ). O

From this point on we will assume that the outcome of the uniform random choice of Py, ..., P
is fixed and the likely statements of the above claim hold. In particular, this means that (unless
Algorithm 1 fails before time t) the number |V, \ U;_1]| is fixed for each a € {8, B} (although the
sets themselves are not). We next argue that vertices are used with a predictable probability in

each path.

Claim 40.2. Given anyt € [t*] and 0 < o < 274 let J#_1 denote the event that the embedding
of the first t — 1 paths succeeds and furthermore (H,Uy_1) is (p,2)-block-diet. Given any y €
V(P)\ A, let x and z be the neighbours of y on Py; if exactly one of these is in A suppose x € A.
Let a,b,c € {8,8} be such that {(x) = Va, {(y) = Vi and £(z) = Ve. Given any v € Vi \ U1,
we have

1 .
(1:‘:5[;@)m Zf$€A,Z¢A,UENH(¢O(:L‘))

In all other cases, the probability of embedding y to v is zero.

P[¢i(y) = v|H#_1] =

Proof. Observe that since 0 < o < 274F we have (14 20)%(1+20)"F =1+5Lo.

The probability zero statement of the claim is trivial, since y must be embedded to V4 \ U;_;
and since it must be embedded to a neighbour of the images of z and z.

Given any three vertices p,q,r of V(H) and any 3 < k < ¢ — 2, we can count the number of
(-vertex paths from p to r in H — U;—1 whose kth vertex is ¢ and whose ith vertex (for each
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1<i</¥)isinV; € {Vg, Vig}, for any given choice of the V;. We do this as follows. Mark p, g, r
used. We count the number of vertices of V5 \ U;—1 adjacent to p and not so far used, for each of
these the number of vertices of V3 \ U;—1 adjacent to the first and not so far used, and so on up
to the (k —1)st vertex which we require to be adjacent to both the (k —2)nd and to g; we repeat
this (avoiding previously used vertices) for the path from ¢ to r. Denote with d;; the bipartite
density d[V;, V;] if V; # Vj, or the density d[V;] if V; = V;. Then, by the block-diet condition we
have (1£0)d12|Va\Us—1|££ choices for the second vertex, for each of these (14 p)das|V3\Us—1|£4
choices for the third vertex, and so on until we get to (1 + Q)d(k_Q)(k_l)d(k_l)k|Vk_1 \Ui_1| £¢
choices for the (k — 1)st vertex, and similarly for the path from ¢ to r. Here the £/ comes
from the vertices previously used on the path we construct. Since n is sufficiently large, and
since V, \ U; is linear in n for each a € {H,H} while £ < L, we can absorb the ¢ into the
multiplicative error to obtain (1 £ 2p)di2|Va2 \ U;—1| choices for the second vertex, and so on.
Putting this together, the total number of such paths is

l k—1 /-1
1 +20) 2 [ [ diiry [T Vi \ Ul T 1Vi\Usal.
=1 =2 i=k+1

If x,z € A, then using the above with p and r being the embeddings of the ends of P;, letting ¢
range over all vertices of £(y) \ Uy—1, and letting ¢ = v(P;) with y being the kth vertex of P; and
assignments as specified in the lemma statement, we obtain the total number of paths from p to
r from which Algorithm 1 chooses uniformly at random. We can thus compute the probability

of ¢¢(y) = v. Most of the terms cancel, leaving
Plyy(y) = v|Ai-1] = (1 £20) (1 £ 20)* gty

which by choice of g is as desired.

Suppose x € A and y € A, and that v € NH(gbo(a;)). By a similar argument, for each vertex
u € Ny ((bo (x)) NV, we can estimate the number of correctly assigned paths in H — U;_1 between
the embedded anchors of P;. Summing over the (1 £ g)dp|Vs \ Ui—1| = 3 choices of u given by
the block-diet condition, we find the total number of such paths and hence

P[ei(y) = o] 1] = (1+20) 7 (1 +20)" " =i

which again is as desired. a]

In light of this claim, given v € V(H) \ Uy and y € V(P,) \ A, it is natural to define a
quantity p,, which approximates the probability that y is embedded to v, conditioned on the
first t — 1 paths being embedded in such a way that v is not used and the block-diet condition
is maintained. To that end, suppose {(y) = V4 and the neighbours of y on P, are x and z; if
exactly one of these is in A, suppose it is z. Suppose £(z) =V, and £(z) = V.. We define

1 .
(21) Doy = VoAU o zed
m ifxe A, Z¢A,’U€NH(¢O($))
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We also define
t+en—1

pvt Z Z pv,y )

t'=t yeV(Py)\A
EW)=Vp

which (as we will see) is roughly the probability that v is used in embedding one of the first en
paths from P; onwards, given it was not used earlier. For now, we will use the anchor distribution
property established in Claim 40.1 to evaluate py ;.

Claim 40.3. Given 1 <t <t*—en+1,b€ {EI, EE} andv € Vy\Up_1, let X};}t denote the set of
vertices y which are internal to Py for some t <t <t + en and furthermore satisfy (y) = V.
Then we have in
pii,t =1+ QV)M\th_ﬂ :

Proof. We split X gr;t into parts corresponding to the cases of the definition of p, ,, including the
choice of a in the line where this appears. Let X** be the subset of y € X} mt whose neighbours
are not in A. For each a € {H,8} let A, be the set of y € Xlnt whose nelghbours are x,z with
x € Aand z € A and where x € V,. Note that these sets partmon X }f}t.

The contribution to pj , from vertices of X* is % Now fix a € {H,H}. The contri-
bution to pj , from vertices of Ay is, by the y-anchor distribution property from Claim 40.1,

(1 & ) dap|Agp| £ 40"
dab| Vo \ Up—1]

where the equality uses dgp > v and |V, \ Up—1| > [\ U| — {z € V(F) \ A : {(x) = Vi}| > vn,
the last inequality being an assumption of the lemma. Summing up we obtain

_ |Aabl —0.001
=(1+xy )7%\% n +n

)

|XZ€[‘O ‘ 1nt

* | |Ag, | A, 0.001 —0.001
oy = o T A ENmro T A ENmrpg 22077 = QE ) ma g 207

By the ‘furthermore’ part of Claim 40.1, and since each path of F' has at least 5 vertices, we

have
Xa\A
|th| > ( )“l/(F§\II4‘ 3en > %'3571261/71,
and this justifies absorbing the 2n %! additive error to the relative error as claimed. 0

We are now in a position to estimate the number of vertices embedded to a given subset X of
Va \Ui—1 when Py, ..., Piiop—1 are embedded by Algorithm 1, where a € {B, H}.

Claim 40.4. Given any 1 <t <t*—en+1, let H4_1 denote the event that embedding of the first
t — 1 paths succeeds and furthermore (H,Uy_1) is (Bi—1, 2)-block-diet. Given any b € {B,HB} and
X C Vy \ Us_1 such that | X| > v*n, when Algorithm 1 embeds paths Py, ..., Piyen_1, we have

P (X (1 Urpenoa| = (1 50L6,1)| X MO0t

jﬁl] >1—exp ( — n0'5) .

Proof. Suppose that #_1 occurs, and consider the running of Algorithm 1 to embed P; onwards.
Fix b € {B,B} and X C V}, \ Us_1.
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Observe that in embedding P, ..., Pi1en—1 we embed in total at most Len vertices. Thus the
estimates provided by the (8;_1,2)-block-diet condition for (H,U;_1) are changed by at most
Len for any t — 1 < t' < t+ en. Since dp; > v and |V, \ U;—1]| > vn for each p,q € {B,H},
and by choice of €, we see that for any t — 1 < ¢/ < t + en, the pair (H,Up_1) satisfies the
(261, 2)-block-diet condition. This in particular implies that Algorithm 1 cannot fail at any
time in this interval, and that the conclusions of Claim 40.2 are valid with ¢ = 25;_1 for each of
these paths.

Given v € X and t < t/ < ¢+ en — 1, the probability that a vertex of Py is embedded to
v, conditioned on the embedding of P;,..., Py_1, is either zero (if a vertex of P;,..., Py_1 has
been embedded to v) or given by summing, over all internal vertices y of Py such that {(y) = V},
the probability (1 + 1OLBt,1) Do,y given by Claim 40.2. The latter statement holds because the
events ¥y (y) = v for different y in Py are disjoint. We wish to estimate

t+en—1
z=Y E[wt,(V(Pt,)) nX| ’embeddings of Py, ... ,Pt/,l} ,
t=t
and it follows that an upper bound for this sum is (1 + 10L83;-1) Y, cx Py Furthermore, the
difference between this upper bound and the correct value of the (random variable) Z is that
vertices v to which we embed at some time cease to contribute to the sum; there are at most
Len such vertices, and so we obtain

|X
V\U il

|X‘ |X1nt

Z =(1£10LB—1) Zp'ut + Len - 2| WVo\Us—1]

veX

= (1£20LG1)

where we use Claim 40.3 to estimate pj ;.
Now consider the process of embedding P, ..., Piten—1 following Algorithm 1. By Corol-
lary 25(b), since each path has at most L vertices, we obtain

IXl'IXint

P [X NUpten—1| # (1 £ A0LB—1) v o %”tl] < exp(—n"?).

Since ‘th‘ = |V}, (Utgen—1 \ Ui—1)|,

Using the above claim, we can show that, given any 1 < ¢’ < t* | any b € {H,H} and any
large enough X C V; \ Uy, with very high probability the following holds when Algorithm 1 is
run. Either the (f;—1,2)-block-diet condition fails for some (H,U;—1) with 1 < ¢ < ¢ < t* or
|X N Uy| is roughly |X|w.

Claim 40.5. Given anyt > 1, any b € {B,8} and any X C V; \ Uy such that | X| > v?n, when
Algorithm 1 embeds paths Py,..., P, we have

P [\X \Ui| = (1% 36,) |X| [R5 or 3¢ € [t — 1]: (H,Uy) is not (By, 2)-block—dz’et]

21—exp(—n0'4).
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Proof. The proof of this claim is simply an iteration of Claim 40.4, similar to the proof of [2,
Lemma 26]. For this, observe that |X \ Uy| = (1 £ 8y)|X]| ‘|“//b\\gt0'| implies | X \ Uy| > v*n, since
|X| > v?n and |V, \ Uy| > vn, and hence we are allowed to apply Claim 40.4 iteratively.

Now, given t > 1, b € {H,H} and X C V; \ Uy, we suppose that the likely event of Claim 40.4
holds for each time ¢’ with 1 < ¢/ < ¢t —en + 1, with the input set X \ Uy_; (provided this

set has size at least v*n). The probability that this likely event does not occur, but (H, Uy) is
0.4).

(B, 2)-block-diet for each such ¢, is by the union bound at most n exp ( — n0'5) < exp ( —n
We claim that outside of the unlikely event the claim statement holds.

Let s = L ~|. We require specifically the above likely event for each t' = 1 4 ken, where k is
an integer between 0 and s — 1 inclusive; this yields

s—1
_ |me(U(k )en\Ukan)I
‘X\Ussn|—}X‘-H(l—(limLﬁkan) i
T (VU iyend VAUt 1yen\Uien)|
_ b\Y (k+1)en b (k+1)en \Vken
—}X\'H<7\Vb\w€m| £ 50L Bren =TT >

_ |Vb\U(k:+1)5n| |me(U(k+l)sn\Uk€n)‘
o }X‘ H ~ Vi\Ugken| (1 £ 50L Bren Ve \U(k+1)enl

s—1

— . |%\Ussn| . |U(k+1)sn\Uksn‘ )
o }X’ [Ve\Uol H (1 £ 50LBken Vo\U(k+1)en| /)~
k=0

Taking logs, we obtain

s—1
— |V\U587L| 50L6k5n|U(kz 1)sn\Uksn|
log ’X \ Usm‘ = log }X’ +log ‘{)/b\UO‘ + Z log (1 * |Vb\U(k-:-1)5n| )

s—1
_ |%\U‘ggn| 100L/Bkan|U(k+1)sn\Uk:sn‘
= log }X’ +log Vo \Uo + Z Vo \U(k+1)enl
where the last line uses the approximation to the logarithm log(1 4+ ) = +2z, valid for all
sufficiently small z. In this case the term is sufficiently small because ‘U(k F1)en \ Uken| < Len,
because ¢ is sufficiently small, and because |V; \ U] > vn. Now we have

100LBken |Utks1)en \U, €n| 100L 100L «
Z r%\UEZIBaM - Z ﬁk5”|U k+1)en \ Uken| < —— Z Brenlen
k=0

100L2

/ Bﬂc Syt ﬁsan<01y Bsen

where the third inequality uses the fact that [, is increasing in x and nonnegative. We obtain

log ‘X \ Usen‘ = log ‘X| + log |“/€/><]550T| + 4ﬁ55n = log ‘X| + log |‘G}>€§;T| + log (1 + %55571) ,
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hence |X \ Usm‘ =(1+ %BssnﬂX]%. Since sen <t < (s+ 1)en and since 3, is increasing
in x, we have

Vu\Ut|EL
X\ U] = (1% 38| X |EREEEe 4 L,

which by choice of € gives the desired conclusion. O

If at some time ¢ Algorithm 1 gives us a U; such that the (8, 2)-block-diet condition fails for
(H,Uy), then there is a first such time ¢. Suppose that b € {H,H} and S (which is a set of either
one or two vertices) is a witness of the failure. Because (H, Up) is (7, 2)-block-diet, we have

INg(S)\ Uo| = (1 £ 7)dB,d2, |V \ Uo|

where i1 and i are the number of vertices of S in H and H respectively. Now by Claim 40.5,
with probability at least 1 — exp(n~%%) we have

INg(S)\ U = (1 £ 38,) (1 £ v)d2,diz, [V \ Ut

which by choice of v is a contradiction to b and S witnessing failure of (f;, 2)-block-diet.

Taking the union bound over 1 < ¢ < ¢t* and witnesses to failure of block-diet (i.e. singletons or
pairs of vertices and b € {H,H}), the probability that such a first time ¢ exists is by Claim 40.5 at
most n* exp (—n0'4). In other words, with probability at least 1—exp (—no'g), foreach 1 <t < t*
the pair (H,U;) is (B¢, 2)-block-diet (and so Algorithm 1 does not fail). This establishes (PE1)
and by Claim 40.5 also (PE2).

Next, we find the probability that any one of a given small collection of vertices is embedded
to in some interval of time by Algorithm 1. To begin with, we deal with intervals of length

exactly en.

Claim 40.6. Given any 1 <t < t*—en, let 74_1 be a history of Algorithm 1 up to and including
the embedding of P;—1. Suppose ;1 is such that the pair (H,U;_1) is (Bi—1,2)-block-diet. Let
for each b € {B,8} the set Sy, C Vj, \ Ui—1 contain at most L elements. Then we have

P[(S5USa) NUsen1 # 0| 1] = (1£30L6,1) Y ||t el
be{8,8}

Proof. Fix a history % _1 as in the claim statement; throughout we condition on J%_1. Let
S = Sg U Sy. We write

t+en—1
P(ISNUpen1|>1] = > P[SN¢(V(Py)) =1 and SNimepy_y = 0]
=t
t—&—tsn—l
= > S PSNo(V(P)] = 1] - Pl
=t Py_,

where the sum over 1y _1 runs only over embeddings where S Nimy_1 = (). Note that since
by choice of #_; the pair (H,U;_1) is (Bi—1, 2)-block-diet, it follows as before that (H,Uy_1) is

(268¢—1, 2)-block-diet for each ¢" we consider, and in particular the embeddings we assume exist
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indeed do. Observe that the expected number of vertices of P’ embedded to S is
2L
S PSNG(V(P)| = j|vw-],
j=1

and rearranging this we get

PISNo(V(P))| = 1gp—1] =E[[SN(V(Pr))| |e-1] £ISIP[IS N ¢(V(Pr))| > 2|thy—1] -
Now by Claim 40.2, and since |S| < 2L, we have

P[|SNa(V(P))| > 1|p-1]

:(1j:10L6t_1)< >y 3 pwy) i2LP[\Sm¢(V(Pt,))\ 22’%,,1]
nA

be{B,H} u€S, yeV(Py
W)=V

We can bound above 2LP[|S N d)(V(Pt/))‘ > 2‘%/71] by 20L°v~En=2 < n~15 by similar logic
as in Claim 40.2. Since the p, 4 do not depend on 9y _;, we get

P[|SNUpen | > 1] = (1 £ 10L3 1) ( St zn—°~5>P[S Aim ey, = 0].
ucs
This expression is trivially bounded above by (1+10L3;—1)( Y ,cqPhs +2n0%) < 8L%v ™!, so
P[SNimyy_; = 0] =1+ 8L%v~! and we get

P[|SNUpien1| > 1] = (1 £ 10LB; 1) ( S it 2n*“~5) (1 +8L2%0)
u€esS
X

= (1£20LB-1) ) piy = (L£30LBi-1) D |Selpgisy s
ues be{B,H}

where the last equality uses Claim 40.3. Since | X éf‘tt] = ‘Vbﬁ (Utsen—1\Ui—1)|, we get the claimed

probability. 0

Using this repeatedly we can deduce similar estimates for general intervals.

Claim 40.7. Given any 1 <t < t' <t*, let H#{_1 be a history of Algorithm 1 up to and including
embedding P,_1. Suppose 1 is such that the pair (H,U;_1) is (8i—1,2)-block-diet. Let for each
b e {B,8} the set Sy, C Vj, \ Us—1 contain at most L elements. Then we have

P [(SE U 553) NUy_1 = @‘%_1]

Va\U_ 1\ 5l _ . .
= (1 + 25,5/_1)( H (W) ) +e 1P[block—dzet fails| 7—1],
ac{B,H}

where the last probability refers to the event that, at some time t" between t and t*, the pair
(H,Upr_1) is not (Byr—1,2)-block-diet.
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Proof. We condition throughout on 4 _1 as given in the claim statement. We allow an error
term of size 5*1P[block—diet fails|.74_1], so we can throughout assume that block-diet does not
fail (for the purposes of applying Claim 40.6 at most €' times) since the errors caused by its
failure are subsumed in this error term. Because ¢ is small, it is enough to prove the desired
statements with relative error 1 & 99LSy_; under the additional assumption that ¢ — ¢ is an
integer multiple of en (the change in 8y _; and the change in the main term caused by increasing
t' by a further en is covered by the increase in the relative error). So we may assume t' = t 4 ken
for some integer k£ > 1. We write S = Sg U Sg. By Claim 40.6, we have

k—1 it
PISAUs 1 =0] = [ |1 (1£30L80mn) 3. [Sulphgl
=0 ac{B,H}

k

|
—

_ | X% pern]
(1 + 65[/251/ 1,8t+€£n—1) 1-— Z ‘Sa| |Va\(jtt:;5n—l|
ac{B,8}

I
E A
(|
= o

- Sal
, X0
(1 + 70L%ev 1,8t+€6n71) H (1 - VZz\Utt:;mL1>
ac{B,H}

_ Va\U o1\ el
=L =r0r2e B ) T] (Mibgn)
0 ac{B,8}

k—1
|Sal
= ( H (1 + 70L2€V15t+€sn1)> H (%) ’
Y4

=0 ac{B,B}

ol til\
|
= o

~
Il

To see that the second line is valid, we use |XXf | < en and |V, \ Upggen—1| > vn. For the

third line, observe that expanding out all the brackets in the product on the third line, we get
| Xat tgenl
‘Va\Ut+lsn71‘

| < en, by choice of ¢ all of these terms are tiny

the brackets of the second line plus a collection of at most 22X products in which
int

a,t+len
compared to By and hence are accounted for by the increase in the error term. The fourth and

terms appear at least twice. Since |X

fifth lines are straightforward equalities.
It remains to show that the product of error terms is sufficiently close to 1. Taking logs and
using the Taylor series approximation (valid since ¢ is sufficiently small), we have

k—1 k—1 "

log [T (1 £ 700%™ Brygen—1) = £ Y S0L%ev ™ fpygepn1 = + / SOLRV e 3 < By
=0 =0 T=—00

where the final equality uses the definition of 8, and the fact t* < n. We obtain

k—1

[T (17020 Brisen—1) = exp (£ Br_1) = 14281,
=0

as desired. -
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From this point we will no longer require the detailed definition of £;_1; it will suffice that
Bi—1 < B < v/Cv, and we will simply replace error bounds from the earlier claims with the
latter. The remaining parts of Lemma 40 are relatively straightforward at this point.

As noted earlier, the probability of block-diet failing is at most exp ( — n0'3). Now, taking in
particular the case t = 1 and ¢’ = t* of Claim 40.7, and observing that [{z € V(F)\ A: {(z) =
Va}| = [Va N (U1 \ Up)| £ L, we obtain (PE3).

For (PE4), fix a,b € {8H,HB} and let e = wv with u € V, and v € V;. It is convenient to give to
each directed edge (y, z) of F' a weight, which will relate to the probability that y is embedded
to v and z to v. We do this as follows. If one of y and z is in A, we set ¢, . = 0. Otherwise,
suppose ,y, z,w are adjacent in F' in that order, and suppose &(x) = V., £(y) = Vo, £(2) =V}
and ¢(w) = Vg, where ¢,d € {H,H} and a,b are as above. If z is in A, and ¢o(x)u is an edge of
H, we set g, , = %w. If wisin A, and ¢g(w)v is an edge of H, we set g, ., = ﬁ. Note that we
cannot have both x and w in A, since all paths have at least four edges. If neither x nor w is in
A, set g, = 1, and in all other cases set ¢, . = 0.

Fix ¢ € {8, B} and consider the sum }_ gy where the sum runs over pairs (y, z) such that
x € A and {(z) = V.. By the v-anchor distribution property, there are

(1% 7)deal Acap| £ 50"
summands equal to i, and so this sum evaluates to
(1£7)|Acap| £ 0"

Similarly, given d € {H, B}, considering the sum over pairs (y, z) such that w € A has {(w) = Vg,
we have

Z Gy.- = (1 £7)[Agpal £ 0"
y7z

Finally, the set {(y,2) : yz € E(F),y € Xo \ A,z € X, \ A} splits up into |A. 4| pairs (y, z)
such that € A and &(x) = V¢, |Aap.q| pairs (y,z) such that w € A and {(w) = Vj, for each
¢,d € {H,8}, and the remaining pairs (y, z) each of which has ¢, . = 1. We conclude

Y qe=0E{2) ryz € BE(F),y € Xo\ A,z € X;\ A}| £ 4n"9
(22)  (we)weeE(R)

:(1j:2’y)‘{(y,z) : yzeE(F),yeXa\A,zeXb\A}

)

where the second equality uses the lemma assumption that there are at least vn pairs in the set
on the right hand side of (22).
We observe that
Plpusese]= Y Plo(y) = u,é(z) = 1]
(y,2)yz€E(F)
and letting ¢ be such that y, z € V(P;) we can write

Plp(y) = u,6(2) = v] = Y P[o(y) = v, ¢(2) = v|thr1]Plehy1].
¢t—1
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Observe that if w or v is in im ¢;_1, then P[¢(y) = u, ¢(z) = v‘ibt_ﬂ = 0. Furthermore, the total
probability of ¢;_1 such that (H,U;_1) is not (B;—1,2)-block-diet is at most exp ( — n0'3); SO we
are mainly interested in estimating P [qﬁ(y) =u,P(z) = v|¢t,1] when ;1 is (8¢—1, 2)-block-diet
and u,v ¢ imy_1. We can do this by much the same approach as in Claim 40.2; we obtain

14+5L81—1)qy,»
Po(y) = u, ¢(2) = v|vr1] = T —

Summing over all 1/;_1, we obtain

Plo(y) = u, ¢(2) = v]
 (145LBi—1)ay - Va\Us—1[|Vo\Us_1] ~1 0.3
- dab|Va\Ut—1H1Vbq\yUt71| ' (1 + 100[/5’5_1) \Va\tU(l)HVZ\Ua H £ 2e7 exp ( -n )

= (1+200LB3;—1)

dy,z
dab|Va\Uol[Vs\Uo|

where the probability Plu,v ¢ im,_1] is estimated using Claim 40.7. Summing over all (y, 2)
such that yz € E(F), and using (22), we obtain (PE4). Note that we do not need to be careful
estimating a sum of ; here; the error bounds are larger than any of the §; (and this will be the
case for the next few properties, t00).

For (PE5), observe that we use ¢o(z)v, where x € V(F;) is in X, if and only if v € im v,
and then v is selected as the vertex to which we embed the neighbour y of x, where y € X,
The probability Plv ¢ imy_;] is (1 £ 100Lﬂt_1)“‘/‘b/l\)\U;];‘1‘ +e! exp( — n0'3) by Claim 40.7.
Among ;1 in this event, the probability that (H,U;—1) is not (;—1,2)-block-diet is at most
exp ( — nO'S), and for the remaining y_1, the probability of ¥(y) = v, conditioned on v;_1, is
1+ 5Lﬁt—l)m according to Claim 40.2. Putting these facts together we get (PEb5).

Finally, for (PEG), we separate two cases. If uv and u/v’ share a vertex, suppose v = v'.

Observe that we use both uv and v’v if and only if there is some path P; which uses both edges.
There are two subcases to consider. First, one or both of u and «’ is in ¢¢(A), in which case
there is at most one possible choice of ¢ to consider, and second, neither is in ¢o(A), in which
case we need to consider all paths F;.

We deal with the first subcase first; assume without loss of generality u € ¢g(A). If 144
is such that (H,U;_1) is (Bi—1,2)-block-diet, then the probability of using both uv and v'v is
easily estimated to be O(n=2) (it is ©(n~2) if neither v nor ' is in im;_1, but this event need
not occur). Moreover, the probability that 1;_; fails to give block-diet is at most exp ( — n0'3).
Hence we conclude (PEG6).

For the second subcase, there are at most n paths P, to consider and for each one, using both
uv and u'v fixes three vertices in ¢(V(P;)). When ¢;_1 is such that (H,U;_1) is (B¢—1, 2)-block-
diet, the probability of this is O(n~3), so the probability a given P, uses uv and u'v is at most
n~25; taking the union bound over at most n choices of t we again get (PEG6).

If now uv and u/v’ are disjoint edges, we have a few more subcases to consider. If both uv and
u'v" intersect ¢g(A), then this fixes the path or paths that can use uv and «'v’. If there is only
one path (i.e. uv and u'v’ between them contain both anchors of that path) then using uv and
u'v’ fixes two additional vertices on that path, and hence the probability of picking it is O(n~2).
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If there are two such paths (i.e. uv and u/v’ both contain an anchor but of different paths) then
each path has one additional vertex on it fixed and again the probability of choosing such a pair
of paths is O(n~2). If uv intersects ¢o(A), but v/v’ does not, then there is only one path which
can contain uv and doing so fixes one additional vertex on this path. While there are up to n
paths which might contain u/v’, for any given one of them to do so fixes two additional vertices
on that path. By the union bound the probability of choosing any one such path is O(n~!), and
again the probability of choosing both uv and «/v’ is O(n~2). The probability of choosing uwv
and ©/v’ on the same path is O(n~3) since doing so fixes three vertices on that unique path as
wv and u'v’ are disjoint. Finally, if uv and u/v’ are both disjoint from ¢g(A), then either they
can both be chosen on one path, or on two different paths. In the first case, there are n possible
paths and for any one to contain both uv and u'v’ fixes four vertices, for a probability O(n=3)
by the union bound. In the second case, there are n? possible pairs of paths, on each of which
two vertices are fixed for a probability O(n~2) by the union bound. In all these cases we duly
conclude (PE6). O

7.2. Packing path-forests. Having analysed Algorithm 1, we now state the complete path-
forest packing algorithm, which simply runs Algorithm 1 repeatedly.

Algorithm 2: PathPacking
Input: e path-forests F,..., Fy«, such that Fys has anchors A,
e a graph Hp on VgUVg,
o sets Us C V(Hy) of used vertices for s € [s*],
e assignments & : V(Fs) — {Vg, Vin},
e embeddings ¢, : As — V(Hp) such that im ¢4 C Us
Randomly permute the Fj ;
for s =1 to s* do
run RandomPathEmbedding(Fs,Hs—1,Us,Es,05) to get an embedding ¢, of Fj
into Hy_1;
let Hs be the graph obtained from H,_; by removing the edges of ¢/ (Fs);
end

We (abusing notation) still refer to Fy after the uniform random permutation of the path-
forests; what we really mean is the sth forest in the random permutation, and we will continue
this abuse of notation in our analysis. However the statements we make about the algorithm in
Lemma 42 below are invariant under permutation.

We are now in a position to analyse Algorithm 2, and give the important result of this section.
Briefly, if we have a collection of anchored path-forests satisfying the conditions of Lemma 40, and
in addition we have the following pair distribution property, we can complete the analysis. We
should stress that this property depends only weakly on the graph structure of H: in particular,
if edges are removed from H it cannot cause the pair distribution property to fail.
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Definition 41 (Pair distribution property). Given a graph H with V(H) = VgUVig and a
collection Fi,...,Fs of path-forests all of whose paths have at least four edges, where for each
s € [s*] the endvertices of Fs is the set As, and we have a used set Us C V(H) and an injective
map ¢s : As — Us. We say that a collection of maps (§s : V(Fs) — {Va, Vm})ses, has the ~-pair
distribution property if for each a,b € {8B,8} and pair uw € V,, v € V}, of distinct vertices of H
the following holds. Define wyy.s by'

z,y):x s),Es()=Va,&s(y)=V}, and x,y€As .
(23&) H{(z,y) yeE(F)gIV(a\)U:ﬁVf\((JZ)| Vo yZAs} if u,v & U,
(23b) Wyv;s = WIUH 'Lf (;58_1(11,) =Tc AS7 v ¢ Us: TY € E(Fs) with gs(y) = %
(23c¢) m if o5 (v) =z € As, u € Uy, wy € E(Fy) with &(y) =V,

and otherwise wy,,s = 0. Then if uv € E(H) we have

S (= y) s wy € B(F),&(x) = Vo, &(y) = V)| 001
Val[Vh e

(24) D wuns = (1£7)
s=1

Before stating the lemma, we need a slightly simplified version of the set defined by index-
quasirandomness. Given any sets S1, 52 C V(H), and any disjoint 77, T C [s*], and any pairing
Ve = {Bi}tignsg and Via = {Bi}icpm/2), let Un(S1,52,T1,T2) denote the set of i € [n/2] such
that H;s € E(H) for each s € S1, and H;s € E(H) for each s € Sy, and 8; ¢ Uy for each t € T1,
and B; & U; for each t € T,. The simplification as compared to index-quasirandomness is that
we have no set T5. We similarly define U’;,(S1, S, T1,Ts) by replacing each U; with U U im ¢}
(where ¢} is the embedding of F; by Algorithm 2) and H with H' := Hg the final graph left by
Algorithm 2.

Lemma 42 (Path packing lemma). Given v > 0 and L > 2, there exists a constant C" such that
for all 0 < v < 1/C" the following holds.

Let n be even and sufficiently large, and H be (v, L)-block-quasirandom on VgUVag, each of
which has n/2 vertices, with densities d(H[Vg]) = deg, d(H[Va]) = dem, d(H[Va, Va]) = dos.
Suppose s* > vn. For each 1 < s < s*, suppose Fy is a path-forest with leaves (anchors) A
in which each path has between 5 and L wvertices inclusive, and suppose ¢ : As — V(H) is an
embedding of the anchors. Let & : V(Fs) — {Vig, Vi} be an assignment of the vertices of Fy to
sides of H such that ¢s(x) € &s(x) for each x € Ag. Finally let Us be a set of vertices containing
¢s(As). Suppose that for each s the pair (H,Us) is (v, L)-block-diet, and we have the y-anchor
distribution property for each Fs with respect to H. Suppose that for each a € {H,H8} and each
1 <5< s* we have |V, \ Us| — |[{z € V(Fy) \ As : &(@) € Va}| = vn and |1 ({Va}) \ As| > vn.
Suppose that for each 1 < s < s* we have |{(z,y) : zy € E(Fs),x € '({Va}) \ As,y €
&V \ As}| = vn for each a,b € {B,8}. Suppose in addition that we have the vy-pair

IWe emphasise that in the formulae below, a single edge zy can be counted twice, as (z,y) and (y,z).
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distribution property. For each a € {B,H} define

s*

(er(Va) =D er (&1 ({Va}))  and

s=1

d:l(l = nl
(")

be = 4 (en(Va, Vi) Zep & (VEh. & (1))

Suppose dig, dsg, digm > V.
Let w : V(H) — [0,v71] be any weight function such that for each a € {B,H} we have
> uev, w(u) either equal to zero or at least vn. Given any S1,S2 C V(H) and any disjoint
Ty, Ty C [s*] such that [S1],|S2,|Thl, |T2| < L, and any pairing Va = {Bi}icn/g and Vs =
{E; }Ze[n/g} let X C Ug(S1,S2,T1,Ts) be any set of size at least vn. Finally, given sets Sg C Vg
and Sm C Vg with |Sg|, |Sm| < L, let Y be any subset of {s € [s*] : (Sg U Sm) Nim¢s = 0} such
that |Y'| > vn.
When we execute PathPacking (Algorithm 2), then
(PP1) with probability at least 1 — exp ( — n0'2), for each 1 < s < s* we obtain an embedding
¢, of Fs in H[(V(H) \ Us) U ¢5(As)] eatending ¢s and such that ¢(z) € &(z) for
each x € V(Fs). Furthermore, if we obtain such embeddings, the following hold for
H' = Hg-.

(PP2) For each uv € E(H) there is at most one s such that ¢, uses the edge uv.

(PP3) The graph H' is (C"y, L)-block-quasirandom on VeUVi with densities dsg, dism, g -

(PP4) With probability at least 1 — exp ( —nY ), for each a,b € {B,8} and u € V,, we have

Z w(v) = (1£C"y) %ﬁ Z w(v).

veN g7 (u;V3) vEN g (u;V3)

(PP5) With probability at least 1 — exp ( - nO'Q) we have

LN ISINVaI / dle\ 1S10Vial+HS20Va| / dl 1520 Vsl
‘XﬂU}{’(S17527T17T2)‘ = (1i0/7)<ﬁ) e (ﬁ) vE 2B (@) 20V
deg dms dmm

(11 Ve \ (U Uim g)| )(T1 [Vee \ UtUlmM)\XL

Vo \ Uy Vi \ Uy

te teTs

(PP6) With probability at least 1 — exp ( — n®?) we have

[{s €Y : (S5USm)Nim¢, =0} = (1+C'y Z H (Wa\%jﬁ?”)lsal.
s€Y ac{B,H}

The proof of this lemma mainly amounts to collecting the probabilistic estimates of Lemma 40
and our assumptions on the quasirandom distribution of the anchor sets and used sets of the
various path-forests to obtain expected values, then applying Corollary 25 to show these expected
values are likely all roughly correct. To begin with, we need to show that Hg_1 is likely to satisfy
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the required block-diet condition for Lemma 40 with the used set of F at each stage s and
the required anchor distribution property; for this purpose we will define an exponentially (in
s) increasing error parameter as, much as in [2|. We should note that (PP5) holds for any
pairing, and in particular it can be the case for some choices of S;, T; that it holds vacuously (i.e.
Up(S1,S2,T1,T2) = 0). In our applications, we will fix a single pairing and it will be such that

there are no vacuous cases.

10L and let C be returned by Lemma 40 for input vy49 and

Proof. Given v and L, let vpy40 = v
L. We set

C' = exp (2000C Lv—2°F) .
Furthermore, for any 0 < v < 1/C’, we define

Q1= Yy exp (7100()0?5_20%)
for r € R, and we set e = v2(C") L.
We first argue that the random permutation of the Fy ensures that the pair distribution
property holds not just globally but also on short intervals.

Claim 42.1. With probability at least 1 — exp ( — n0'5), for each 1 < s < s* + 1 —en, after
the uniform permutation, the path-forests Fg, Fsi1,..., Fsien—1 have the 2v-pair distribution

property.

Proof. By the union bound, it is enough to show that with probability at least 1 — exp (— n0'55)
a uniform random choice of en path-forests has the 2+-pair distribution property, since each
interval of en paths in the uniform random permutation has this distribution. For this, it is
enough to show that a given pair of vertices u € V,,v € V}, with wv € E(H) is, with probability
at least 1 — exp ( — n0'6), not a witness of failure of the 2y-pair distribution property.

We partition the set of path-forests according to the weight they assign to uv (as in Defi-

—1.02

nition 41), rounded down to the nearest multiple of n . Since a path-forest has at most n

edges, and since |Vg \ U|, |V \ U| > vn for U the used set of any path-forest, the maximum

weight assigned to uv by any path-forest is 2v~2n~! and hence there are at most 3v~2n0-92

parts
in our partition. By Fact 23, with probability at least 1 —exp (— n0'8), in any given part P with
p path-forests, the uniform random choice of en path-forests contains ¢p + n%9 of them. Let
Yp denote the random variable which is the sum of weights assigned to uv by paths of P in the

uniform random en path-forests; then assuming the above likely event occurs, we have
‘YP o E[YPH < n—1.02p + 2V—2n—0.05 .

With probability at least exp ( - n0'7), by the union bound, the likely event occurs for each P,

and in this case we therefore have

‘ Z(YP _ E[Yp])‘ < L0265 4 9,,=2,=0.05  3,~2,0.02 < 9,102
P

where the final inequality is since s* > vn.
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Note that ) E[Yp] is simply £ times the total weight assigned to uv by all path-forests,
which is as stated in Definition 41. By a similar argument (partitioning path-forests according
to the number of edges between V,, and V}, i.e. edges xy such that &(x) =V, and &(y) = Vj,

0.98)

rounded down to the nearest multiple of n we conclude that if there are in total e edges

between V, and Vj, in all path-forests, then with probability at least 1 — exp ( — n0'7), there
are <ge £ 21098 edges between V,, and V;, in the uniform random en path-forests. If both this
and the previous likely event occur, then we conclude uv does not witness failure of the 2y-path

distribution property for the uniform random en path forests, as desired. O

As remarked above, from this point when we write Fs; we mean the sth path-forest in the
chosen permutation (and so on). We assume from this point that the likely event of Claim 42.1

occurs.
For each a € {8, B} we define

—1 s
dm;s:—daa—cg“’) 4 e(Fi[¢6'({Va})]) and

S
dems = dem — Vel Vil 7 D e(B [T {Ve)), & {Va))]) -
i=1
Note that by definition the dy,s give the densities within and between the sides of H,, assuming
this graph is constructed by Algorithm 2. Moreover, d.,, = dg.s+ for each a,b € {8, H}.

To begin with, much as in the proof of Lemma 40, we define a quantity py,,s which ap-
proximates the probability that wv is used in the embedding of F,, on the assumption that
wv € E(Hs—1) and that the conditions of Lemma 40 are met when embedding F,. Suppose
u €V, and v € Vj,, where a,b € {B,B}.

If neither w nor v is in Uy, we set

Duvis 1= |{($7y) ‘TyYy € E(Fs)vfs(x) = Vayfs(y) =Vp and x,y ¢ As}| )
' dab;s—1|Va\Us||%\US|
If u = ¢s(x) for some x € Ay, and v € Uy, and the neighbour y of x has £(y) = V4, we set
o 1
Puvis = dab;sfl‘v;) \ US‘ ’

and similarly if v = ¢(y) for some y € A, and u & Uy, and the neighbour y of = has {(y) = Vj,

we set
1

Puvis = dab;sfllva \ Us| .
In all other cases we set pyy;s := 0. Note that Lemma 40 parts (PE4) and (PE5) state that,
conditioning on running of Algorithm 2 up to creating Hs 1 and on the assumption that the
conditions of Lemma 40 are satisfied at this point, if uv is any edge of Hs_1 then the probability
that the embedding of F uses wv is (1 + Coas_l)pm,;s. We also note that, since dgp,s—1 > v and
[Va \ Usl, |V \ Us| > vn, and since E(Fs) < n, we always have py,.s < v 3n~1,
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Using the pair distribution property, we can estimate the sum Zfijil Duv;i for any 0 < s <

s* —en and any pair uv € E(H); one should think of this as being the probability that uv is
used in the embedding of some graph in this interval, assuming it is in H; and assuming the

process is well-behaved.

Claim 42.2. For each 0 < s < s* —en, each a,b € {B,8} and each pair of distinct vertices
u €V, and v € Vj, with uv € E(H), we have

S+en

Aabes — Aab:
Z Puvis’ = (1 £ 37)% + 3’Yn_0'01 .
s'—s+1 ab;s
Proof. Because dgp,s« > v, and because at most en? edges are in the path-forests Fy 1,..., Fsyen,

we have dgpy = (1 £ 1051/_1)dab;5 for each s +1 < s’ < s+ en. Because this collection of path-
forests has the 2v-pair distribution property, we have

3 e = gtz Tz H@9) oy € B, () = Vay Gly) = V)
P O VallVil

+ 2’yn*0'01 ,

s'=s5+1
and by choice of ¢ and definition of dg;,; we obtain the claim statement. Note that the big
fraction in the equation above is exactly d“b;“";j% if @ #£ b; if @ = b then it differs in that
|V |? is not 2(“;‘1‘), but the ratio between these quantities is 1+ O(1/n) as n goes to infinity and
this is absorbed to the error term. a]

We now argue that neighbourhoods of sets of not too many vertices in H; into reasonably
large sets decrease roughly as one would expect if edges were removed uniformly at random
(rather than as path-forests). For purposes of establishing (PP5) we need to consider a fixed
pairing Vg = {8, : i € [n/2]} and Vig = {H; : i € [n/2]}. We will not need to assume any special
properties of this pairing.

Claim 42.3. Fir each 1 < s < s” < s*, and run Algorithm 2 up to the point where Hg is
defined (i.e. Fg has been embedded); condition on this Hs. Now choose sets Wi, W C V(H) with
WA, |Wa| < L and a set U C [n/2] with |U| > v°'n such that for each i € U, w € Wy and
w' € Wy we have wB;,w'H; € E(Hs). We now run Algorithm 2 further until Hy: is defined.
With probability at least 1 — exp ( — n0'4) one of the following occurs. First, we have

{i e U : Yw e Wi,w' € Wy we have wS;, w'H; € E(Hy)}|

[Winvg|
= (1 + %Ogs//)|U’<dEE§S”) vE (dEEE;S”

dElE];s dBEE;s

(25)

dBﬂBﬂ;S”
dEEEE;s

i

)|W1OVEE\+|W20VE|\< >|W20V53|
Second, there is some stage s’ between s and s inclusive such that either the conditions of

Lemma 40 are not met, or its low-probability event occurs.

Proof. Let Ug = U, and for each s’ > s let Uy be the set of i € U, such that wB;, w'H; € E(Hy)
for all w € Wi and w’ € W5. Observe that it is enough to prove that a given s” is unlikely to
be the first s” such that (25) fails. So let £ be the event that the conditions of Lemma 40 are
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met, and the low-probability event of that lemma does not occur, and (25) does not fail at any
stage before s”. We aim to show that the probability that £ occurs and (25) fails at stage s”
is at most exp ( — n_0'5), since then taking the union bound over choices of s” establishes the
claim statement.

Let s < s < §”, and condition for a moment on the history of Algorithm 2 up to and
including the embedding of Fy_;. Given ¢ € U such that for each w € Wi and w’' € Wy we
have wH;, w'H; € E(Hy_1), let E; denote the edges wE; for w € Wi and w'H; for w’ € Wy. If
|E;i| = |[Wh| + |Wa| we say i is normal, otherwise it is special. Note that if 7 is special, this means
that H; € Wy and H; € Wy; there are therefore at most L special 1.

By Lemma 40, property (PE4), the conditional probability that the embedding of Fy uses
any given uv € E; is (1 & Cag—1)pyy,s- Furthermore the conditional probability that any given
pair of edges in E; are used is, by (PE6), at most n~3/2. It follows that, provided at least one
Puv;s’ 18 non-zero with uv € Ej;, the conditional probability that at least one edge of E; is used
by the embedding of Fy is

/ g 2L\ 5/ _ , g
(1+Cay_1) U;E Puvis' + ( ) )n (1+2Cay_1) U;E Puvss’
where we justify the equality as follows. If some py,,.s is non-zero, then by definition of py,.s it is
at least vn~! (here we use the assumption of the lemma that at least vn edges of Fy are assigned
within each of Vg, Vi and between Vg and Vig) and hence the error term, which is O(n*?’/ 2),
can be absorbed in the relative error. If all p,,.s with uv € E; are zero, then the (22]:) n=3/2 error
term can be removed from the left side of the above: the probability that an edge of E; is used
is zero. Thus also in this case the right side is a valid estimate.

By linearity of expectation, we see that the conditional expected number of ¢ € Uy _; such
that at least one edge of F; is used in embedding Fy, is

(1£2Cay_1) Y > Puss -

iEUS/71 uveFE;

Now since embedding any one graph Fy uses at most two edges at any given vertex (in
particular those in W3 U W5), there are at most 4L values of 7 such that an edge of E; is used in
embedding Fy. So Corollary 25 tells us that with probability at most exp ( — n0'5) the event £
occurs and nevertheless we have

s//

# Y. (1£3Cag_1) Y. > puns ten.

s'=s+1 €Uy _ wekE;

U\ Ugn
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Observe that it is enough to show that within the event £ we have

sl/

Yo (1£3Cay-1) Y Y pus =

'=s+1 €Uy _, weE;
(26) §=s s/—1
1—(1ila ”) dgg, s [W1inVg| doym, 517 [W1inVg|+|WanVg| .o [WanVig| ’U‘
478 dElEI?S dEIEEl;s dEElEE;s )

since by choice of € and v the error term en is absorbed into the larger error in (25).

Note that the left side of (26) is a random variable; we will now argue that within £ it is surely
in the claimed interval. To that end, we split the sum over s’ into disjoint intervals of length
en, together with a final interval of length less than en. We deal first with the final interval: in
this interval, we use at most 2en edges at any given vertex of W1 U Wa, hence the sum over this
interval is at most (|W1| + |Wa|) - 2en < 4Len, which we can absorb in the error term. We can
thus assume s” — s is a multiple of en, and we only need to show

8//

> (1£3Cava) D D puns

s'=s+1 €Uy _ wekE;
_wif1 deg,on \WINVE £ dgg o\ IWINVRIHW2OVE] £ g W2Vl 4 Lo |U]2E
- dElEl;s dElEﬂ;s dEﬂHﬂ;s 87$ ’
Consider the sum
s+(l+1)en
E (1:&30045/,1) E E Puw;s’
s'=s+1+4Len €Uy uwvek;

where 0 </ < SI;—T_LS — 1. To estimate this sum, fix an £. We separate the main term

s+(l+1)en

Yoo D D Pun

s'=s+14len i€Uy_ wvekE;

and the error term

s+({+1)en s+({+1)en
(27) Z 3Cay_q Z Z Duvys’ < Z 60a51_1|U|LV_3n_1,
s'=s+14Len €Uy uwvek; s'=s+1+4Len

where the inequality uses that each p,,. is bounded above by v=3n~! and |E;| < 2L.

To estimate the main term, observe that the set Uy_; decreases, as s’ ranges over the interval
from s +1+fen to s+ (£ + 1)en, by at most 4Len indices. Each normal i which is in Ug, (p41)en
contributes, by Claim 42.2,

B8;s+len — dEE;s+(Z+1)an

d d ;St+lem T d ;S n
(1i37)(\WmVE|| +(\Wlﬁvaa|+\W2ﬂVE||) B;s+£ B;s+(0+1)e
dEE;s—i—Zen dEEE;S—i-Een

Bl s+Llen — dEﬂEH;s+(€+1)sn

d
+ [We N V| ) + 6Lyn "0

dEHEH;s+Z5n
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to the sum. Each special ¢ (of which there are at most L) and each normal ¢ which is not in
Us(e+1)en contributes at most this amount. Thus our main term is [Usygen| £ (4Len + L) times
the above estimate. Since we are in £, we know the size of Usyyepn; in particular it is of size
at least %1/3Ln, and so the error 4Len + L is tiny compared to ag by choice of €. Putting this

together, we have

s+(+1)en

(28) Z Z Z puv;s’

s'=s+14Llenic€U, _; wveE;

:(1 j: as+£en)|U’< BH;s4Le ) < BHE;s+Le

dgg;s dzm;s

dBﬁE};s+ésn

[WinVg|+|WanVg|
) ( dBaEE;s

)|W20VE|

deF. « —dEA. dem. —dem.
[ 0 Vig| BBt E8mstatien 4 (|11 0 Vig| + [W N Vig|) Dt _toBasitonen

dmm; s+ een —d@B; s+ (041) 0.99
+ |Wa N Vg|—= Z;E'SH:” = | £ 6Lyn

To understand the right-hand side of (28), consider expanding out

(dﬁa;ﬂ) Wanval (%) WinVel +W>nve| (dﬂﬂﬂﬂ;ﬂ) W2NVal
dElE;s dEIEE;s dEElEH;s

— (dEIEI;s+(€+1)sn + dEIEI;s+ZEn_dE|EI;s+(E+1)sn > |W10VE]I
dElE;s dElEl;s

‘<dE|EE;s+(€+1)En + dElEH;.9+€En_dEIBH;s+(Z+1)sn

|W10V59|+|W2I'7VE|
dgm;s dam;s )

. (dBHEEl;s+(£+l)sn + dBﬁEﬂ;s+£En_dEHEH;s+(Z+1)En ) |W20VE}I
demm; s demm; s )

We will split the above expression into three terms: the first term will be obtained by multiplying
all the left sides of the brackets; the second term will be given by the sum of the products which
are obtained by multiplying one term from the right sides of the brackets and the remainder
from the left; and the third term will consist of the left-over.
This way, the first term equals
(dBEl;H(ul)sn)‘WmVE" ] (dam;s+(z+1)sn>|W10V53‘+|W20VE" _ (daaaa;sﬂeﬂ)an)'WZmVE'
dgg;s dem; s dmm; s ’

Because dgps4(041)en = v, and because the path-forests Fyi14en, ..., Fop(r41)en have at most
en? edges in total, we have that dap;s+(t+1)en AN dap;steen differ at most by a factor (14£10ev71).
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Therefore, the second term equals

(dEIE;s+(e+1)sn ) [W1nvg| (daaa;s+(z+1)sn ) [W1nVig|+Wanva| (daaaa;s+(e+1>en ) W2Vl
dEEl;s dEEﬂ;s dEﬂHﬂ;s

dE!El;s#»an*dElEl;st(E«l»l)sn dEEEl;s«FZEn*dBEE;s+(Z+1)En
‘Wl n VE‘ dEE;s+(Z+1)En + (‘Wl n VE}‘ + ’W2 n VEID dElEE;S-&-(Z-&-l)En

dBﬂBﬂ;s+an_dﬁaﬁﬂ;s+(8+l)5n
+ |W2 ﬂ VEE| dEBEE;s«l»(Z«kl)En

which equals

d@m;s 4 een
dEﬂEﬂ;s

[Winvg|
(20) (14 30Ler ) (Bgmsten ) T (Aot

‘WlﬁVEEH»‘WQﬁVE”
BH;s dEm;S ) (

>|W2ﬂVEE|

dE!El;s#»an*dElEl;st(E«l»l)sn dEEEl;s«FZEn*dE]EE;sﬁ»(Z#»l)En
Wi V| =i e+ (W0 Vil + [We 0 V() =R

dﬂﬂﬂﬂ;5+fsn_dﬁaﬁﬂ;s+(8+l)5n
+ |W2 m VEE| dEEEE'.s«FZEn

which is, except from the factors (1 £30Ler~1) and (1 =& a4, )|U|, the same as the formula on
the right-hand side of (28).

For the third term observe that there are less than 22

summands each of which is a product
of at least two terms from the right sides of the brackets. Using again that dyp.sq(r41)en and
dab;s+en differ at most by a factor (14 1061/_1)7 we see that this third term amounts to at most
22L(10ev—1)2.

Putting this together, we see that the term in (29), equals

4885 +ten Winve B85 +ten WAV |HWanva| BB ;s +ten W2Vl
dgg;s dgm; s dsm.s

o dElEl;s-&-(l-&-l)sn ‘WlﬁVE' . dEIEE;s+(Z+1)5n |W10VEEH‘|W20VE|‘ . dEElEEl;s+(Z+1)5n |W20VEI
dgg;s dgm;s dmm;s

+ 220 (10er71)2.

Plugging this into (28), we finally obtain that Zjﬂfiifggn > iU, _, > wweE, Puvys' equals

dBHEE\;S-&-ZEn

d ;S n |W1QVE|| dj ;S n
(1 + 20&3+€5n)|U| ( Erhstie ) : ( e dmm.

|W1I’7V53|+|W20VE|
dgg;s dgm;s ) ' (

>|W20Vaa\

_ (dBresnen \WIVEL | demiesoinen \ WIOVEIFITEOVEL damegnyen | 20VE
dEIE];s dE]EE;S dEEEE;s

+ 221 (10er71)? ),
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which in turn equals

’U‘ BBt \W10VE|\. BB tten ‘Wmvﬂglﬂwﬁvgl. I t-ten WanVel
dEEQS dEIHE];s dEE\EEI;s

_ (deBsrarnen \WIVBl | dgmiesrnen ) TIOVBHIWROVEL dameinen | V2V
dElE]§S dE]EE;s dEEEE;s

+ 2000 e pen|U] .

At last, we can sum this over ¢, together with the error term bounded in (27), to obtain

S//

> (1£3Cay_1) . D puvs

s'=s+1 1€Uyr_ uwwek;

= |U| dzg;s |W10VE|‘_ doms \WmVaa\—i-\WzﬂVa\. dmms |WanVig|
dEIE;s dE]EE;s dEElEE;s

(dBE,;S,, ) [Winva| <dE|EB;S/, ) [W1NVig [+ WanVg| (dm;s,, ) [WanVig|
dElEi;s dEIEB;s dEHEE;s

S//

+ Z(QOOV_4Ln_1 +6CLy3n YU |1

s'=s
and hence
s
S (1£3Cay-1) Y Y punw
s'=s+1 1€Uyr_ uwvek;
dEIEI-e” |W1|'7VE|‘ dEIEE-s” |W1I’7V53|+|W2|'7VE|| dEEEE-s” |W20V53|
- ) () ()
B8;s BH;s HH;s

8"
+ > 200CLy~*n oy 4 |U].
s'=s
For the last error term, we observe that it can be bounded by

1"

S
/ 200C Lv = n o, |U|dz = 0.20'L s n Lo |U| < %ozsu|U|1/2L ,
x

=—00

which completes the proof of the claim. O

This claim implies (we will see a proof later) that the block-quasirandomness and block-diet
requirements of Lemma 40 are satisfied at each stage. What we in addition need is the anchor

distribution property, which we will show follows from the next claim.

Claim 42.4. For each 1 < s < s*, any a,b € {B,8} and v € V,, and any weight function
w: V(Hp) — [0,v7Y] such that ZueNHo(v;Vb) w(u) > vn, the following experiment has probability
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at least 1 — exp ( — n0'4) of success. We run Algorithm 2 up to the point at which ¢s and Hs are

defined. We declare the experiment a success if either

(30) S e = (e N W),

u€Np, (v;Vp) u€N g (v;V3)

or at some stage 1 < s’ < s the conditions of Lemma 40 fail or the low-probability event of that

lemma occurs.

Proof. Fix a weight function w. As with the previous claim, we show that any given s has
probability at most exp ( — n0'5) of being the first s for which the claim statement fails; the
claim then follows by the union bound over s. So fix s, and let £ be the event that at each stage
from 1 to s inclusive the conditions of Lemma 40 are met and its low-probability event does not

occur, and in addition at each stage 1 < s’ < s — 1 we have

Z wlu) = (1+ %as/)d(‘;’;f/ Z w(u).

u€Ny_, (v;V3) u€N g (v;V5)

Note that Lemma 40 states that within £ the probability that the embedding of Fy uses uv
is (1 + C’as/_l)pw;s/. Let 7, _1 denote the history of Algorithm 2 up to and including the
embedding of Fy_q. Thus by linearity of expectation, within £ we have

E{ Z w(u)’%/_l} = (1 + C’as/_l) Z wW(U) Py -

ueNp , | (:Vu)\Nu, (v;V5) ueNg, _, (v;Vh)

Observe that when we embed any given Fy, we use at most two edges leaving u, so the
maximum change to the weight of the neighbourhood of w is at most 2v~!. Thus by Corollary 25,
the probability that £ occurs and

> wu) # Y (1+Cay_y) > (W) Pt £+ 109

wEN, (v;Ve)\Nmg (v;V5) s'=1 ueNm ,  (v;Vp)

0.5)

is at most exp ( —nY?). As with the previous claim, it thus suffices to show that within £ we

have

S

N (1£Cavr) Y w@puuy = (1- (T la)%) N w(w).

s'=1 UENHSr,l(”;VB) u€Ng, (v;Vh)

As with the previous claim, note that the left side of this is a random variable which in £
we will see surely lies in the claimed interval; as there, we show this by splitting the sum over
s’ into intervals of length en together with a final interval of length less than en. In the final
interval at most 2en edges are removed from v, and the weight of vertices at these edges is thus
at most 2env~!; this upper bounds the sum of expectations over this interval. Thus it is enough

to assume s is a multiple of en and show
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S

(31) S (1£Cav1) Y wpuy = (1-(1£a)%=) > w(u).

s'=1 ueNg ,  (v;Vp) u€Ng, (v;V4)

As before, we split this sum into a main term
S
> > wpay
s'=1 ueNg_,  (v;Vp)

and an error term

ZS: Cay_q Z W(U) Pysst < Zs: Cag_q Z w(u)y?n~t
s’'=1

u€Ng , (V) s'=1 wEN iy (v;V3)
S
< Z Cag_1v~* < vtagnm.
s'=1

In the main term, consider, for some integer ¢ > 0, the interval fen < s’ < (¢ + 1)en. Each

vertex u which is in Ny, (v; Vp) for the entire interval contributes by Claim 42.2

((1 :l: 3’)/) dab;lsn_dab;(€+l)en :t 3’}’77/70'01)&)(“)

dab;ZEn

to the sum. Thus an upper bound for this interval of the main term is

<<1 :t 37) dab;lsndfdab;(f-‘—l)en i 3'}’”7001) Z w(u) .

ab;len

u€Npy,_ (v;Vh)

Since at most 2en vertices are removed from the neighbourhood during this interval, each of

which removes at most its weight times v =3¢ (by the general upper bound on Puv;s’) from the

sum, this upper bound is off from the correct answer by at most 2v~%?n. Furthermore, since

we are in £ we know

S wu) = (£ o) e ST w(u),

u€Np,_ (v;Vp) wEN g, (v;Vh)
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and we conclude

(l+1)en

Z Z w(u)puv;s’

s'=flen+1 UGNHS/,l (v;V3)

— ((1 + 3/}/) dab;ean_dab;(£+l)sn + 3’}/77/70.01) (1 + %afsn) dabyten Z W(U) + 2V7452n

dab;ﬁan dab
UGNHO (U7‘/b)

Aapeten—day. _
= (1 + ayen) bite d:bb’(e“)e” Z w(u) + 3v 12y
u€Ng, (v;4)

dabven—Cdgp: _ _
— CZabite d‘:”(“l)m Z w(u) £ agepv 29en + 3v4%n .
a
uENHo(U7Vb)

Summing this over the at most ! choices of £, we have

Z Z w(u)puv;s’

s'=1 uENHSu1 (v;V3)

R S
En d d En

- § absten d“b”?(“l)m E w(u) + g Qpenv " 22en + 3v 4en
=0 u€N g (v;Vh) =0

= 7dab;i‘lb‘s Z w(u) £ viagm,
’U,ENH0 (U;Vb)
where the final line uses our definition of o, and summing the error terms as in previous claims.
Putting back the error term, we find that the left side of (31) is in the interval

dab_dab;s 4
e E w(u) £ 2v%agn
u€N gy (v;V4)

which in particular shows (31) holds, proving the claim. a)

We are now in a position to prove that it is likely that Algorithm 2 completes, from which (PP1)
and (PP2) follow. What we need to do is show that it is likely that at each stage s the conditions
of Lemma 40 are met, since then it is unlikely (by Lemma 40 and the union bound) that at any
stage Lemma 40 fails to produce an embedding. As before, it is enough to show that, for any
given 1 < s’ < s*, with probability at most exp ( — n%?) stage s’ is the first stage at which the
conditions of Lemma 40 are not met or its low-probability event occurs.

Fix vertices uy,...,u, € V(Hp) for some p < L and a € {H,H}. The probability that
these vertices and side of Hy_1 witness a failure of either (ay_1,L)-block quasirandomness
of Hy_q, or of the (ay_1, L)-block diet condition for (Hy_1,Uy), is by Claim 42.3 at most
2exp( — n0'4); in both cases we apply the claim with s = 1 and &/, in the first place with
U={i€[n/2]: a; € Ng,(u1,...,up) NV, }, and in the second place with U = {i € [n/2] : a; €
Nz, (u, ... up) N Vo \ Ug}s in either case, if a = B we use Wi = {u1,...,uy} and Wa = (), while
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if a = B we use Wy = {uq,...,u,} and Wy = (. Taking the union bound over choices of p, a
and w1, ..., u, we see that the probability such a witness exists is at most exp ( - n0'3).

Now fix a,b,c € {H,H}, a vertex v € V4 and let w be the weight function on V(Hy) where for
u € V, we set w(u) = 1 if there is x € Ay such that ¢y (x) = u and the neighbour y of z in Fy
has {(y) = Vj, and the next neighbour z of y in Fy has {(z) = V; and otherwise w(u) = 0. The
v-anchor distribution property with respect to Hp (which is an assumption of Lemma 42) states
that

> ww) =1 £ da Y wlu) £ 0.
u€N g, (v;Va) u€Vy

Now Claim 42.4 tells us that with probability at least 1 — exp ( — n0'4) we have

Yo ww =N+ Say 1)day 1 Y w(u) £y’
UENHSI,l(mV’l) ueVy

and hence in particular this choice of a,b,c,v does not witness a failure of the ag _j-anchor
distribution property for Fy in Hy_;. Taking a union bound over the choices of a, b, ¢c,v we see
that with probability at most exp (— n0'3) the ay_1-anchor distribution property fails for Hy_q
and F.

Now fix a,b € {B,H}, a vertex v € V, and let w be the weight function on V(Hy) where
w(u) =1 if there is © € Ay such that ¢y (x) = u and the neighbour y of z in Fy has {(y) = V4,
and otherwise w(u) = 0. The y-anchor distribution property with respect to Hp (which is an

assumption of Lemma 42) states that

Z wu) = (1 £7)daw Z w(u) £ 9.

uENHO(U;Vb) ueVy

Now Claim 42.4 tells us that with probability at least 1 — exp ( — n0'4) we have

Z w(u) = (1 + 7)(1 + %O‘s’—l)dab;s’—l Z w(u) + ’7”0.99
uENHs,_l(v;Vb) ueVy

and hence in particular this choice of a, b, v does not witness a failure of the ay_q-anchor dis-
tribution property for Fy in Hy_q1. Taking a union bound over the choices of a, b, v we see that
with probability at most exp ( — n0'3) the ay_1-anchor distribution property fails for Hy_1 and
Fy.

Putting these together, the probability that the conditions of Lemma 40 are first not met at
stage s’ is at most 2 exp (n0'3), and the probability that the conditions of Lemma 40 are met but
Algorithm 2 fails at stage s’ is at most exp ( — n0'3). Taking the union bound over the choices
of s, we conclude that as desired the probability of any of these events occurring is at most
exp ( _ n0'25).

By choice of C’, we immediately see that if at each stage s’, including s*, we have the above
claimed quasirandomness then (PP3) holds. Furthermore Claim 42.4 states that (PP4) holds.
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Next we prove (PP5). To that end, fix S1, S2 sets of at most L vertices, and disjoint 77, 7> C
[s*] of size at most L, and a pairing Vg = {B; : i € [n/2]} and Vg = {H; : i € [n/2]}. Let X
be any subset of Ug(S1,S2,T1,T5) of size at least vn. Observe that the elements of T} U Ty are
natural numbers and hence ordered, and the corresponding path-forests are embedded in that
order by Algorithm 2. We let Xy := X. We now define some subsets X ]’ and X of X recursively.
For 1 < j <|Th|+ |T4], let X]’. denote the set of indices ¢ € X;_1 such that wE;, w'H; € E(H)
for each w € S and w’ € Sy, where s is the stage immediately before embedding the jth element
of Ty U Ty; let X|’Tl|+|T2|Jrl be similarly defined, with s = s*. For 1 < j < |Ty| 4 |T3]|, we define
X; C XJ’» as follows. Let the jth element of T3 UT5 be s. If s is in 77, then X is the set of i € XJ/»
such that H; € im ¢,. If s is in T3, then X is the set of i € Xj'- such that H; € im ¢;.

We show (PP5) by finding ratios between sizes of each X;_; and XJ’-, and each X]’- and X;.
Note that X"T1|+|T2|+1 = U}{S* (S1,52,T1,T3) is the set whose size we want to find, by definition.
For the former, we use Claim 42.3 to estimate the effect of the sequence of embeddings of path-
forests strictly between the (j — 1)st and jth elements of T3 U Ty. We also need to estimate the
effect of removing edges when the (j — 1)st path-forest of T3 U T, is embedded (edges may be
removed going to a H; while the (j —1)st path-forest is in 77, for example, which is not accounted
for in X;_1) but these can be responsible for removing at most 2L vertices from X;_;. For the
latter, we use (PE2). In each case, it will be enough to use ag+ to bound error terms, which we
will do for simplicity.

We claim inductively that the sets X;, X ]’ are of size at least v°In; this justifies the following
applications of Claim 42.3 and (PE2). First, for each 1 < j <|T1| + [T3] + 1, we estimate | X]|.
Given j, let s be the (j — 1)st index in Ty UTh (if j =1, let s = 0) and s” + 1 the jth index. Let
() denote the set of ¢« € X;_; such that wH;, w'H; are edges of H for each w € S7 and w’ € Ss.
We have |Q| = |X;_1| £ 2L. We apply Claim 42.3, with input W; = 51, Wy = S, U = @, and
s,s”. The result is that with probability at least 1 — exp ( — n0'4), either we have

dEEHEI:s”
dBﬂEﬂ;s

X)) = (1% Sage) (1X;-1| £2L) (dea;s")'smva' (‘e

[S1NVi|+]S2nVa|
dEEl;s dEHﬂ;s ) <

)|52ﬁVEﬁ|

dE]EI;s” |SlﬂVE|| dEIEE;s” |SlﬂVEE|+|SgﬂVE|| dEBEE;s” |SQﬂVEE||
Xj—1l dag;s dem;s dmm; s

= (1+ o)

or there is some stage s’ between s and s” inclusive such that either the conditions of Lemma 40
are not met, or its low-probability event occurs.

Similarly, we can estimate | X;| for each 1 < j < |Ti| + |T»|. Given j, let s be the jth index
inThUTy IfsisinTy, let a =B and Q = {8, : i € X]’-}; if sisin Ty, let ¢« = B and
Q= {H; :i € Xj}. We apply Lemma 40 part (PE2) with input a and V' = @Q; recall that by
choice of X, we have Q N Us = (). The result is that with probability at least 1 — exp ( — n0'3)

either we have Y
| [Va \ (Us U'im ¢)|

Va \ Us|
or the conditions of Lemma 40 are not met, or its low-probability event occurs.

X1 = (14 Ca) ]
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If all these equations hold, we obtain precisely the desired (PP5), by choice of C’. To see
this, observe that simply substituting each equation into the next, we are left with the main
term of (PP5), multiplied by an error term of the form (1 + C'ozsx«)2‘,‘F1|—|r2|T2H_1
collection of terms of the form d;i::il where s € 71 UT, and a,b € {H,H}. Each of these last
terms is of size 1 =2~ 'n~1, and there are at most 2L(|Ty|+ |T»|) of them, so that the product of

all these terms is 1 +¢. Since the final estimate is of size at least °Fn this justifies the inductive

, multiplied by a

claim on set sizes. So the probability we do not obtain (PP5) is by the union bound at most
exp ( - n0'2) as required.

Finally, we prove (PP6). Given S, C V, with |S,| < L for each a € {H,H}, and aset Y C [s*]
such that (SgUSm)NUs = @ for each s € Y, with |Y| > vn, we apply Corollary 25 to estimate the
number of s € Y such that (SgUSm)Nim ¢, = . We let the good event for Corollary 25 be that
at each stage s the conditions of Lemma 40 are met and its low-probability event does not occur.
Within this good event, for each s € Y, by (PE3) the probability that im ¢, N (Sg U Sg) = 0,
conditioned on the embeddings prior to embedding Fj, is

) [Sal
Va\(UsUim ¢
(1+Cas) ] <7| i ”) .
ac{B,8}

By Corollary 25, we conclude that with probability at least 1 — exp(—n’?) we have

im ¢’ |Sal
[{s €Y : (SsUSm)Nime,}| = (1£2Ca:) ) ] (w) ,
s€Y ac{B,m}

as required for (PP6). O

8. STAGE A (PROOF OF LEMMA 30)

In this stage, the graphs (GS)seg\(KUJ) U (G?)SE[CU (G!)sej are packed into H, which is very
quasirandom. We do this in two steps. In the first step, we use the algorithm PackingProcess
of [2] to pack the graphs (Gs)seg\(cuy) into H. We let Hg be the graph of leftover edges from
this packing, which we will argue (quoting results of [2]) is still very quasirandom; we will not
need any more facts about this part of the packing.

For the second step, we need to give two algorithms, RandomEmbedding (defined in [2]) and
PackingProcess’ (a modification of PackingProcess from [2]). To conveniently state these, we

need some notation and to define some constants.

8.1. Notation, constants and algorithms. Suppose G is a graph whose vertices are ordered
by natural numbers, V(G) = [¢]. Suppose that i € V(G). We write N7(¢) = N(¢) N [i — 1] and
deg™ (i) = [N~ (¢)] for the left-neighbourhood and the left-degree of i.

Definition 43. Let G be a graph with vertex set [v(G)], and H be a graph with v(H) > v(Q).
Further, assume 1;: [j] = V(H) is a partial embedding of G into H for j € [v(G)], that is, ¥;
is a graph embedding of G[[j]] into H. Finally, given t € [v(G)] we say the candidate set of ¢
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(with respect to ;) is

ey = Nur (w3 (NG(0) 0 1))
IfNG(t) N [j] = 0, we obtain the common neighbourhood of the empty set, which is V/(H). When
j=t—1, we call C},_, ,(t) the final candidate set of t.

We now define some constants, which we will need in the following analysis and which are
identically defined in [1] and [2] (so that we can quote results from both verbatim).

We shall work with da given by (9). Given D and §,ya > 0, we choose 0 < v < da small
enough for two inequalities, which we give after defining the following (copied from [1| and [2],
with the exceptions that 6 and ¢’ defined below are there ¢ and & respectively).

Setting 44. Let D,n € N and v > 0 be given. We define
D 10D

Y 0 T2 -2D-10 ! 451
= 0= ——— C =40D 1000D6 C'=10%C6
= 500D 106D%° exp ( i ) ’
) 108C D36z — 2
(32) Oy = 108(2D exp < ¢ 5n (@ n)) for each x € R,

e = apd*y'1%P/1000CD, ¢=D"**/100 and €& = ag/100.

We require v small enough that 6 < %5. In addition, we need
(33) 105CC' DS 6y ag, o < Ya -

Since several of the terms on the left hand side of this inequality depend on ~, it may not be
obvious that the left hand side indeed tends to zero as v — 0. We have

10°CC' DS 167y g o = 10005261y exp ( ~1. 108(JD35*1)
< 10003536 L exp ( ~1. 108CD35’1> .

Now 4 is a fixed constant, while both €' and §~!, and so also C5~ 1, tend to infinity as v — 0.
Since any exponential in Co 1 s eventually much larger than any polynomial in Cé~1, indeed
this quantity tends to 0 as v — 0, and hence there is a choice of v > 0 such that (33) holds.

We briefly state the purpose of a few of these quantities which are immediately important. We
will pack D-degenerate graphs on up to n — én vertices into an n-vertex graph; after completing
the packing, at least yn? edges will remain unused. When we borrow analysis from [1] and [2],
the quantity as (or a multiple of it, usually Cag) will upper bound the errors we have made
after packing s graphs; we pack in total at most %n graphs, which is why (33) is what we need
to ensure all the error terms in our final analysis are small compared to ya.

We next recall RandomEmbedding from [2], which we repeat below. This algorithm takes a
graph G with n — on vertices, and (if successful) embeds it into an n-vertex graph H. We will
want to use it to embed graphs with at most n—dn < n— on vertices, so we add isolated vertices

to each graph we want to embed.
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Algorithm 3: RandomEmbedding
Input: graphs G and H, with V(G) = [v(G)] and v(H) =n
Yo =0;
t*:=(1-9)n;
fort=1to t* do
if C5L (1) \im(1e—1) = 0 then halt with failure;

choose v € C’éi 5 () \ im(¢;_1) uniformly at random;

Yy =P U{t = v};
end
return -

In [2] a packing is obtained by an algorithm PackingProcess which runs RandomEmbedding
repeatedly, but which does something in addition in order to allow for packing spanning graphs.
Nevertheless, the main task of 2] is to analyse the repeated running of RandomEmbedding, and
this analysis, and similar analysis in [1], is also valid for the following PackingProcess’ which

simply runs RandomEmbedding repeatedly.

Algorithm 4: PackingProcess
Input: e graphs Gy,..., G+, with G5 on vertex set [v(Gs)]
e a graph Hj on vertex set of order n
for s =1 to s* do
run RandomEmbedding(Gs,Hs_1) to get an embedding ¢5 of G into Hs_1;
let Hs be the graph obtained from H;_; by removing the edges of ¢5(Gs);
end

8.2. Packing and maintaining quasirandomness. We first prove that with high probability
the process outlined above does return a packing of (Gs)seg\(,wj) U (GS‘) Y (G!) , and
s€ seJ
furthermore after embedding each graph, what is left of H remains quasirandom.
For convenience, we will let Hy be the spanning subgraph of H which we obtain by using [2,
Theorem 11] to pack (Gs)seq\ (cuyg): and we will renumber KU J to be the integers [s*]. Note

that s* < 3n. This is since [K| < | U e [OddVert,| < (1+ 2a)n and || < An.

Proof of (A.i) and (as, 2D + 3)-quasirandomness of Hs. Let £ be as defined in Setting 44. We
choose n* > 0 such that the graphs of (Gs),cg\ (L) have at most e(H) — n*n? edges, and in
addition n* < m{’. Let 0 < £ < ¢ and ¢ > 0 be small enough for [2, Theorem 11| with
these constants. The constants Lemma 30 returns are then £ and min(c, ).

Given H, which is (&, 2D+ 3)-quasirandom, we first run PackingProcess to pack (Gy) €6\ (KUT)
into H. |2, Theorem 11] states that this packing a.a.s. succeeds. Let Hy be the graph of edges
of H not used in this packing. Recall that Hy is composed of what remains of the ‘bulk’
and ‘reservoir’. Now [2, Lemma 17| states that the remainder H’ of the bulk is (3ag,2D + 3)-

. . . 1 . 1 / .
quasirandom, while the reservoir H” has maximum degree m§ n. The size of Ny, (v1, ..., v¢)



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 71

is thus within %Dlﬁf’n of ‘NH/ (v1,... ,vg)}. Since H' is (%5’, 2D + 3)-quasirandom, it follows
that Hy is (¢,2D + 3)-quasirandom.

We now run PackingProcess’ to pack the graphs (G?)selc U (G!)sej into Hy. For convenience,
we renumber these graphs such that U J = [s*]. For much of the analysis, we will not want to
distinguish between the graphs GS‘ and GL', so we define graphs G, as follows. For s € K, we set
G = G* (and so v(G’) < (1—6)n), and for s € J we set G, = Gl and get v(G%) = (1-6—1001)n
for each s € J1, v(G%) = (1 — § — 10\)n for each s € Jy, and v(G%) = (1 — § — 6\)n for each
s € Jo.

For each s let H; be the graph obtained from Hs_1 by removing the edges used by Packing-
Process’ in embedding G',. Let ¢ be the embedding of G’. Observe that [2, Lemma 18] states
that, provided Hs_1 is (as—1,2D + 3)-quasirandom, then RandomEmbedding is unlikely to fail in
packing G%,. We claim that the proof of [2, Lemma 17| works (trivially, by simply ignoring each
mention of the ‘reservoir’) to show that indeed it is unlikely that Hs_; is not (as—1,2D + 3)-
quasirandom, so that taking a union bound (for each choice of s, over the two unlikely events
just mentioned) we conclude that PackingProcess’ a.a.s. succeeds. However, the reader can also
verify that Hs_; is unlikely to fail (as—1,2D 4+ 3)-quasirandomness from Lemma 50 below (taking
T to be the entire common neighbourhood, and using the union bound). ([

What remains is to prove that the remaining properties of Lemma 30 a.a.s. hold, which requires
a more careful analysis of PackingProcess.

8.3. Behaviour of the random processes. We now need to quote some lemmas from [1]
and [2] which establish some useful properties of RandomEmbedding and PackingProcess. We
also need one additional concept, the cover condition, which we will see holds for a typical run
of RandomEmbedding.

Definition 45 (cover condition). Suppose that G and H are two graphs such that H has order
n, the vertex set of G is [n|, and H has density p. Suppose that numbers 3, > 0 and i € [n—en]
are given. For each d € N we define

Xig={zeV(G): i<z <i+en,|N (z) =d}.

We say that a partial embedding v of G into H, which embeds N~ (z) for each i < x < i+ en,
satisfies the (e, (3,1)-cover condition if for each v € V(H) such that v & Yiten—1, and for each
d € N, if we have

‘{xEXi’d:UGNH( )H 1:|:,6’p|de|:t€n

Note that a corresponding condition for d = 0 is trivial, even with zero error parameters.

The following lemma puts together various results from [1] and [2] which describe the typical
behaviour of RandomEmbedding.
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Lemma 46. Assume Setting 44, and let a € [, oy be arbitrary. For each t € R we define

$—2,.,—2D—10
Bt:2aexp<1000m v t> .

n

Let G be a graph on vertex set [v(G)] with at most (1 —39)n vertices and mazimum degree at most
cn/logn such that deg™(x) < D for each x € V(QG), and let H be an (a, 2D + 3)-quasirandom
n-vertex graph with at least ’y(g) edges. Fiz k < 2D + 3, a vertex x € V(G), distinct vertices
v,v' 0" € V(H) and distinct neighbours uy, ..., u of v.
Then with probability at least 1 — 2n™" all of the following good events hold.
(a) When RandomEmbedding is run it does not fail and generates a sequence (¥i)icwa)) of
partial embeddings of G into H.

(b) For each t € [v(G)] the pair (H,imy) satisfies the (¢, 2D + 3)-diet condition.
(¢) The embedding ¥,y of G into H satisfies the (€,20DBt—cnt2,t —en+2)-cover condition
for each t € [en —1,n — don).
Note that we have 20D, < Ca for each 0 <t <n. We have
(34) Plz =] =(1=+ 10°CaDé YHnt,
(35) Plz = v and v €imv,q)) = (1+ 104CaD5_1)(n - v(G))n_2 and
(36) Pz < v and v',v" € imv, )| = (1 + 104C’o¢D5_1)(n - U(G))Qn_3 .
Finally, the probability that there is at least one u;v to which some edge of G is embedded is
(37) (141000Cad~ )72 p~1n=2 . 2ke(@) . 0

The part of this lemma showing that (a)—(c) are likely are part of [1, Lemma 36]. The
statement (34) is [1, Lemma 40|. The equations (35) and (36) follow from the method of |2,
Lemma 29| but for completeness we give a proof in the following section. Finally (37) is given
by |2, Lemma 30].

We should note that the quantities §; defined in this lemma are needed only for the more
precise bounds in (b) and (c¢). We will only need these more precise bounds in two places,
namely when we state Lemma 51 below and apply the following lemma from [1] in its proof, and
when we apply Lemma 51 to prove (A.ii). Otherwise, when we use (b) and (¢) we will need
only the weaker bound Ca.

Lemma 47 ([1, Lemma 37|). We assume Setting 44. Given oy < a < gy, for each t € R we
define

$—2,.,—2D—10
Bt:2aexp(1000m n’y t) '

Let G be a graph on vertex set [v(G)] with at most (1 —68)n vertices and mazimum degree at most
cn/logn such that deg™ (x) < D for each x € V(G), and let H be an (o, 2D + 3)-quasirandom
n-verter graph with at least ’y(g) edges. When we run RandomEmbedding to embed G into H,
suppose that it produces a partial embedding v; such that (H,im;) has the (8;,2D + 3)-diet
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condition, and let T C V(H) \ im; with |T'| > %72D+35n. Conditioning on 1j, with probability
at least 1 — 2n=2P=19 one of the following occurs.

(a) Py does not have the (g,20DB;, j)-cover condition, or
(b) fa:j <z <j+ena(z) eTH =1 + 40D ;) Len

n—j

8.4. Seminovo analysis. In this subsection we give some more analysis of PackingProcess’
which is similar to results of [1] and [2]; the proofs are copied and modified appropriately.

We first need a strengthening of [2, Lemma 28], allowing us to estimate accurately the proba-
bility that not just one or two but a collection of up to D vertices of H are avoided in any given
interval of vertices of G that RandomEmbedding embeds. To begin with, we show the statement

for intervals of length en, a modification of |2, Lemma 27]|.

Lemma 48. Assume Setting 44. The following holds for any oy < a < agy, and all sufficiently
large n. Suppose that G is a graph on [v(G)] with v(G) < (1 — 6)n such that deg™ (z) < D for
each x € V(QG), and H is an (o, 2D + 3)-quasirandom graph with n vertices and p(g) edges,
with p > . Suppose that 1 < k < D and uy,...,u are any distinct vertices of H. When
RandomEmbedding is run to embed G into H, for any 1 < t' < v(G)+1—en the following holds.
Suppose the history 3 _1 up to and including embedding t' —1 is such that uy, ..., up € imy_q,
the (Ca, 2D + 3)-diet condition holds for (H,imy_1), and

P[(H, Yy pen—1) does not satisfy the (Cay, e, t')-cover condition‘jﬁz_l] <n73.

Then we have

P[[{ul, R} My | > 1‘%@,_1} — (14 10Cq)ken

n—t’ *

The proof of this lemma is a straightforward modification of the proof of |2, Lemma 27|, which

we include for completeness.

Proof. We modify RandomEmbedding as follows to obtain Modified RandomEmbedding. At the
line where RandomEmbedding chooses v € C’é__l) 1 () \ im(2);—1) uniformly at random, we choose
instead

w E CtG_c—1>H(t) \ (im(wt_l) \ {uq,... ,uk})
uniformly at random and report w. If w € im(tbt_1), then we choose v € C5.1 ,;(¢) \ im(v)—1)
uniformly at random; if not, we set v = w. We then embed ¢ to v and continue as in RandomFEm-
bedding.

Observe that the distribution over embeddings created by Modified RandomEmbedding is iden-
tical to that created by RandomEmbedding. The difference is that Modified RandomEmbedding
in addition creates a string of reported vertices. For each ¢, let r(t) be the vertex reported by
Modified RandomEmbedding at time ¢t. Note that r(t) is the vertex to which ¢ is embedded,
except when r(t) is one of the w; and that w; is in im(¢;—1). We shall use the following two

auxiliary claims.
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Let ¢’ and .74/ _1 be as in the lemma statement. Define E as the random variable counting the
times when some u; is reported by Modified RandomEmbedding in the interval ¢’ < z <t + en,

E=|{zeclt',t'+en) : r(x—1) € {ur,...,u}}| -

The probability that RandomEmbedding uses at least one vertex of {u,...,ux} in the interval
t' < x < t' + en, conditioning on %} _1, is equal to the probability that Modified RandomEm-
bedding reports some vertex of {ui,...,ux} at least once in that interval, which probability is

by definition at least
En
E(E| A1) — Z P [vertices of {u1,...,u} are reported
j=2
at least j times in the interval [t/, ' + 671)‘%’2/,1] .

Our first claim estimates E (E | 70 _1).

Claim 48.1. We have that
ckn

E(E| #i1) = (1£4Ca)—

+8D(D + 1)e?y2P572

Our second claim is that the sum in the expression above is small.

Claim 48.2. We have that

En
Z P [vertz’ces of {uy,...,ur} are reported
=2

at least j times in the interval [t',t' +en)| A 1] < 8k2e2y72P572,

By choice of ¢, we have 16D (D + 1)e2y~2P§72 < Caed. Thus the two claims give Lemma 48.
We now prove the auxiliary Claims 48.1 and 48.2.

Proof of Claim 48.1. Note that since the (Car, 2D + 3)-diet condition holds for (H,imy_1), for
each t/ <z < t'+en, setting S = 1p,_1(N~(z)), we have

|C" Ha) \imepp—1]| £2 = [Ng(S) \imepp_q| £entk
(38) =(1+Ca)pN @l — ) +en+k
= (1+2Ca)pN” @l(n -1,

We first give a simple upper bound on P H{ul, S uptNim 1/’t'+an—1‘ >1 | %@_1]. When we
embed any one vertex x with ¢/ <z < 4+en—1, the probability of embedding z to {us, ..., ux}
is at most k|C*!(z) \ im¢p_1 ’_1. Using (38) and summing over the en choices of x, we have

k
P[|{ur,...,up} Nim ey yen_| > 1| 1] < lifn(gn < 2key P51t

2
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By linearity of expectation, we have

t'+en—1

E[E | %/_1} = Z P[a vertex of {uy,...,ux} is reported at time x‘%/_l]
=t’
t'+en—1 k
= Z Z P [uj is reported at time x‘%”t/,l]
39 z=t' j=1
( ) t'+en—1 k z—1
S ZE( L{u; € ¢ (@) )
ot/ ’Cz 1 \(imww—l\{ulﬂ"wuk}” -
_t/_t,in: lzk:E ]]_{’U,] c T 1( ‘%
- r=t' |Cw1 \lm@Z)x 1|ik vt ‘
Using (38), we get
t'+en—1 k
P u S C |jﬁ’—1]
E(E| ! .

Splitting this sum up according to [N~ (z)|, and again using linearity of expectation, we have

D r—1
E Xy -
E(E| A_) ZZ \{xe vd:iuj €C (x)}H%”t 1).
1d=0

(14+2Ca)pi(n —t)

Now fix 0 < d < D and each j € [k]. If the (g,Ca,t')-cover condition holds, and if v ¢
im ¢y 4en—1, we have |[{z € Xy q:v e C*a)}| = (1£Ca)p?| Xy 4| £2n. If the (g, Ca, ')-cover
condition fails, or if v € im ;.1 (which occur with total probability n=3 4 2key=P571 ), we
have 0 < [{z € X;4:v € C*}(x)}| < en. In particular, in this case we have

Hor e Xiq:ve Cx_l(x)}‘ =(1+ Ca)pd]Xud +e?n+en.
Putting these together, we get
E({ze€Xya:u;e€ C’x_l(x)}He%’i/_l) =((1+ Ca)p?| Xy 4 + en) £ (n? + 2]4:57_[)5_1) -en
= (1+ Ca)p| Xy g + 4ky P57 1e%n
Substituting this in, we have

k D o0
(1 + COé)pd’Xt’,d‘ + 4ky Ds-1.2p
E(E | 1) = ZZ (1£2Ca)pi(n—t)

J
= (1£4Ca)Em £ 8D(D + 1)ey2P572,

where the last equality uses k < D, p >~ and n —t' > dn. O

Proof of Claim 48.2. Since the (Ca, 2D + 3)-diet condition holds for (H,imy_1), since p > v,
and since n — ¢’ > dn, for each = € [t/,t' + en), when we embed z we report a uniform random
vertex from a set of size at least vPén. The probability of reporting one of uy, ..., u; when we
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embed z is thus at most 2ky~P§'n~!, conditioning on 7% _; and any embedding of the vertices
[t', ). Since the conditional probabilities multiply, the probability that at each of a given j-set
of vertices in [t/,t' + en) we report a vertex of {u1,...,ug} is at most 2/kJy~9P§=In=J. Taking

the union bound over choices of j-sets, we have

En
Z P [Vertices of {uy,...,ur} are reported at least j times in the interval [, ¢ + sn)‘%/_l]
=2

en En
<3 ()2 iP5 £ 3 (hey oY < WD < ity g,

j=2 Jj=2
where we use the bound (E]") < (en)? and sum the resulting geometric series. O
This completes the proof of Lemma 48. O

We now deduce a similar result for intervals of any length starting at a given time tg > 0,

again following [2, Lemma 28|.

Lemma 49. Assume Setting 44. Then the following holds for any oy < a < g9, and all
sufficiently large n. Suppose that G is a graph on [v(G)] with v(G) < (1-9)n such that deg™ (z) <
D for each x € V(G), and H is an (o, 2D + 3)-quasirandom graph with n vertices and p(g)
edges, with p > . Let 0 < tg < t; < v(G) and let k € [D]. Let £ be a history ensemble of
RandomEmbedding up to time to, and suppose that P[.L] > n~*. Then for any distinct vertices
ul,...,ur € V(H) such that uy,...,u; & imy, we have

Plus,...,ux & imiy, | 2] = (141000 Dad 1) (1t )k.
Proof. We divide the interval (¢, 1] into j := [(t1 —t¢)/en] intervals, all but the last of length en.
Let 4 := Z. Let, for each 1 <14 < j, the set .Z; be the embedding histories up to time tg + ien
of RandomEmbedding which extend histories in .%; 1 and are such that wui,...,ur & Yien. Let
Z; be the embedding histories up to time ¢; extending those in .Z;_; such that wq, ..., ux & ¥y,.
Thus we have
Pluy,...,u; € imyy, | = P[.Z].

Finally, for each 1 < i < j, let the set %/ ; consist of all histories in .%;_; such that the
(Ca, 2D +3)-diet condition holds for (H,im ;4 (;—1)en) and the probability that the (¢, Cov, to +
1+ (i — 1)en)-cover condition fails, conditioned on Yio+(i—1)ens 18 at most n~3. In other words,
2! is the subset of .Z; consisting of typical histories, satisfying the conditions of Lemma 48.

We now determine P[.%}], and in particular we show inductively that P[.%;] > n~° for each
i. Observe that for any time ¢, the probability (not conditioned on any embedding) that either
the (Ca, 2D + 3)-diet condition fails for (H,im;) for some ¢ < t or that the (g, Ca,t 4 1)-cover
condition has probability greater than n=3 of failing, is at most 2% by Lemma 46. In other
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words, for each i we have P[.%; \ ¢/] < 2n75. Thus by Lemma 48 we have

PlZ) = (1 - (1£10Ca)—nP[.¥/ || £2n"

n—(i—1)en

= (1 - (1 £10Ca) ;e ) (PlLi—1] £2n7°) £ 207°

n—(i—1
=(1-(1+ zoca)m)mﬁ_ﬂ :

where the final equality uses the lower bound P[%_1] > n™°. Similarly, we have P[.%;] =
(14 (1+20Ca)2L)P[L].
Putting these observations together, we can compute P[.Z}]:

i—1
P[] = P[Z](1+ (14 20Ca) ) h (1 —(1+ 20004)6]“7”) :

n—to—(i—1)en
i=1

Observe that the approximation log(1 + x) = x + x? is valid for all sufficiently small z. In
particular, since n — (i — 1)en > n — t; > on and by choice of ¢, for each i we have

n—to—(i—1)en n—to—(i—1)en *

log (1 1+ 200(1)‘5’“7") — (14 30Ca)——ckn

Thus we obtain

7j—1
log P[.Z)] = log P[Z] £ (1 + 30Ca) ;&5 — % (14 30Ca) ===y
=1
to+(j—1)en
=logP[.L] + 20 e — (1 +40C0) / e da
x=to

= log P[£] £ 26 'e — (1 £50Ca)k(log(n — to) — log(n — 1 —t1))
(40) =log P[.Z] + log (m)k + 2071 £ 50Ckalogs,

n—to

where we use t; < n — dn, and we justify that the integral and sum are close by observing that
for each i in the summation, if tg + (i — 1)en < tg + x < to + ien then we have

e S s S %i—l)sn <(1+a)=

n—tg—ien — n—tg—x — n—to— n—to—ien *
where the final inequality uses n — tg —ien < n —t; < dn and the choice of €. By choice of ¢
and since k < D, this gives the lemma statement. Furthermore, (40), and the fact ¢t; < n — dn,
imply that P[.%] > n=>. Since the .%; form a decreasing sequence of events the same bound
holds for each .%;. O

Now, we prove (35) and (36), by copying the proof of [2, Lemma 29| and modifying it very
slightly (simply by removing the vertex y and references to it).

Proof of (35) and (36). Let € V(G) and three distinct vertices v,v’,v"” € V(H) be given. We
begin with (35). Let z1, ..., z; be the vertices of N~ (z) in increasing order. Define time intervals
using z1,...,2E, @ as separators: Ip = [1,21 — 1], [1 = [z1+ 1,20 = 1], ..., Iy = [z + 1,2 — 1],
Tppr = [z +1,0(G)].
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We now define a nested collection of events, the first being the trivial (always satisfied) event
and the last being the event {z < v,v’ € im @/}v(g)}, whose probability we wish to estimate.
These events are simply that we have not yet (by given increasing times in RandomEmbedding)
made it impossible to have {x — v,v & im Yy} We will see that we can estimate accurately
the probability of each successive event, conditioned on its predecessor.

Let £’ be the trivial (always satisfied) event. If .£/ , is defined, we let .Z; be the event that
%/—1 holds intersected with the event that

(A1) (if # < k:) no vertex of G in the interval I; is mapped to v or v/, or
(A2) (if i = k + 1:) no vertex of G in the interval Iy is mapped to v'.

In other words, .%, is the event that we have not covered v or v/ in the interval I;. It turns out
that we do not need to know anything else about the embeddings in the interval I;.

If .%; is defined, we let .Z/ be that event that .Z; holds and that

(B1) (if i < k:) we have the event z;11 — Ng(v) \ {v'},

(B2) (if i = k:) we have the event z < wv.
Again, in order for {x — v,v" € im )} to occur we obviously need that a neighbour of x is
embedded to a neighbour of v and so on, hence the above conditions.

By definition, we have £, 1 = {z — v,v" € im1,)}. Since we have £/ C £ C &£/ | for

each 7 and fil is the sure event, we see

L P.%] +y PlZ] PLZ
(41) P [a; — v,V &Zlm%(e)} = P[;/O]] H P[[,,%]] ’ P[y[j]l]
- =0 ¢
k
(42) =P [% | 2] [[P[Z | 4] P[4l 4] .
=0

Thus, we need to estimate the factors in (42). This is done in the two claims below. In each
claim we assume P[.Z/],P[.%] > n~%. This assumption is justified, using an implicit induction,
since the smallest of all the events we consider is %511, whose probability according to the

following (46) is bigger than n ™.
Claim 49.1. We have
k+1
H P [g | g/ 1] — (1 + 2000a571)2k+4 . (TL B m)(n B U(G))
) i— n2 :

=0

Proof. By definition of (A1), for each i =0, ..., k&, we have

(n — 1 — max(I;))?

(43) p [9% ‘ "E/pi/fl} = (1 + 200004571) ’ (n _ mln([@) + 1)2

by the 2-vertex case of Lemma 49, with ¢ = ¢/ ,. Note that looking at two consecutive indices

i and ¢ + 1 in (43) we have cancellation of the former nominator and the latter denominator,
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n—1—max(l;) =n —min(l;4+1) + 1. Thus,
n — x)?

k
(44) [IP %12 1] = (1 +£200Cad1)2+2. (
=0

n2

To express P [Z},41 | -Z], by definition of (A2) we have to repeat the above replacing the 2-vertex
case of Lemma 49 with the 1-vertex case. We get that

< —u(G
(45) P [ %1 | L] = (14+200Cad1)? n=v(G)
n—zx
Putting (44) and (45) together, we get the statement of the claim. 0
Claim 49.2. We have
i 1
/ 1 k+1
[IP £ | £] = (1+100Ca) —_—

=0

Proof. Suppose that we have embedded up to vertex max(1;), and that .Z; holds. The probability
of the event ./ depends on which of the cases (B1) and (B2) applies. When .Z/ is defined
using (B1) then the probability P[.£/|.Z] is equal to P[{zi+1 < Ng(v) \ {v'}}|-4]. Let X :=
NH(@ZJ(Né(ziH))) \im 1, ,—1 be the set of vertices in H to which we could embed z;;1, given
the embedding of all vertices before z;y;. Suppose that the (Ca, 2D + 3)-diet condition holds
for (H,im1).,,,—1). Then we have
(N () \{v'}) N X] _ [Nu(v)n X[£2

RY - RY
_ (1+ Ca)p1+deg:(z@-+1)(n —(zig1 — 1)) £2 (1% 4Ca)p .

(1£ Ca)ples” Gie) (n — (241 — 1))

where the last line uses the (C'ar, 2D + 3)-diet condition for (H,im4);,,, 1) twice, in the denomi-
nator with the set ©)(N~(z;4+1)) and in the numerator with the set {v} Ut (N~ (z;4+1)). Recall that
we assume the event .Z;, and so we have v ¢ im1,, , 1. Therefore, the set {v} U (N;(2zi11))

P [zit1 = Np(v) \ {v'}| 4] =

has indeed size 1 + deg™ (z;41).

Let us now deal with the term P[] |.Z;], which corresponds to (B2). Suppose that .
holds. In particular, N~ (x) is embedded to Ng(v). Suppose first that the (Ca,2D + 3)-diet
condition for (H,im,_1) holds. With this, conditioning on the embedding up to time = — 1,
the probability of embedding z to v is (1 £ 2Ca)p~ deg*(f‘)n_‘_ﬁ.

Thus, letting F be the event that the (Cc, 2D + 3)-diet condition fails for (H,im ;) for some
t € [v(@)] we have

k
[[P[% 4] = (((1 +4Ca)p)" - (14 2C0)p= 9 @) nﬁ_x) + P[F],
=0
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We have P[F] < 2n~? by Lemma 46. Thus we obtain

k
[IP g 4] =0 +4Ca) A +on™?,
=0

and the claim follows. o

Plugging Claims 49.1 and 49.2 into (42), we get

(46) P [z = 0,0 € imy)] = (1£500Cad )P+ (opnzelE)

and (35) follows.

For (36), we use the same approach. The only difference is that we define events

(A’1) (if ¢ < k:) no vertex of G in the interval I; is mapped to v, v or v, or

(A’2) (if i = k + 1:) no vertex of G in the interval I}, is mapped to v" or v".
and if .Z; is defined, we let .2/ be that event that £ holds and that

(B’1) (if i < k:) we have the event z; 41 — Ng(v) \ {v/, 0"},

(B’2) (if i = k:) we have the event x — v.

The calculations are almost identical: in particular the calculations and results for the B’ events
are verbatim the same, while for the A’ events we use respectively the 3-vertex and 2-vertex cases
of Lemma 49 rather than the 2- and 1-vertex cases; but the calculations go through without
further trouble. We omit the details. O

We need a slight strengthening of [1, Lemma 43]. The idea of this lemma is that we pause
PackingProcess after it has packed s graphs, and fix a set of vertices T in the common neigh-
bourhood of some vy, ..., v in the graph Hs. We then allow the process to continue up to some
point s, and of course the common neighbourhood of vy, ..., v, shrinks; this lemma states that
its intersection with 7" shrinks proportionally. The difference to [1, Lemma 43| is that we look at
the common neighbourhood of a set of vertices rather than one vertex, and we give a different

bound on the set size, but the proof is very similar.

Lemma 50. Assume Setting 44 and let s,s' € JUK with s < s'. Consider the following experi-
ment. Suppose vi,...,v are fived vertices of Hy, with k < 2D+3. Run PackingProcess’ with in-
put (GL)svegux and Hy up to and including the embedding of G';. Then fixt T C Ny, (v, ..., vx)
with |T| > 1vP§Pn, and continue PackingProcess” to perform the embedding of G, 1, ..., G",.

The probability that PackingProcess’ fails before embedding G, or H; fails to be (c;,2D +3)-
quasirandom for some 1 <1 < s, or we have

TONg, (v)] = (1 £d3'ag)(22) 1],

is at least 1 —n=C.

To prove this, we follow the proof of [1, Lemma 43|, using (37) in place of [1, Lemma 39].
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Proof of Lemma 50. For s < i < s', we define the event &; that PackingProcess does not
fail before embedding G, and Hj; is (a;,2D + 3)-quasirandom for each 1 < j < 4, and |T'N
Ng,(v1,...,v)] = (1 £ dA ozj)( ) |T| for each s < j <. If the event in the lemma statement

fails to occur, then there must exist some s < i < s’ such that & occurs and

|Tn NHi+1(Ula"'7 )| # (1 :l:d a2+1)(p1+1) ’T| :
Cc-1

It suffices to show that each of these bad events occurs with probability at most n~% ", since
then the union bound over the at most %n choices of i gives the lemma statement. This is an
estimate we can obtain using Corollary 25. We now fix s < 7 < s’ and prove the desired estimate.

Suppose s < j <14, and let Y; := [Ng, (v1,...,v) NT\Ng,_, (v1,...,v;)| count the number of

stars with leaves v1, ..., v and centre in T', at least one edge of which is used for the embedding
of G ;. Then we have |T NN,y (ve, .. 00)| = |T] = Zj . Y;, and what we want to do is

argue that the sum of random variables is concentrated. To that end, suppose J# is a history of
PackingProcess’ up to time j such that Hj is (o, 2D+3)-quasirandom and |[TNNg; (v1, ..., vx)| =
(1+ d;‘laj)(g—iﬂﬂ. Then we have

E[Y; | ] = (1£100000;67 1) " 2pr 02 2ke(G) 1) - (1% dyay) (22)"|T,

where we use linearity of expectation: the first factor is (37) the probability that a given star

with leaves vy, ..., v and centre in T in Hj is used in the embedding of G’ and the second

J+L
factor is the number of such edges. Simplifying, we obtain

2kpt (G )T | 105 'eD?T

pin(n —1) psn
where for the error term we use the upper bound e(G;-H) < Dn, the fact p;j/ps < 1, and
0~1 > d,'. Let

E[Y;| 7] =

7

Q;

Qk e ! T 10551 D2|T
—Z p j+1)| ‘ cmd —Z O (5 C | |
j=s n_l) DPsh

j=s

1035~ 1CD2|T]|
Ps

a; < ‘ggl, since ps > da and by the definition

and observe that i < |T'| <n and v <
of ;.
We trivially have 0 < 'Y; < kA(G’, ;) < ken/logn. So what Corollary 25(b), with ¢ = en,

gives us is that

%
P |&and YV # ik (0 +en) | < 2exp (— gt ) <n O

j=s
where we use the upper bound i + 7 + ¢ < 2n for the first inequality and the choice of ¢ as well
as € < C for the second. This is the probability bound we wanted. We now simply need to show
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that if

ZY A+ (0 +en)

then we have

|T N NHi+1( )| - (1 + dA 04%+1)(p1+1) ‘T’ :
In order to estimate fi, observe that e( j+1) = (pj — pj+1)(g), and that for every z,h € [0, 1]
we have (z + h)¥ — 2% = kh(z + h)¥~! £ 2¥h2. Using the latter equality with = = p;;; and
h = pj — pj+1, and using (p; — pj— 1)(72”) < Dn, we see

n
kpk 16( ]+1) (pf —p§+1) <2> +282 D2,

Using this we see

7

~ A Py k4 )2
T == TI(1= 3 () = ph)pi* = ) = BT £ 242,
j=s (2) 3
since i + 1 < 2n. So what remains is to argue 7 + en + 284 D? < d;laiﬂ%\ﬂ. Since
__é 108CD36~1(j—2n)\ .. - ..
o = {Ep OXP - is increasing in j, we have
i i+1 i+1
Zajﬁ/ ajdjS/ a; dj
(47)  J=s ° -
[ 6 n (1OSCD381(]' — 2n))]i+1 on
= : — - ex =it -
10°5CD “10scp3s—1 ¥ n j=—oo  105CD3 M

It follows that
10°%5~'CD*T|  én

~ 2k’+4D2 < i
vhent - DsT 108CD3

aip1+en+2"MD? < S LT 4 en+ 2V D2,

Finally, since p;1+1,p > da, by choice of €, since da < p;4+1, because |T'| > %5D7D, and because
n is sufficiently large, we conclude ¥ 4 en + 284 D? < d ;41 2 | T'| as desired. O

The next lemma, which is almost the same as [1, Lemma 44|, shows that in a run of Ran-
domEmbedding (considered as step s in PackingProcess’) the image of V(GY) covers a predictable
amount of any previously given reasonably large vertex set S. For completeness, we copy the

proof from [1] and make the appropriate small modifications.

Lemma 51. Assume Setting 44 and let s € JUK. Run PackingProcess’ with input (G,)sre 70K
and Hy up to just before the embedding of G'. Suppose v(GL) < (1 — d)n. We define for each
teR

By = 2051 €xp (1000D87?72D710t) )
Then fiz any S C V(Hs_1) with ]S] > 14P6Pn, and let PackingProcess’ perform the embedding
of G',. With probability at least 1 — —2D=18 " either Hy_1 is not (as_1,2D + 3)-quasirandom, or

RandomEmbedding fails to construct the embedding of G, or the embedding of G’ fails to have
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the (e,20Df¢, t)-cover condition for some 1 <t < v(G%)+1—en, or for some 1 <t < v(G) the
pair (Hs_l, <Z>s([t])) does not have the (B¢, 2D + 3)-diet condition, or we have

S\ img| = (1 C'a) =4 5],
We will refer to the first four of the events mentioned above as ‘bad events’, and the fifth (the
equation) as the good event.

Proof. Fix s € J UK, and condition on Hys_1. If Hg 1 is not (as—1,2D + 3)-quasirandom, or
the embedding of G, fails, or we do not have the (g, Cay,i)-cover condition, then the bad event
of this lemma cannot occur. So it is enough to show that the probability that none of these bad
events occurs but |S'\ im ¢2| # (1 £ C’a)p|S|, conditioned on H, 1, is at most n 2P~ This
is what we will now do, so we suppose that Hs_1 is (as—1,2D + 3)-quasirandom. Consider the
run of RandomEmbedding which embeds G.

Define Sop = S, and for ¢ = 1,...,7 with 7 = [%] set S; = S;—1 \ imjep,. Since S; C
S\im¢A C S;_1, it is enough to show both |S;_1| and |S,| are likely to be in the claimed range.
Recall that v(G’) < (1 —&)n < (1 — 0 — &)n, so that RandomEmbedding does embed vertices
(namely isolated vertices added to G%) long enough to create S;. Since |S;_1| and |S;| differ by
at most en, we will focus on estimating |S-|.

Given 0 < j < 7 — 1, either one of the bad events of the lemma occurs, or ¢j., exists
and (Hy_1,im ¢jcp,) has the (Bjen, 2D + 3)-diet condition. Lemma 47, with input 7' = S, =

TL_2D_19

S\ im ey, then states that conditioning on ¢jc,, with probability at least 1 — 2 either

Yy does not have the (g,20D/;, j)-cover condition, or we have

j ] : S\ imje,len
(48) [{o: jon << (G Dens dginen(s) € 5\ iy} = (1240D550,) T UL ER,
In particular, since the failure of the cover condition is one of the bad events of the lemma,
taking the union bound over the at most 7 choices of j, with probability at least 1 —27n=2P~19 >

1—n=2P~18 cither one of the bad events of the lemma occurs or we have (48) for each 0 < j < 7.

Let us suppose that the latter is the case. Then we have for each 1 < j <7

(1 i40D6(j—1)sn)€)
1-(G—=De /7

Sienl = 18- 1enl (1 -

and hence

Ty (40D 1))
|ST|=S|_1_11(1— )

In order to evaluate this product, observe that

L (1£40DBicn)e 1 —(i+1)e N 40DBicne 1 —idc—¢ <1 n 40D Bicne )
1—ic 1 —ie 1—ie  1—ie 1—(i+1)e/’
and therefore
T—1 . T—1
1l—ide—c¢ 40D Biene 40D Bicne
| = toeme 1i,7): 1— <1j:_7).
57| S’g 1—ic ( ey Bl TE)E) 1—(i+1)e
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. — (G — (G — (G
By the definition of 7 we have “ Zi D <1< %&5) +1 and hence (1—7¢) = %(5)(1 +5).

Moreover, we obtain that

7—1

Z 40Dﬂlms 40De¢ Zf SODen Z
< . .
< 1 ’[, + 1 — 1 — T 1_0 IB'Len — 0 IB'LF;'I’L

D T
- 80 / enBion di < / By dx
on 0

80D
S T _ _ ﬁ’?’?’l
§ - 1000D—2~—2D=10
_ 80D
= §-1000D§—2y—2D-10
since B(1_sie)n = 2051 exp(1000D6~2y2P=10(1 — § + ¢)) and
40D

1
B(l—&—o—e)n < §C/as—1

C'=10"- (1000D5 24~ 2P~10)

So, since [[,(1+ ;) =1+2), z; as long as 3, 2; < 155 and since $C’ oy < 755, we get

T—1

T—1
51 =510 )1 igz‘%) = 1510 79) (14 2225 3 )
i=0

:]S\(l—T@iSODeiﬁim) Niers (1i igoDEZﬁm)
=0 '

1

e 1
= | §|n=ulG) (1 50t 50/a5> ,

where for the last equation we use that € < aOSQV < lasé . It follows that
1S\ im )| =[S, | +en = [§]"=UG) (1 4 Loy + 1Ca,) £ en = (14 Cla,) =09 5|,
as desired. O

8.5. Proofs of the remaining properties of Lemma 30. We are now in a position to
prove (A.vi). The idea is that first we will show the equation holds with Ha replaced by
Hs 1 and da replaced with the density ds_1 of Hs_1, and then Lemma 50 tells us it is likely
that (A.vi) holds. For the first part, we argue (using the diet condition) that each path-end
vertex has about a ds chance of being embedded to the neighbourhood of v, conditional on the
previous embedding history, and then Corollary 25 gives the conclusion we want.

Proof of (A.vi). Fix v € V(H) and s. Suppose that PackingProcess’ has not failed before cre-
ating Hg_1, and furthermore Hs_ 1 is (as—1,2D + 3)-quasirandom. Let ds—1 be the density of
H, 1.

Let X' = Upespecpatns, {leftpathy(P), rightpathy(P)}. Let ;1 denote the history of Ran-
domEmbedding embedding G, into Hs_1, up to but not including the embedding of xz; let ¥, 1
denote the partial embedding of G’ at this time.
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Suppose that J#,_; is such that (Hs_1,im,_1) satisfies the (Cas—1,2D + 3)-diet condition,
and furthermore that v € im;_1. Then we embed z uniformly to Nz, ,(y1,...,y¢) \ im¢y_1,
where the y; are the back-neighbours of = in G’,. This is a set of size (1 +Cas_1)(n+1—2z)d}_,
by the diet condition. Again by the diet condition, and since v is not one of the y; (it is not in
im4),_1), the number of these vertices which are in Ng,_, (v) is (14 Cos_1)(n+1—x)d’"L. So
the probability that = is embedded to Ng,_, (v), conditioned on 7,1, is (1 £ 3Cas_1)ds_;.

We now apply Corollary 25(b) to estimate the total number of vertices of X embedded to
Ng, ,(v). We take 7 = 3Cas—1 and i = |X|ds—1, R = 1, and £ the event that each 7;_;
satisfies the diet condition and v ¢ im¢®. The conclusion is that with probability at least
1—2exp (—|X|ds—1-9C*aZ_;/4) > 1 —n"1% we have £ or

{z e X :¢z) €Ny, (v)}] = (1 £6Cas1)| X|ds—1 .

By Lemma 46, the probability that v ¢ im ngA and we are not in & is at most 2n~Y. So with
probability at least 1 — 3n™?, either v € im gi)SA or

Hx cX: gbs (x) € Nm,_ }‘ (1+£6Cas—1)|X|ds—1 -

We condition on this good event. Now if v ¢ im ¢ then we have Ny, ,(v) = Ng,(v), and
furthermore ds_ 1( ) =ds ( ) + Dn, so if v € im ¢2 we have

{z e X :¢2(z) € N, (v)}] = (1 £10Cas_1)|X|ds .

We now apply Lemma 50, with T' the subset of Ny, (v) lying in X, and s’ the final stage of

c

PackingProcess’. The conclusion is that, with probability at least 1 — n~™%, we have

{z e X:¢2(x) €Ny (v)} = (17 o) (1 £10C 1) | X|da ,

which by (33) is what we need for (A.vi). Taking the union bound over choices of s and v and

the various bad events, we conclude that a.a.s. (A.vi) holds. O

Putting Lemmas 50 and 51 together, we can show that (A.7i) holds with very high probability
for any given S and T, and so by the union bound holds with high probability.

Proof of (A.ii). Let S C V(H) and T' C G, with [S|,|T| < D, be given. Let T' = {t1,...,t7},
and for convenience let tg = 0 and t|714; = |J| + [K| + 1. We aim to show that the following
holds for each 0 <14 < |T|:

%

49) [N, (9 i) = (1 260+ (g + o) (450 'n [ 1 - 2500 ).
j=0

i=1 ’

Observe that the ¢ = 0 case of (49) is true because Hy is (ap,2D + 3)-quasirandom. Observe
furthermore that for any ¢, the set on the left hand side of (49) is fixed before PackingProcess’
begins (if i = 0) or immediately after completing the embedding of G}, (if i > 1).

It follows that for each 0 < i < |T'|, we have the setup for Lemma 50, which tells us that with
probability at least 1 —n~¢ either PackingProcess’ fails before embedding G£i+1—1’ or Hj fails to
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be (a;,2D + 3)-quasirandom for some 1 < j < ¢;11 — 1 (these are the bad events of Lemma 50),
or we have the good event
i

N U imA ()|

Jj=1

=1+ d;&latwl*l)(l +2( + 1)(‘&1 + C/)O‘ti) (fﬂ{t(:r)ll)yn( ﬁ (1 o MA#))

2

N,

K3

Jj=1

, i
. — _ e(Hy, . 1-1)\* A
= (1 +2(i + 1)(dA1 + C/)O‘ti + %dAlatiH*l) (%) n( H (1 o %)) .
j=0
Observe that if ¢« = |T'|, by (33) this is the desired statement of (A.ii). If 0 < i < |T| —
1, then we have the setup for Lemma 51, analysing the embedding of G}, +p» Which tells us
that with probability at least 1 — n 22718 cither one of the following bad events (as listed
in Lemma 51) occurs, or the final good event occurs. The bad events are: Hy,_ , 1 is not
(at;41-1,2D + 3)-quasirandom, or RandomEmbedding fails to construct the embedding of GQH "
or (Hy, -1, gbﬁrl([j])) does not have the (3;,2D + 3)-diet condition for some 1 < j < v(GY,,,),
or qﬁi’?ﬂ fails to have the (e, 20Dp;, j)-cover condition for some 1 < j <v(Gj,,,) +1—en. Here
Bj = Bj (Oéti+1—1) is as defined in Lemma 51. The good event is that we have
it+1

i, ()N im )|
j=1

il A
= (14 Clay,,,) (20 + 1)(dy) + oy, + 3dy o,y 1) (76(%(:)1*1)) n( T (- =32)

2 j=1

i il A
= (1£2(i +1)(dy + oy, £ §dx a1 £ 5C7ar,,,) <%) n( H (1- HHA%)) :

2

cn
logn

Finally, observe that at most edges are removed from any vertex of S when GQH | is embed-
ded, so we get
i+1 i+1
N, S\ 02 ()] = [Na, o (9 U im® ()] £ 1514

S it
- g o) (T - =)
2 j:1
since «; is increasing with j and since n is sufficiently large. For 0 < ¢ < |T'| — 1, this shows that
with probability at least 1 —n~¢ + n=2P~18 if (49) holds for i then it holds for i + 1 or one of
the bad events of Lemma 50 or 51 occurs. Putting these together, we conclude that either a bad
event of Lemma 50 or 51 occurs, or (A.iz) holds for the given S and T with probability at least
1—(|T|+1)n=C —|T|n=2P~18 and so taking the union bound over the at most (2n)/3+71 choices
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of S and 7', we conclude that either one of the bad events of Lemma 50 or 51 occurs, or (A.ii)
holds, with probability at least 1 — n~'°. Now we already established in Section 8.2 that with
high probability Hs_1 is (as—1, 2D+ 3)-quasirandom for each s € KUJ, and Lemma 46 (a)—(b)
state that the remaining bad events with high probability do not occur. So we conclude that
with high probability (A.4i) holds, as desired. O

For the two OddVert conditions, we do not need to obtain accurate estimates and will not
try to do so. The first condition, (A.iv), states that no vertex v of Ha can be the embedded
neighbour of too many vertices of | J,., OddVert,. We separate this estimate into two parts: the
contribution due to vertices of some G4 which are adjacent to at most n®® vertices in OddVerty,
and the rest. The contribution of the first class is not too large by Corollary 25 (the expected
contribution is in fact constant, and by definition no one vertex embedding contributes more

than n°8)

, and we will show that it is very unlikely that 20 or more vertices of the second class
(of which there are at most 2n%2?)are embedded to v; since any one vertex contributes at most

A(Gs) < 2 we obtain the claimed bound.

logn

Proof of (A.iv). Let € be the event that PackingProcess does not fail and that for each s the
graph H 1 is (as—1,2D + 3)-quasirandom and for each time in the embedding of G, by Ran-
domEmbedding we have the (Cas_1,2D + 3)-diet condition. Note that £ a.a.s. occurs.

Fix v € V(Hp). For any given s € K and y € G, let %, denote the history of PackingProcess
up to immediately before embedding y. Suppose that .7, is in £. The probability that we embed
y to v, conditioning on J7, is at most ZdKDé_ln_l
%dgén by the diet condition. Let w(y) denote the number of neighbours of y in OddVert,. Then

for (A.iv) we want to show

, since we embed y to a set of size at least

YWyl < Rem
y
We split this sum into two parts. Let S denote the vertices y such that w(y) < n%®. Note

that 3> cow(y) < 2Dn. So Corollary 25 tells us that the probability that £ occurs and

4D
Zw(y)]ly—w > dD(Sn +n%?
yeS A0

is at most 2exp ( — %) < exp ( — n0'05).

Now consider the vertices of S, i.e. those y such that w(y) > n%8. There are at most 2Dn"2
such vertices. Since conditional probabilities multiply, the probability that £ occurs and 20 or
more of the vertices of S are mapped to v is at most

(2Dn0'2

20 > (ZdKDé_ln_l)Qo <n 10,

We conclude that with probability at least 1 — n™, either we are not in & or

4Dn 0.9 20
;WQ/)HZJ—W < dgén +n A+ 1910cg?n < 1och :
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Taking the union bound over choices of v, and since as observed £ a.a.s. occurs, we conclude
that a.a.s. we have (A4.1). O

For (A.v) we have to work a bit harder. Fix a vertex v € V(Hp). In order for a vertex
x € OddVert, to contribute to the sum in (A.v), two things have to happen. First, we have to
embed Ng, () to vertices of Ny, (v) and not embed any vertex of G’ to v (we say we create
x covering v). Second, we have to not use any of the edges from v to the embedded neighbours
of z in the remaining stages of PackingProcess (we say we lose x covering v if this happens). It
turns out to be rather inconvenient to deal with these two things together.

So what we do is first show that we create a reasonably large number of OddVert covering v
in total. We do this by considering the embedding of each G’ one after another. It is enough
to estimate, for each s € K and x € OddVertg, the probability that Ng,(z) is embedded to
Ng, ,(v) and v € im ¢, conditioned on the history of PackingProcess up to the point where

H,_1 is defined; this is an easy consequence of the diet condition. Then Corollary 25 gives what

cn
logn*

We should note that it is at this point where we need this bound on |OddVert,|. But for our
approach this bound is necessary: if |[K| < % log n, it is likely that there would be a vertex v in
the image of all the ¢4 for s € K, and hence (A.v) would fail.

We then try to argue separately that we do not lose too many of these OddVert as edges

we want, because the contribution made by embedding any one G is at most |OddVert,| <

are removed to form Ha. For this argument, we do not work G’ by G%, but rather consider
separately each vertex embedding that causes an edge to be removed at v. There are two types
of such vertex embedding: for each s € KU J the vertex embedded to v (if there is one) removes
at most D edges, and thereafter each neighbour removes one edge. In both cases, by (A.iv) the
21001g —, which is small enough for Corollary 25 to give useful
probability bounds. For this sketch we ignore the first type, which turns out not to cause much

number of OddVert we lose is at most

trouble. It is not too hard to see that each time we remove an edge at v, we can give an upper
bound on the number of OddVert covering v we lose which is proportional to the current number
of OddVert covering v.

We separate two cases. First, the number of OddVert covering v never reaches (n (where ¢ > 0
is some not-too-small constant). In this case, we can use Corollary 25 and the diet condition
to show that the total number of OddVert covering v that we lose is small. But this gives us a
contradiction: at the end of the process we have less than {n OddVert covering v, and we lost in
total few OddVert, yet we created many OddVert covering v.

Second, there is some time in this process where there are (n OddVert covering v. We argue
(using Corollary 25 and the diet condition) that (ignoring any creation of new OddVert covering
v) the number of edges we have to remove at v in order to lose %n OddVert is ©(n). Once we
removed half of the OddVert, we lose OddVert at half the rate, so it takes as many edges to
remove the next %L OddVert, and so on. Since we remove less than n edges at v (because Hy
is an n-vertex graph) this argument necessarily stops after a constant number of iterations, and
this gives us (A.v).
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Proof of (A.v). Let € be the event that PackingProcess does not fail, that for each s the graph
Hs_1is (as—1,2D+3)-quasirandom, and that at each time in using RandomEmbedding to embed
G’, the (Cas_1,2D + 3)-diet condition holds. Note that £ a.a.s. occurs.

Fix v € V(Hp), s € K and x € OddVerts. Suppose that Hs_; is (as—1,2D + 3)-quasirandom.
We aim to find a lower bound for the probability that N, (z) is mapped by RandomEmbedding
to N, ,(v) and furthermore v ¢ im ¢5. Observe that RandomEmbedding embeds in total less
than n vertices of G’. Consider the following coupling with RandomEmbedding. At each time
RandomFEmbedding embeds a vertex y of G, which is not a neighbour of z, we sample from a
distribution on {0, 1} with probability 2d;D 0~ In=1 of getting 1, such that if y — v we get 1. At
each time RandomEmbedding embeds a vertex of G, which is a neighbour of x, we sample from
a distribution on {0, 1} with %dA probability of getting a zero, such that if y 4 Ng, , (v) we get
1. We claim that if at each step we have the (Cas_1,2D + 3)-diet condition, then this coupling
succeeds. Furthermore, if in the coupled independent Bernoulli random variables we never get
1, then necessarily we create x covering v. The probability of none of these Bernoulli random
variables taking the value 1 is at most

(1243260 1)" - (Lda)” < exp (= 4d P671)27PdR < exp (—8Dd P67,

and the probability of the coupling failing — that is, of the diet condition at some point not
holding — is at most 3n ™7, so the probability that RandomEmbedding creates = covering v is at
least exp ( — 10Dd;D5_1).

By linearity of expectation, the expected number of vertices of OddVert, which RandomEm-
bedding create covering v, conditioning on H,_1, is at least |OddVerts|eXp( — 10DdKD5_1).

Summing this over all s € K we obtain at least n exp (— 10Dd;D 5‘1), since there are in total at

cn
logn?

least n OddVert. Finally Corollary 25 tells us that, since no OddVerts has size more than

with probability at least n~C either £ does not occur, or in total we create at least
(50) tnexp (- 10Dd;D5_1)

OddVert covering v. This completes the first step of the sketch.

We now need to show that we do not lose too many of the OddVert covering v we know exist.
To that end, given H,_1, let X 1 C [, OddVerty be the set of x € OddVerty with s <s—1
such that Ng , (z) is embedded to Ng,_, (v) and v ¢ im ¢y Let

ws—1(u) = Z ]l¢;,1(u)z€E(GS/)
re€Xs_1

where given x in the summation we set s’ such that x € Gy. Thus removing the edge vu from
H,_1 removes exactly w(u) vertices from X;_1; removing several edges vu; removes at most

>, w(u;) vertices from X,_;. Furthermore we have

(Xoal < ) w(u) < DX,

uENp,_ (u)
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since each vertex of X;_; has between one and D embedded neighbours. Consider the entire
running of PackingProcess as it embeds each graph vertex by vertex. There are two possibleloss
events, i.e. ways that we can use edges at v: for each G, the embedding of a vertex z (if it
exists; if not we still count the embedding of G’ as a loss event) of G, to v can use edges, and the

subsequent times when neighbours of x are embedded. In either case, we use at most D edges at

20Dn
logn

number of OddVert lost in each case. Note that if a non-zero number of OddVert are lost at v,

v and hence the maximum change is by (A.iv) at most . We need to estimate the expected
then necessarily a vertex of G’ is embedded to v and so no vertex of OddVerts covers v.

We begin with estimating the effect of the vertex of G, embedded to v, conditioned on Hy_1.
This is at most the effect of the entire embedding of G. By linearity of expectation, this is

Z w(u)P [uv used in embedding G| H,—_1]

ueNg,_, (v)
which we can estimate by (37) with & = 1; we see that this conditional expectation is at most
G _
2D| X, 1|29 < 4D X, 4|n".

Suppose that a vertex x of G’ has been embedded to v; let y be a neighbour of x not yet
embedded. The expectation of w (qb(u)), conditioned on the embedding up to immediately before

embedding u and assuming this embedding satisfies the (Cas_1,2D+3)-diet condition, is at most
D|Xs_1]

§d£5n
vertices with positive weight.

, since we embed y to a set of size at least the denominator which contains at most all

In either case, the expected effect is at most
(51) 4D%d P57 'n 7t X 4]

We want to estimate the sum of these conditional expectations in order to apply Corollary 25.
The total number of loss events is at most |[K| + | 7| 4+ n < 3n, since if we have removed n edges
from v certainly & fails (the remaining graph is no longer quasirandom).

We now separate two cases. First, suppose that there is no s such that

| Xs| > ¢n = ts D 2dR 5 exp ( — 10Dd P65 )n.

Then the sum of conditional expectations is at most 12D2dXD5_1Cn. By Corollary 25, with
probability at least n~=C either we are not in € or the total number of OddVert lost is at most
24D2d;D 8~ 1¢n. However, if this event occurs, after PackingProcess runs we have at most (n
leaves covering v, and have lost at most 24D2dKD d~1¢n, so at most 25D2d;D 5 1¢n leaves
covering v can have been created. As we just showed in (50), the probability of £ occurring and
this few leaves being created is at most n~¢. So the probability of £ occurring and being in this
case is at most 2n~C.

Second, suppose that at some stage s’ we have | Xy| > (n. We (slightly abusing notation)
at this point ignore any new creation of OddVert covering v, and write X and ws(u) for s > s



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 91

for the corresponding sets and functions. Note that (51) still upper bounds the expected loss of
members of the (redefined) X1

Consider following PackingProcess from the point at which Xy is created (i.e. when Hy is
defined) onwards. We pause for each ¢ € N when for the first time a vertex is embedded and we
have lost at least 4 2]X | of the Xy covering v. We claim that it is likely that we pause less
than 25D%d AD ot tlmes, so that in particular before the final vertex embedding which causes us

. . _orn2g-Ds—1 . .
to lose vertices of X covering v, there are at least 2 -4~25DP7da"0 | X ¢| vertices of Xy covering
20Dn

g

v; since that final vertex embedding causes us to lose at most =" of the X covering v, when

PackingProcess finishes, still at least 47250 2o

| Xs| vertices cover v, which is what we want
to show.

Let us now prove this claim. At the start of the interval where we have paused £ — 1 times
w41, if £=10) we have between 4174 Xy| and 2- 44| X | vertices of

X covering v. So assuming £ holds, in this interval, at each loss event, the expected number of

(when we begin to embed G’

vertices of Xy covering v we lose, conditioned on the history immediately before the loss event,
is by (51) at most
AD?d P57 In7t 2 4170 X .

Suppose the interval where we have paused £ —1 times has less than %Dﬂdgén loss events. Then
by Corollary 25 the probability that we are in £ and lose in total 2 - 4*£|X /| vertices covering
v is at most n~¢. So within £ the probability that this interval has less than %D_ngén loss
events is at most n~¢. Taking the union bound over ¢, the probability that we are in £ and
any interval has less than %D*ngén loss events is at most n'~¢. There are in total at most
| T+ |K| 4+ n < 3n loss events, so in this likely event there are less than 25D2dKD 5~! intervals,

which is what we wanted to show. O

To prove (A.iii) we use Lemma 49 to estimate the probability that the embedding of a given
Gs by RandomEmbedding uses a vertex of S. Given this estimate, (A.ii7) follows easily from
Corollary 25 and the union bound.

Proof of (A.iii). Let € be the event that PackingProcess succeeds and for each s the graph Hs_q
is (as—1,2D + 3)-quasirandom.

Given S1,S2 C V(Hp) with 1 < |S;| < D, i = 1,2, and s € J, we condition on Hs_; and
assume we are in £. By Lemma 49 and the inclusion-exclusion principle the probability that
im ¢2 is disjoint from S; and includes Sy is

(142000 D%a,_ 5 1) (2=1oulCa)y 151l Z<‘52’> (1 Lya) - (2ouG)ISi] (uGa)isal
k=

It follows that

S Plim¢A NSy =0,5 Cim¢A|Ho ] = (1£ Eya) ol - (6+ 100 (16— 102)
s€Jo

|52\
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since each G, with s € Jy has (1 —§ — 10\)n vertices. We obtain similar estimates for [J; and
Jo; then by Corollary 25 and the union bound over {Jy, J1, J2} and choices of S1 and Sa, (A.éii)
follows. O

To prove (A.vii), given v, we need to estimate the probability that the embedding of a single
G, with s € J puts a SpecPaths end-vertex on v. Given such an estimate, Corollary 25 then
tells us that with high probability we have all the three desired equalities for each v. To estimate
the probability of embedding some path end-vertex of G5 to v, it is enough (since the events
are disjoint) to estimate the probability of a specific path end-vertex = € G5 being embedded to
v, which is provided by (34). The proof of (A.viii) is essentially the same, except that (34) is
replaced with (35), and we prove both statements together.

Proof of (A.vii) and (A.viit). Fix uw,v € V(H), and let £ be the event that PackingProcess
succeeds and for each s the graph H,_; is (as—1,2D + 3)-quasirandom.

We first prove (A.vii). For a given s € J, let X, := {leftpathy(P), rightpathy(P) : P €
SpecPaths,}. Note that | X| = 2|SpecPaths,|. Conditioning on H,_;, and assuming we are in &,
for any x € X we have by (34)

P[w — v] = (1 + 104C'a5_1D571)n71 .

Since these events are disjoint, the conditional probability that some vertex of X is mapped to
v is
(1£10*Ca,—1 D6 1) - 2| X n ' = (2 Eya) [ Xsn L.

For each J; the sum of these conditional probabilities is easy to compute. For [J;, we have
|J1| summands, in each of which |Xs| = oin. For Jy and Ja, we have |X;| = An. Applying
Corollary 25, we see that with high probability either £ does not occur, or we have (A.vii). The
former is unlikely, so with high probability we have (A.vii).

The proof of (A.viii) is almost identical, so we only mention the difference. For (a)—(c), we
use (35) to obtain the probability that the embedding of G, maps a given z € X to v and also
u & im ¢, and we note that (n—v(G}))n~ = §+1001 for s € J1, (n—v(G,))n~t = §+10A for
s € Jo, and (n —v(G}))n~' =&+ 6 for s € Jo. For (d), we use (36) to obtain the probability
that the embedding of G/, maps a given 2 € X, to v and also u, u’ ¢ im ¢2. (]

Finally we prove (A.iz). Here we do not need an accurate estimate. Given vy, v3, we find an
upper bound for the probability of the embedding of a given G, contributing to the count for
this pair, and apply Corollary 25 to obtain the desired result.

Proof of (A.ir). Fix vi,ve € V(H). Let P = |J,c s SpecPaths; we aim to count the number of
paths in P whose ends are embedded to {vy, va}.

Observe that the embedding of any given G, for s € J contributes at most one to this count,
so it is enough to find a good upper bound on the probability that a given G’ with s € J does
contribute one. Consider the embedding of G, into Hs_1 by RandomEmbedding. Suppose that at
some point a vertex x, which is the first end of a path P € P, is embedded to one of {v1,v2} and
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the other of {vy, v} is not yet used in the embedding. Then the embedding of G’ contributes
only if the other end y of P is embedded to the other of {vy,ve}. If the (Cas_1,2D + 3)-diet
condition holds at the time when y is embedded, then y is embedded to a set of size at least
%dg&l, so the probability of its being embedded to the other of {vy, vy} is at most ‘12% in this
case. If Hs_1 is (as—1,2D + 3)-quasirandom, then by Lemma 46 the probability that the diet
condition fails is at most 2n 7.

So we conclude that if Hs_1 is (as—1, 2D+ 3)-quasirandom, the probability that G5 embeds the
ends of a path of P to {vy, vy} is at most dz%. Let & be the event that Hs_1 is (as—1,2D + 3)-
quasirandom for each s; then Corollary 25(b), with i = 7 = 3y"P§~! and § = n®2, says that
the probability that £ occurs and yet more than 2n°? paths of P have their ends embedded to
{v1,v2}, is at most exp ( — n®1).

Taking the union bound over choices of v; and v, a.a.s. either &€ fails or we have (A.iz). Since

we proved that € a.a.s. does not fail, a.a.s. we have (A.iz). O

9. STAGE B (PROOF OF LEMMA 31)

The main purpose of this stage is to embed (OddVerts)sex so that the parities of the degrees
of the vertices of the host graph are prepared for later stages of the embedding process. This
key parity condition is (B.iii). We begin by finding a pairing of vertices in Ha with some
vertices of (J,cx OddVert, such that embedding any collection of the paired | J ., OddVert to
their paired vertices of Hp gives a valid packing. Recall that each graph G? with s € K has
by (5) (1 — d)n — |OddVerts| vertices. Since |OddVerts| < ogn Dy Definition 9(e), this means

v(G*) = (1 -0+ 0(1))n and the o(1) will always absorb into the error term (5) in the following

arguments.

Lemma 52. There is an injective map 7 : V(HA) — [Jsexc OddVerty such that if m(v) = x €
V(Gy), then v & im®(s), the pair vd™(y) is an edge of Ha for each y € Ng,(2), and no edge of
Hp is obtained twice in this way (i.e. no embedded neighbour of W_1(¢8A(y)) is embedded to v).

Proof. Let ﬁ be a uniform random orientation of E(Hja ). Given any ¢ < 2D + 3 and vertices
v1,...,vp of Ha, and any subset T of Ng, (v1, ..., v¢) such that |T| > yan, the expected number
of vertices of T" which are out-neighbours of each of v1,...,vp in H is 2_€|T\, and by Chernoff’s
inequality the probability that the actual number is not (1£v4)27¢7T is at most exp ( —n®1).
In particular with high probability, by the union bound, for each of the polynomially many sets
defined by (A.ii) with ¢ vertices, a (1 £ ya)2 %fraction are out-neighbours of each of the ¢
vertices in ﬁ We will need two specific cases of this: if x € OddVert,, then

(52) NS (A (N, () \ im™ (5)] = (1 £ 3ya)2” Dosatdoom

and if in addition y € OddVerty, with s’ # s, is such that ¢2(Ng,(x)) and ¢?(NG5, (y)) are

disjoint, we have

(53) [NZ (62 (Ne, (2)) U B (NG, (1)) \ (im™(s) UimA ()| = (1 £ 3ya)2 2Pt @Pota 2
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Furthermore, from (A.v), with high probability for each v € V(ﬁ) there are at least

(54) 9~ Doaa=l . 4=50D%, 0571,

vertices of J,c OddVerts which we could map to v using only edges going to v and without
destroying the packing (i.e. v is not in the image of that particular graph).

We draw an auxiliary bipartite graph F' whose parts are V(H) and | J ¢, OddVert;. We put
an edge from z € OddVerts to v € V(ﬁ) if and only if v ¢ im®(s) and v is an out-neighbour of
2 (y) for each y € Ng, (z).

Claim 52.1. There exists a matching in F' covering V(ﬁ)

Such a matching gives the desired 7; the orientation of ﬁ ensures that no edge is used twice.

Proof of Claim 52.1. We verify the defect Hall condition for F. To this end, consider an arbitrary
nonempty set 7' C V(ﬁ) Let S C [Jsex OddVerty be the vertices of adjacent to at least one
member of 7.

Firstly, applying (54) to an arbitrary vertex of T', we see that |S| > 27 Poda—1 450D "0y,

In particular, the only cases for which it remains to prove Hall’s condition are when
—D ¢—

(55) |T| > 2 Poda1. 4=50D%dx 77",

We claim that in such a case, we actually have in this case we have

(56) S| > | | ) OddVert,| — 20yan .
sek
This obviously verifies Hall’s condition since
|S| > } U OddVerts| —20yan >n > |T|.
sek
So, suppose for a contradiction that (56) fails, and for the set S* := J,c,c OddVert \ S we

have
(57) |S*| > 20yan .

Let T* := V(H) \ T. Let us count the number N of triples (u,v,u’) such that u,u’ € S* and
v € T* so that uv,u'v € E(F).
By (52), we have that the average degree of a vertex in T to S* is

ep(T*,5%) Y ,esdegp(x) S (1- SfyA)dgo‘i%_Doddén\S*\
7] 7| B 7] '

Hence by Jensen’s inequality the average number of pairs of F-neighbours a vertex t € T* has

in S* is at least
|5

2Do - [e}
TP (1 — 3ya)2dy 00927 2Podd 522
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It follows that
Exls
| T+

(58) N > (1 — 3ya)?d3 eda9=2Doaa§22

On the other hand, we bound N from above by counting starting from pairs (u,u’) of (not
necessarily distinct) vertices of S*. Let ¢(u) denote the index such that u € V(G,,)). We say
that (u,u’) is of Type 1 if ¢(u) = ¢(u’). We say that (u,u’) is of Type 2 if ¢(u) # ¢(u’) and
the embeddings of the neighbourhoods of u and v’ are not disjoint; in particular this happens
if ¢(u) = ¢(u’). The remaining pairs (u,u’) are Type 3. To bound the number M; of pairs of
Type 1, we have

D9(e)
(59) My =) |S*NOddVert,,)| < [S*]- =

logn *
reS*

To bound the number M, of pairs of Type 2, we consider an arbitrary vertex x € S*. By (A.iv),

20cn : / *
fogn vertices ' € S* whose

embedded neighbourhood touches v. That means that there are at most 20%’#

we know that for each v € (;SQI)(NGLM (x)) there there are at most
vertices ©/ € S*
whose embedded neighbourhood is not disjoint with the embedded neighbourhood of x. Hence,
20D
(60) My < Z2o0 g
logn

For the number M3 of pairs of Type 3, we use the trivial bound
(61) Ms < |S*)?.

We now need to bound the number of ways a given pair (u,u’) can be extended to a triple
(u,v,u’) as above. We shall use the trivial bound that the number of such extensions is at most
|T*| for pairs of Type 1 and 2. For pairs of Type 3, we use (53) and see that the number of the
extensions is at most

(1+ 37A)d2ADodd2_2Dodd52n.
Using (59), (60) and (61), we obtain

) N < My - |T*| + My - |T*| + Mz - (1 4 3ya)d3 00427 2Poda g2
62
<|S*P(1 + 4ya)d3Po 27 2Poda 52

where the argument that the contribution from Type 1 and 2 is negligible compared to Type 3
uses (57).
Comparing (58) and (62), we get
n(1—3ya)® < (1+4ya)|T7,

which is a contradiction to (55).
This verifies the defect Hall condition. O

The existence of the map 7 follows by the discussion above. U
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Now let
S:={v e V(Hp) : degy, (v) # PathTerm(v) + OddOut(v) mod 2} .

Observe that X := (J, OddVert, \ 7(S) is a set of size at least yan. Let us now show that | X|
is even. Indeed, writing = for equality and = for equality modulo 2, we have

Z |OddVert,| + Z (degg, (v) — OddOut(v) — PathTerm(v))
sek veV (H)

= Z (degp, (v) — PathTerm(v))
veV(H)

X

=2e(Ha) —2 U SpecPaths,| =0 .

seJ

We draw a graph F’ on vertex set X, putting an edge between u,v € X if ¢(u) # ¢(v) and
their embedded neighbours are disjoint. By (A.iv) and Definition 9(e), every vertex of X is
adjacent to all but at most (Dyqq + 1)en others. In particular F’ has minimum degree at least
| X]/2, so by Dirac’s theorem F’ contains a perfect matching, say M.

We now construct the ¢B for s € K. First, for each x € S, suppose z € G, and extend
™ by mapping x to 7~ !(x). Let H’ be the graph of edges remaining from Hp (removing
the edges used by this embedding). Having embedded each x € S, we greedily embed pairs
of vertices of X as given by M. Suppose xy € M, with z € G5 and y € Gy. Recall that
s # s'. We choose v € V(H) which is not in im” (s) Uim# (s'), and which was not used to embed
any vertex of OddVerts U OddVerty, and which is a common neighbour in H’ of the vertices
¢2(Ng, (z)) U ¢%(Ng,, (y)), and which was not chosen more than cn times in this process. We
embed both x and y to v, and remove from H’ the edges used by these embeddings. We claim
this process succeeds, and defines the required embeddings <;5]53 for s € K and remaining graph
Hpg. Note that if the process succeeds, then we automatically have (B.7), (B.i1).

Observe that in this construction, there are two ways we use edges at a given vertex v. We
use an edge at v for each vertex of | J, OddVerty for which v is an embedded neighbour, and we

use edges at v whenever we embed a vertex of | J, OddVerty to v. By (A.iv), we use at most

20cn
logn

2D,qq edges at v, and since we choose v at most cn times, there are at most 6 Dcn edges of

edges of the first type. Since each choice of v to embed one or two OddVert uses at most

the second type. So in total the degree of v decreases by at most 8 Den from Hp to Hg, hence
obtaining (B.iv). Now, the only way in which our construction can fail is that at some point we
need to embed some matched pair zy € M and all the vertices to which we can embed them
have already been used cn or more times. By (A.ii), the set of vertices to which we could embed
both x and y before the start of this stage has size at least (1 — 7A)d2AD52n. Of these vertices,

at most 1(2);’}1 may have been used for embedding the OddVerts and OddVerty (where x € G

and y € Gy) and hence have become unavailable. A further at most 16D?cn may have become

unavailable since an edge from one of the at most 2D embedded neighbours of x or y has been
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used. However this leaves at least cn vertices; they cannot all have been used cn times since the
size of | J, OddVert, is at most 2n. We conclude that the construction process succeeds.

Let us now turn to the key property (B.iii). Given a vertex v € V(Ha), the each edge vw
used in Stage B was of the following two types:

(a) for some x € OddVerts, and some y € Ng, (z), y was embedded on v (in Stage A) and =
was embedded on w (in Stage B),

(b) for some x € OddVert,, and some y € Ng,(x), y was embedded on w (in Stage A) and =
was embedded on v (in Stage B).

The number of edges as in (a) is OddOut(v). As for edges as in (b) in the case v € S, we recall
when we placed 7(v) we used exactly Doqq many such edges, which is odd (c.f. Definition 9).
Additional edges as in (b) come exclusively by placing pairs {z,y} C |J, OddVert, (here, zy € M)
on v; placement of each such pair uses exactly 2D,qq edges, which is even. In the case v € 5,
the edges incident with v considered in (b) come only from placing pairs, and hence their total
number is even. Put together, we see that if v € S the total number of edges incident to v used in
Stage B is equal modulo 2 to OddOut(v) + 1, while if v ¢ S, it is equal modulo 2 to OddOut(v).
This establishes (B.ii1).
Observe that (B.v) follows from (A.7) and (B.w).

10. STAGE C (PROOF OF LEMMA 33)

If n is odd, we pick an arbitrary vertex of H to be . We then need to embed all the paths in
U,e .7 SpecPaths, which are anchored at [ (of which there can be at most one per s € J) and in
addition some more paths in order that all the edges at [@ are used, and exactly one path from
each SpecPaths, for s € J) is embedded.

Let us first provide an overview of the proof. Set
Jm = {s € J : 3P € SpecPaths,, {¢2 (leftpathy(P)), ¢ (rightpathy(P)} N {@m} # 0} .

Observe that for each s € Jg, there is exactly one such path, which we denote by P. We need
to use |Jm| edges leaving [ to embed these paths, after which we are left with degy, (&) — |Jg|
edges remaining to cover. By (B.iii), q := w is an integer. By (A.4i), with S = {@}
and T = (), we have degy, (&) = (1 £ya)dan and by (B.iv) we therefore have

degy (B) = (1 £ 2ya)dan = (144 0.2)X%n .

By (A.vii) we then have
(63) |Tal = 2 £9a)(AJo| + 01| T1| + A F|) = (2£0.1)A\?n , and
(64) q=(6=+0.3)\n.

The only part of this embedding where we need to be careful is when we embed the edges at
©. To do this, we use a matching argument. Recall that since in Stage B we embed only edges
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of graphs Gy for s € K, we have for each s € J that im®(s) = im®(s). We define an auxiliary
balanced bipartite graph B. One part of B is X := {PY : s € g} U {xi,y; : @ € [¢]}, where x;
and y; are auxiliary elements. The other part of B is Ny, (). We draw an edge in this graph

from each P2 to each u € N, (@) such that u ¢ imB(s). To define the remaining edges, we
work as follows. We define

Z={seJ\Jn:B¢imP(s)} ={se T : m¢gimP(s)}.
From (A.#1) with S; = {E} and Sy = (), we see that

(65) (1 =74)8T] < |Z] < (1 +74)8]T] -

In particular, |Z| > ¢. Hence, we can choose uniformly at random distinct indices sq, ..., sq,
and for each i € [g] we draw an edge from each of z; and y; to each u € Ny, (@) such that
u ¢ imB(s;). The point of this graph is the following: a perfect matching in B tells us how to
embed the first edge of each P (and we will be able to greedily finish off the embedding) and
for each i € [q], two edges which will be in the middle of a path of SpecPaths, (we will be able
to choose which path, and complete the embedding greedily). See Figure 5.

Hc
[ P € SpecPath, ,s1 € J \ Jo
; °
; . P € SpecPath, , s, € J \ Jg
’.' ‘.’ I)‘E,Sg € Jn
‘.' H
T

I/ : Legend
P . ' vertices embedded in Stage A

middle 2 vertices of a path from SpecPath_,

: [ ]
: ]
: neighbors of end-vertices of the paths embedded on I ©

X 2 other vertices of the paths *

FIGURE 5. Embedding in Stage C. Vertex [ enlarged for clarity.

Claim 52.2. With positive probability, there is a perfect matching M in B.

Proof. Since B is balanced, the desired property is equivalent to the existence of a matching
covering X. To that end, we shall use Hall’s condition. Let us note some degree and codegree
properties of B. For any vertex a in X, by (A.4i), with S = {E} and T being either s where
a = PP or s; where a € {z;,y;}, and by (B.iv), we see that

degp(a) = (1 £ ya)dan(l — IZEY 4 8Dep = (14 2y4)dan (1 — 0y
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where the first term comes from (A.ii) and the second term uses (B.iv) to estimate the number
of these edges removed in Stage B.

Similarly, given a,a’ € X which are not of the form z;,y; for any i € [¢], again using (A.ii)
with S = @ and this time with 7" = {s, s’} where s is the index corresponding as above to a,
and s’ (which is by assumption not s) is the index corresponding to a’, we see that

(66) degp({a,a’}) = (1 £ 2vya)dan(1 — \imz(S)l)(l _ \imA(s’)I) .

n

Finally, given v € Ny (@), using (A4.i2) with S} = {[3,v} and Sy = 0, we see that for the
number f of indices s € J such that neither @ nor v is in imB(s) we have f > (1 — ya)d?|7]|.
Hence the number of indices s; with v ¢ im®B (s;) has hypergeometric distribution with parameters

|Z|, f, q. Hence, the expectation of this random variable is

(64),(65) (1 — 52 - 5\2
g O (1) T| BN
1Z] (1+74)d|T|
Fact 23 tells us that the probability that we choose less than 30yan of these indices among

81,...,8¢ is less than n~2. In particular, taking the union bound over the at most n choices of
v, we see degz(v) > 30van holds for all v € Ny, () with probability at least 1 —n~!. Suppose
that this likely event occurs.

Now given any non-empty X’ C X, we verify Hall’s condition. We shall distinguish three
cases based on the size of | X'|.

If |X'| < 2dadn, then choosing any x € X’ (which can be either in {PP : s € Jg} or in
{zi,y; : i € [q]}) we have by (A.i) (and by (B.iv)) that degg(x) > |X’|. This verifies Hall’s
condition for X’.

If | X'| > (1—20vA)dan, then we claim that the joint neighborhood of X’ in B is the entire part
N7 (), which will obviously verify Hall’s condition for X’. Indeed, suppose that v € Ng (&)
is an arbitrary vertex. By (A.éii), there are at least (1 — ya)d|J| indices Q, :={s € J : v ¢
imB(s)}. So, the claim will follow if (Jz U {s1,...,54}) N Q, # 0, which we will show next.
Indeed, otherwise we would have

‘(63 6

):(64) (2)
T > |Tal+q— X\ X|+1Q] > 7.6\ —40yadan + (1 —7a)d|T| > |T],

a contradiction.

Suppose now X’ is any set with %dAén < |X'| < (1—207a)dan. Let the joint neighbourhood
of X’ in B be Y. We count the total number of triples (a,d’,y) with a,a’ € X" and y € Y such
that ay and a’y are edges of B. On the one hand, this is equal to

Z degp({a,a'}).

a,a’eX’
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We can use the upper bound (66) for all but at most 3| X’| pairs a,a’. On the other, it is also

equal to
> degs(y)? = iy (D degs(v) ) (X degpla ) v D degp(a)degp(a)
yey yey aeX’ a,a’eX’

by Jensen’s inequality. Putting these two together, and for convenience writing s and s’ respec-

tively for the indices corresponding to a and @’ in summations, we have

Z (1+2ya)dan(1l — M%) (1- M) + 3| X'|n
a,a’€X’

im# im# (s’

> ﬁ (1_27A)2din2(1_ | n(s)\)(l_ | n(5)|)_
a,a’eX’

Now the 3| X’|n term on the first line is, because | X'| is sufficiently large, small compared to the

main term; in particular we have

3 (14 37a)dan(l - [im? L)l (1 - Iim‘;(s')\)

a,a’€X’

imA (s imA (s’
Zﬁ Z (1—27A)2d3w2(1—| n()\)(l_l n( )l).
a,a’eX’

is identical

[imA (S)I)( IimA(S’)\)

Now most of the terms cancel (in particular the sum over (1
on both sides) and we get (1 + 3ya) > |Y| (1 — 2ya)%dan. In particular, we have |Y| > |X'| as
required. This completes the verification of Hall’s condition. 8]

So, suppose that our choice of indices s1,..., s, yields a perfect matching in Claim 52.2. We
now explain how to use this perfect matching M to embed complete paths. The condition we
need to maintain is that we do not use any vertex other than & more than n%° times in these
embeddings. We assign to each vertex v in V(H)\ {@} a number of uses, which initially is equal
to the number of paths in {P! : s € Jg} which are anchored at v (i.e. their endvertex not
mapped by ¢ to @ is mapped to v), plus one if v € Ny, (E). By (A.iz), the initial number
of uses of any given v is at most n%3 + 1. Whenever we use a vertex in the following greedy

05 we mark

embeddings, we add one to its number of uses. When a vertex has number of uses n
it as forbidden; we claim that at no stage do we have more than 20n°® forbidden vertices. Indeed,
initially summing the number of uses over all vertices v we have at most n (since at most n/2
paths are anchored at @ by (A.vii), and since the number of ‘plus ones’ is degy, (B) < n/2).
The total number of paths we embed greedily is at most n (since |J| < n and we embed at
most one path of any given graph), and all these paths have at most 11 vertices, hence the total
number of uses cannot exceed 20n.

To begin with, we choose for each i € [¢] a path PE, and for each s € Jy \ Jg such that
s # s; for i € [¢] a path P, We choose these greedily, in each step choosing a path in G whose

endvertices are both mapped by gZ)SA to vertices which are not forbidden; we then add one to the
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number of uses of each endvertex and update the set of forbidden vertices. Since each SpecPaths,
contains at least o1n paths, of which at most 40n°- are forbidden, this is always possible.

To begin with, we choose greedily embeddings of the paths P™ for s € Jg. For s € Jg, we
start with the embedding ¢2, and extend it to ¢€~ by mapping the vertex us of P2 adjacent to
((bSA)_I(El) to the vertex vg paired in the matching M with P2, Let v’ = ¢ (u') where 1/ is the
other endvertex of PX. We then for each ¢ > 3 in succession map the ith unembedded vertex
u; of P2 to a vertex v; in Npg (vi—1,7") \ im# (s). We choose v; which is not forbidden, which
is not one of the at most 10 previous vertices used for G5 in Stage C, and such that the edges
v;_1v; and v;_1v" have not been used for any previous embedding in Stage C. By construction,
the result is an embedding of P! if each step is possible. We claim that each step is indeed
possible: by (A.ii), with S = {v;_1,v'} and T = {s}, there are at least (1 —ya)(da)?dn vertices
which are adjacent in Ha to both v;_1 and v’ and which are not in imA(s). At most 16Dcn of
these vertices are no longer in the common neighbourhood in Hg by (B.iv); at most 20n°° are
forbidden; at most 10 were previously used in Stage C for Gy; and at most 2n%® of these vertices
cannot be used because the edge to v;_1 or v/ was previously used in Stage C. Thus there are at
least (1 —2va)(da)?n valid choices.

Next, we embed the paths PSBZ, for i € [g]. We use the same strategy, except that for each i we
embed separately a path from the M-neighbour of x; to one endvertex of P, and a path from
the M-neighbour of y; to the other endvertex of PE, choosing these two paths with the same
number of internal vertices up to an error at most one such that the total number of vertices is
|PE)|. Note that this means each path has at least one internal vertex, and hence by the estimates
above this too is always possible.

Finally, we embed the remaining paths P (for which we have s € Jy). We use the same
strategy again, and the same estimates show that this is possible.

If n is odd, we have now a collection of embeddings ¢S~ for some s € J. Whether n is odd or
even, if we have not yet defined #€~ we let it be equal to ¢%, and we let Ho— be the subgraph
of Hp obtained by removing all the edges used in these embeddings, and the vertex [@. For each
s € J, we let SpecPaths;* be the set of paths in SpecPaths, which are not embedded by ¢¢ ™.

The critical properties we should note are the following. We have |SpecPaths;*| > |SpecPaths,|—
1. The density dg- of He- is da = O(n~1). By (B.iv) and by construction of the embeddings
above, for every vertex v € V(Hc-) we have degy (v) > degy, (v) — 10Decn. For each s € J,
we have | imA (s) \ im©” (s)’ < 20. Finally, for each v € V(Hg-), the number of s € J such that
v € im© (s) \ im?(s) is at most 10Dcn. To see that the last of these is true, note that if v is
used in Stage B or C™ by a given graph G, then we also use at least one edge at v to embed
an edge of GG in one of these stages, and we use at most 10Dcn edges at v in these two stages.
What we obtain from these observations is the following, which we will use repeatedly in the

rest of this stage.

() For each condition from Lemma 30, the same statement holds after Stage C~, replacing

YA with 2ya.
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We next label V(Hg-) = {H;,H; : i € [[n/2]]}. Consider such a labelling chosen uniformly
at random. We claim that this gives a quasirandom setup.

Lemma 53. With positive probability, the uniform random labelling V(Hc-) = {B;,H; : i €

[|n/2]]}, together with J; fori = 0,1,2, with path-forest FC~ consisting of the paths of SpecPaths’*
for each s € J, with used sets US™ = im ¢S, with anchor sets AS~ given by ¢S~ ap-

plied to the leaves of SpecPathst* and with IS~ = {j € [|n/2]] : B;,8; ¢ im© (s)}, is a

(10va, Lc, dg-, do-)-quasirandom setup. Furthermore, for each w € V(Hg-) and j € [[n/2]]

such that u ¢ {B;,8;} we have

{s€ Jo:ue AT, j € IS} = (1 £2ya)|T0| - 2A(6 + 10X)?,
and for each s € Jy we have |[IS~| = (1£10va)%(1 — WST(J_')2

Proof. We split the proof of this lemma into the following claims.
The following claim takes care of (Quasi3).

Claim 53.1. For every v € V(Hg-), a € {B,B} and i € {1,2}, let X, v, 7 be a random
variable counting the quantity from (Quasi3). Then E[X,yv, 7] = (1£27a)5 D osed: |AS—].
Further, P [| Xy v,.7| — B[Xuv,.7]] > n®?] < exp(—n’?).

Proof. Given v, a and i, recall that by (A.vii) and (%), we have that the number of P €
Uses, SpecPathst™ for which v € {¢$~ (leftpathy(P)), ¢S (rightpathy(P))} is equal to

(L£ya)y D 14T
seJ;

Each such path is counted in X, y, 7, if and only if the unique vertex of

{65 (1fepathy(P)). 6 (rightpathy (P)) } \ {v}

ends up in the set V; the probability of this is % Hence, the statement about the expectation
follows.

Let us now turn to the statement about the concentration. To this end, we model the ran-
dom splitting in a particular way. We consider a space Q = [0,1]V#c-) (equipped with the
Lebesgue measure). Suppose that & € Q. Suppose further that all the coordinates of Z are
distinct; this requirement creates an exceptional set which is null. Then based on T we can
define Vg as those vertices v € V(Hg-) for which #(v) is among the [5] smallest values of
{Z(u)}uev(m,_) and Vig as those vertices v € V(Hc-) for which Z(v) is among the | 3] largest
values of {Z(u)}uev (). Taking Z at random yields the right distribution of Vg and V. This
way, we can think of X, v, 7 asarandom variable on 2. Observe that when we change a variable

# € Q in one coordinate, X, v, 7, (Z) changes by at most n’3 by (A.iz). Hence, Lemma 24 gives
0.9)2

that P [| Xy v, 7| — E[Xuv,7] > n%] < 2exp (—%) < exp(—n"?). 0

The following claim takes care of (Quasi5) and (Quasi2).
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Claim 53.2. For all s € J, for all v & im©™ (s) and for all a,b € {B,8}, let AS™ denote

the subset of u € AS™ such that the path of SpecPaths®™ with leaves (qbg_)_l(u) and y has

¢S~ (y) € V. With probability at least 1 — exp(—n®1) we have that

A
4

AT |

Van AP ANy (v)| = (1 £ 4y4)de- and  |VaNAS™Y = (1+3ya)

Proof. By (A.vi) and (%), \AS_HNH07 (v)| = (1£2ya)dc_|AS~|. For each x € AS_QNHC, (v),
the probability that z € AS™* NV, is (1 + c)}, so the expectation of |AS™P n Np, (v) N Vg is
(1£3ya)dc—|AS~|/4. Similarly |V, N AS~| has expectation (1£+va)5|AS~|. The concentration
follows as in Claim 53.1. In particular, observe that a change of one coordinate in a variable
# € Q changes [V, N AS ™" NNy (v)| or [V, N AS ™

O

The following claim is a first step towards (Quasil).

Claim 53.3. Let a € {H,B} and S C V(Hg-), and T C Jy be such that |S| < Lc and
|T| < Lc. Then the following holds with probability at least 1 — exp(—n?5%).

fo
(1 + 4yp)dlS! H< W’)Z
n

seT

(67) Va Ng,_ (S\ | J US| =

seT

Proof. We think of the random labelling described above as follows. Firstly, we split V(Hc-)
into Vg, Vg (where |Vg| = |Vg| = [5]) at random. Secondly, we consider random labellings
{Bi}ie| z)) of Vg and {H;}e( 2 ) of Vie. Note that after the first stage (without considering the

random labelling), we are already able to determine (67). By (A.ii) and (*) we have

S\ JUE| = (1+2ya d|S|nH< U{:_').

seT seT

Since each vertex of Ny (S) \ User U~ has probability £ of being in V,, we obtain

US|
1+ 2ya)dS T (1= 19T
gl L (115

seT

Va NNy (S)\ | U
seT

Furthermore, the random variable |V, "Np__ (S) \ User U, C~| is exponentially concentrated
by Fact 23. 0

We can now finish establishing (Quasil), and our bounds on |[I€~| for s € Jy. Recall that for
s € Jo, the set I€ is the set of i € [|n/2]] such that B;,8; ¢ US~.

Claim 53.4. Let 51,52 C Vg U V@, and T1,T5,T3 C J be as in Definition 28. Then with
probability at least 1 — exp(—nY?) we have that the set

X:=qjel[3]]:8,eNg_(S)\ |J US .8 eNuy,_ (S2)\ |J US
se€T1UT3 se€THUT3
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has size

Cc— C—|\ 2
RAREA Us" ™| U™\ n
(1£107a)d" 20 ] (1—n>-H (1—n 5

s€T1UTh s€T3
Proof. We consider the same random experiment as in Claim 53.3. With probability at least
1 — exp(—n®?), V(H¢g-) is split between Vg and Vig so that (67) holds simultaneously for all
choices of a € {H,H}, S, and T
Suppose now that Si,S3,71,7T5,T3 are given. We expose the labellings {Elj}je[L%J} and
{Eﬂj}je[L%J]' Consider the sets

Ya=qjell3l]: 8 eNn (S)\ |J US ¢ and
seT1UTs

Vi =g e8] B Ny, ($)\ |J US
seTrUTs

We have that X = Yg N Ym. Thus, |X| has hypergeometric distribution with parameters
(L5]),1Yel, [Ym|). Note that the sizes of Yg and Yg do not depend on the exposed labelling
but only on the sets Vg and Vig. We apply (67) with a =B, S := 51, T :=T1 UTj5 and get

Sy n US|
yYEyz(umA)d‘cl_'E I1 <1— .

seT1UTs n
Similarly,
US|
Y| = (1 +4 S T sl '
Yol = (=) 5 T (1- 5%
s€ToUTs
Now, Fact 23 yields the statement. 0

Next, we turn to verifying (Quasi4).

Claim 53.5. Suppose that s € Jy and v € V(Hg-) \ US~. Then with probability at least
1 — exp(n®?), we have

{8 e Ngr__(v) :i € IE}

{Bi €N (v) i € ITT}| = (1 £ 107a)do- 15|

Proof. We prove the statement for the H;; that for the H; is symmetric. By Claim 53.3, after
Cc—
revealing the sets Vi and Vig, we have (1+47y4 )dg- (1— lU“'n |)% vertices in N7, ()N (Ve\UE"),

Cc—
and (1+4y4)(1— ‘Usn ‘)% vertices in Vg '\ US™. We then consider the uniform random labelling

of the H; and H; within Vg and Vi, as in Claim 53.4. We have 7 in the desired set if and only
if 3, € Vg \US™ and |, € Np, (v) N (Vs \ UE™), so the size |{H; € Np, (v):i€ I€}| has
hypergeometric distribution with parameters
C— Cc—
(13), (= 47a) (1 = )2, (1 da)de- (1 50 3).

As in Claim 53.4, we conclude by Fact 23 that the lemma statement holds. 0
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For (Quasi6), given Sy, S2 C V(Hg-) disjoint, and additionally a set T' C [|n/2]] such that
for each j € T we have B;,H; ¢ S1 U Sz, with each set of size at most Lc, we apply (A.4)
and (). For i = 1,2 we use input Sy, Sz, J;. For i = 0, we use input S; U {H;,H; : j € T},
Sy and Jp. This gives precisely the required (Quasi6). For (Quasi7), given i € {0,1,2} and
v € V(Hg-), we apply (A.vii) and (x) which gives (Quasi7). For (Quasi8), given i € {0,1,2}
and u # v € V(Hg-), we apply (A.viii) and (%) which gives (Quasi8).

Finally, we prove the required bounds on ‘{s ceJo:u€ ASC_,j € ISC_} for u € V(Hg-) and
j an index such that v ¢ {H;,H;}. By (d) and (x), for any three distinct vertices u, v, v’ of
V(Hg-), we have

s € Jo:ue AT, v,0 g US™} = (1£274)|J0| - 2A(5 + 10X)%.

We apply this with v = BH; and v = Hj, and note that by definition j € I €= if and only if
B,,8, ¢ US~.

Since the error probabilities in Claims 53.1-53.5 are superpolynomially small and since there
are only polynomially many instances of (Quasil)—(Quasi8), we conclude that the random
labelling satisfies all of them with positive probability. In particular, there exists one such
labelling, completing the proof of Lemma 53. U

To complete the proof of Lemma 33, we need to embed a few more paths, from the graphs G,
with s € J5, such that all edges of the form H;H; are used. We will ensure that we use only few
vertices of each G, and that we embed in total few edges at any given vertex, in this step. This
ensures that we preserve our quasirandom setup with only a little degradation of the parameters.

Lemma 54. There are sets SpecPaths? C SpecPaths’*, s € J2 and mappings (¢2)sez, such that

(i) For each s € Ja, the mapping ¢S is an embedding of the paths SpecPaths? into Hg-
that agrees with ¢S* on the leaves of SpecPaths?. For each edge uwv € E(Hg-), there
is at most one ¢% which uses uwv, and we let Hc be the graph obtained from Hg- by
removing all the edges used by (¢%)ser,-

(i4) For eachi € [|%]]} we have B;H; ¢ E(Hc).
0.6

(#ii) For each v € Vg U Vg we have degy  (v) > degp (v) —n"°, and for each s € Jo we
have |SpecPaths?| < n?5.

Proof. First we specify the sets SpecPaths?, s € 5. Initially, set SpecPaths? = () for all s € .
In order to comply with (74 ), we need to keep track on how much we map something to a vertex,
as any such mapping will decrease its degree by 2. If we embed too many paths anchored at
the same vertex, this also will decrease the degree of this vertex too much, and thus should
choose the sets SpecPaths?, s € J5 accordingly. For each vertex v € V(H), let us use a counter
c(v) initially set to 2 for each H;,H; such that H;H; € E(Hg-) and otherwise to 0. For each
paths included in SpecPaths?, s € J, anchored at v, we shall increase ¢(v) by one and for any
internal vertex of a path from SpecPaths?, s € J2 mapped to v, we shall rise ¢(v) by 2. Let
U :={v e V(H),c(v) > /n} be the set of vertices that gets dangerously overloaded. Observe
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that initially U = (). As we shall embed at most n/2 paths in this lemma, observe that the size
of U will never exceed 2 - TAn/\/n < \/n.

For each i € [2], let C(i) := {s € Jo,im ¢~ (s)N{B;,H;} = 0}. By Lemma 53 and (Quasi6),
setting S1 = {B;,H;} and Sy := 0, we have

|C()| > (1 —1074)(6 + 6))?|TFa| > 62An .

For each ¢ € [§] such that B;H; € E(Hc-) in succession, pick s; € C'(i) such that [SpecPaths{ | <
v/n—1. Observe that the number of s € J, such that |SpecPaths?| > \/n—1 is less than n/y/n =
v/n < |C(i)], so that this is always possible. Take any path P; € SpecPaths}" \ SpecPathsj, that
is not anchored in U. This is possible because |U|, |SpecPathsj.| < \/n and SpecPaths}" contains
at least n* paths.

Add P; to SpecPaths;, and increase the counter c(v) of its anchors by one. Recall that P;
has six internal vertices x1,...,zg together with leaves xg,x7. We construct an embedding of
P; as follows. We embed ¢, (r2) = B; and ¢35, (v3) = B;. We choose ¢3, (v1) arbitrarily from
Np (0S (w0),E) \ (im ¢S~ U U) such that the edges to ¢S~ (o) and B; have not previously
been used in this lemma and which has not previously been used in this lemma for G,. By
Lemma 53 and (Quasil), we have

Niig- (¢S (20),5;) \im ¢§,~ > (1 — 107a)dg, (6 + 6M)n,

of which at most 4n%% vertices are disallowed due to being in U or the edges to B; or ¢S*(xo),
used previously in this lemma, or the vertex used for G, in this lemma. Thus the choice of
¢S (1) is possible; and we increase ¢(¢3 (z1)) by 2. We now choose similarly for cach j = 4,5,6

in succession a vertex ¢ (x;) from

Nrg (62, (2j-1). &5 (27)) \ (im o5~ LU)

such that the edges to ¢ (z;-1) and ¢g*(x7), have not previously been used in this lemma, or
the vertex used for G, in this lemma. By the same calculation as above, this is always possible.
We increase the counter ¢(¢¢ (z;)) by 2. O

We now complete the proof of Lemma 33. For each s € J2, we set SpecPaths} := SpecPaths}*\
SpecPaths®, and we set ¢€ the union of ¢~ and ¢2; note that these two maps have some
common vertices in their domains (the leaves of the SpecPaths?) but by construction they agree
on these vertices. For each s € Jo U J; we set SpecPaths® = SpecPaths’* and ¢S = ¢C~. Let
dc =e(Hg)/(5), and observe that dg = dg- £ o(1).

We claim that Hc as returned by Lemma 54, with the splitting into Vg U Vg from Lemma 53,
with for each s € J the path-forest F'C consisting of the paths of SpecPaths?, with UE = im ¢,
with AS the image under ¢€ of the leaves of F'C and with the corresponding bijection, and with
IC the set of i € [|n/2]] such that B;,8; € im ¢C, is a (100ya, Lc, dc, dc)-quasirandom setup.
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This follows from Lemma 53, which guarantees a (10va, Lc,dc-,dc-)-quasirandom setup
after stage C~, together with Lemma 54 which tells us that all the quantities in the definition
of a quasirandom setup have changed between these two stages by at most 10Lcn®S.

Finally, the size bounds relating to Jp in Lemma 33 have not changed from after stage C~

and hence hold by Lemma 53.

11. STAGE D (PROOF OF LEMMA 34)

In this stage, we need to accommodate all vertices of P, but the two middle ones for all s € Jy
and P € SpecPaths}; this corresponds to finding the placement for the solid lines in Figure 3
(the outermost vertices of P were embedded already in Stage A). Recall that the aim here is
that after this stage, what remains to pack of each graph in Jy will be a path-forest in which
each path has 2 unembedded vertices, and the two leaves are embedded to a terminal pair.

We do that in two steps. First, in Lemma 55 we decide, for each P € Usejo SpecPaths}, what
its terminal pair will be. To that end, given such a P we let y'ﬁf" denote the fifth vertex of P,

and y?,ght the eighth vertex of P. That is, y'ﬁft is an endvertex of Pt := leftpath,(P), and y;i;ght

is an endvertex of P8 := rightpath,(P). We will choose an index 7p € [|1n/2]] and embed y'gft

to H,,, and y;;ght to B, ,. For this to be possible, for each P € SpecPaths; of course we need
rp e IC = {i e [|n/2]] : B;,B; ¢imC(s)}.

We let, for each s € Jy, the set SpecShortPaths; be the set of subpaths of SpecPaths; with
endvertices y'ﬁft and y;i;ght. That is, each path in SpecShortPaths} is the middle three edges (four
vertices) of a path of SpecPaths}; this is what will remain to pack from (Gs)sez, at the conclusion
of this stage.

The content of Lemma 55 is then that we can make the assignment of indices rp and still have
a quasirandom setup; in addition, we need one property regarding the set A, which is the set
of anchors after Stage C. After this, we use Lemma 42 to argue that we can pack all the P'ft
and P& and again obtain a quasirandom setup, which completes the proof of Lemma 34.

Lemma 55. There exist indices (1p € [|5]])se s, PeSpecPaths: With the following properties.
(Di) For each s € Jy, the indices (7p) pespecpathst are distinct elements of IC.
(Dii) For s € Jh U Jo we set qﬁ?* = ¢§. For s € Jy we extend ¢§ to qﬁ?* by setting
$P~ (y") = Brp and 6P (ypF") = By
(Driii) The graph Hc with its labelling as Vi U Vi, together with the path-forests FP~ 1=
SpecPaths? for s € Jy U Jo and FP~ := SpecShortPaths* for s € Jy, with used sets
UP= :=imP~(s) for each s € J, with anchor sets AP~ being the image under ¢pP~
of the leaves of FP~ (and with the corresponding bijection) and with I, := IP~ for
each s € Jo, gives a (100 - 3Lc43rc§2Le(\*)kcya, 2L, d, dc)-quasirandom setup.

For convenience, we say this is the setup after D™.
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(Div) For each u,v € V(Hc) such that there is no j with u,v € {8;,8;}, the number of
s € Jo such that u € AS and D- [AZ|(n=|U27])
0 such that u € Ay and v ¢ UP™ s (1 £10007A) Y e 7 3 .

n

Proof. Suppose that s € J is fixed. Recall that since after Stage C we have a (1004, Lc, dc, dc)-
quasirandom setup, and that for each s € Jy we have |I€| = (1£1007a)%(1 — %)2 By (1)
this means |[I€| > A\*n, and so we can select a set J; C IS uniformly at random of size A*n. For
each s, we choose an arbitrary pairing of the paths of Fs to the set Js, pairing path P to the
index rp.

We now aim to verify that (D74ii) holds with high probability. We go through the properties
of Definition 32 one by one.

For (Quasil), the critical observation is the following. By Fact 23, for any given set Y C I€
of indices with |Y| > cn, when we reveal the choice of Jg, the probability that we do not have

(68) |YmJ\—yYy| sl g 00

1€
is at most exp(—n®?). If S, Ss, T, Ty, T3 are any sets as in Definition 28, each of size at most
2Lp, and T" is any subset of Jy \ (71 U T U T5) of size at most 4Lp, by (Lc, 100va,dc, dc)-

index-quasirandomness after Stage C we have

n—|im® e
|Usio (S1, 82, T1, Ty, Ty UT')| = (110094 )dg 150 [T »=bw=@l T U

LeTUTy LeT3UT’

Applying (68) iteratively for each £ € T” successively and taking the union bound over choices
of all these sets, we see that with probability at least 1 — exp(—n®%), for each choice of sets we

have
Ung (81, 82,11, To, TsUT) N () Jé‘
LeT’
(69) D-
|S1[+|S | —|im© (¢ |IC| |1}
= (1£200ya)dg 1%l T »=le=@HTT S T s
EETlUTQ LeTs LeT’
Suppose this likely event occurs. Note that for any s € Jy we have n — [imP~(s)| = (n —

1im€(s)|) — 2|IP~|. Furthermore, given any sets Si, So, T1, T», T3, consider the set
(UHC(Sh So,T1, T2, T3) N ﬂ Je) (Yeemumng, Je)
LeT3sNJo

which is as in the definition of index-quasirandomness after stage D~. We can write the inclusion-
exclusion formula for the size of this set difference, all of whose terms are of the form of the left
hand side of (69). By (69), each of these terms is within a (1420074 ) factor of the corresponding
term obtained by multiplying out the final product in

S Sa|n n—|im® P- n—|im®
SIS T e [T UL [ (relimeel iy,

Le(T1UT2)\Jo LeTs Le(ThUT2)NJo
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Since we have n — [imC(s)| — 2|Js| = n — |imP~(s)| for each s € Jp, and since for each s ¢
J — 0 we have imP~(s) = im©(s), this formula is the same as appears in the definition of
index-quasirandomness after stage D~. We conclude that after stage D~ we have (2Lp, 400 -
24D~ ) dc, dc)-index-quasirandomness, verifying (Quasil).

For (Quasi2), observe that if s € J; U Jo then A% has not changed from after Stage C, and
hence the desired statement holds. For s € Jy, by construction exactly half of A?* is in each
of Vg and Vig. Similarly, for (Quasi3), nothing has changed for these statements from after
Stage C.

We now prove (Quasi4) and (Quasi5). Observe that since for s € Jy we have AP N Vg =
{8; :i € IP~} and similarly for A NV, and since AT N Vg = AP N Vg = 0, it suffices to prove
the latter. For s € J1 U J2, nothing has changed since after Stage C, so we only need to consider
s € Jo. After Stage C, by (Quasi4), for any given u € V(Hc) and s € Jy we have

[{8; € Nig(u) 1 i € IEY|, [{B; € Npg(u) 1 i € IS} = (1 +1007a)dc|IE] .

When we select J; uniformly at random from I, by Fact 23, with probability at least 1 —
exp(—n%?) we therefore have

{8 € N (u) : i € Jg}

{8 € Npg(u) i € Jo}| = (1 £ 20074 )dc]Js| -

)

Since for s € Jy, after stage D™ we have A]SD* = {B;,8; : i € J,}, taking the union bound over
s and u, we see that with high probability (Quasi5) holds after stage D~

We next move to (Quasi6). Since nothing has changed from after Stage C for J; and Ja, we
only need to prove the statement for Jy. Since |Js|,|I€ \ J5| = Q(n), we see that for any given
disjoint sets @, Q" of indices of size at most 6Lp, we have Pr(Q C J4|Q' N Js) equal to either
(%)'Q‘ +n 9% ifQ CI SC, and 0 otherwise. We use this approximate independence to
prove (Quasi6) inductively. Our induction statement is the following (x)g, where 0 < k < 6Lp
is an integer.

Let S be a set of vertices, and let T,T" be pairwise disjoint sets of indices. Suppose in
addition that there is no 4 such that {B;,H;} C S, and that there is no ¢« € T U T’ such that

{B;,8;} NS # 0. Finally suppose that |T”| < k, and that |S|+ |T| + |T7"| < 6Lp. Let
X(S,T,7) == {s € Jo: S Cim®(s), T C IS, T' C J.}.
Then we have
| X (S, T,T")| = |Jo| (5 + 10A")2T(1 — § — 10A%)I51(22%)T"T £ 100(k + 1)yan,

and we reveal only the intersection of 7" with the sets Js to show this.

Observe that the statement (x)g is given by (Quasi6) after Stage C. For a given k < 6Lp,
suppose that we have established (*)x; we want to establish a given case S, T,T" of (x)g11. Let
i € T'. The set X(S,T,T") consists of those s € X(S,T U {i},T"\ {i}) such that i € J;. As
above, (%) gives us the size of the former set, and then by Chernoff’s inequality, with probability
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n0.5)

at least 1 — exp(— we have

X(S, T, T
= Gy [J0l(8 + 10X )2THH2(1 — 5 — 10A) 81 2A") 7171+ 100(k + 1)7an £ 0

which, rearranging, gives us the desired case of (%)g41.

We now suppose that all the above polynomially many good events occur, i.e. (x)gr is true.
Suppose that |S| < 4Lp and |T'| < 2Lp. Observe that as @) ranges over all subsets of S, the sets
X(S\Q,0,TUQ) are pairwise disjoint and their union is precisely

Y(S,T):={s€Jp: 8 CimP(s),T C J,}.
We conclude by (*)¢r, that
[Y(S,T)| = |F|(1 — 6 — 8x")IS(2A") 71 £ 100 - 6Lp2° P yan

Finally, given sets S1,S52,T as in (Quasi6), each of size at most 2Lp, we can write {s € J :
Sy NimP~(s) = 0, S5 € imP~(s), T C J,} by inclusion-exclusion in terms of the [V (Sy U Q,T)|
as @) ranges over subsets of S;. We obtain that the size of this last set is

| Tol (6 + 8X)F1l (1 — 6 — A%l (20) T +100 - 6Lp45iPyan

which is as required for (Quasi6) after stage D~ with error term 100 - 6 Lp45-D §4ED (\*)2LDA

For (QuasiT), we only need to consider Jy since nothing has changed for J; or J. Given
v € V(Hc), let i be such that v € {B;,H;}. After Stage C, by (Quasi6) with S; = Sz = () and
T = {i}, the number of s € Jy such that i € I€ is (1410074 ) (6 + 10A*)2|J5|. Now for a given s
from this collection, the probability that we pick i € J; is |Js|/|I€] = (1 + 1007A)%. By
Chernoff’s inequality we conclude that the number of s € Jy such that ¢ € Js is with probability
at least 1 — exp(—n%5) equal to (1 & 100074 )(2)\*)|Jol, as required for (Quasi7)

For (Quasi8), we again need only consider Jj since nothing has changed since Stage C for
Ji and Jo. Given u,v € V(Hg) with v # v and {u,v} not a terminal pair, let ¢ be such
that v € {B;,H;} and let j be such that v € {H;,H;}. We want to estimate the number of
s € Jo such that i € Js; and both v ¢ imc(s) and j € Jg occur. Note that we can split these
s up according to whether j € IC. If j € IC, then automatically v ¢ im ( ). The number of
s € Jo such that 4,5 € ICs is by (Quasi6) after Stage C equal to (1 + 100y4)|J0|(2/1€]/n)?,
and the probability, when we reveal J,, that any given one of these has i € Js and j & J, is
| Ts|(II€]—|Js]) /IIE |24n~0%5. So by Chernoff’s inequality, with probability at least 1—exp(—n®?),
there are

(14 2007a)| ol - 41T ([IE] = [ Je[)n 2
s € Jo such that ¢ € Js and j € ISC \ Js. Next, we consider those s € Jy such that i € ISC,
v &im®(s) and j ¢ I€. Using (Quasi6) after Stage C twice, there are

’j0’2‘isc| . (n*|U§j| 2|IC|) + 200747

n
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such s. Of these, when we reveal Js, the probability that any one such s has i € J; is %, and

so by Chernoff’s inequality, with probability at least 1 — exp(—n"?), there are

|;70|% _ (% _ %) + 300van

n

such s. Summing up, we have

_1I7€ C
(1 2009a)[Jo] - 41T (1E] = | olyn~2 4+ o] 22 - (2] — 21y + 3004

n n

= | Jo| AL n=lUEI=2] 5004,

Note that |[UP~| is precisely [US|+2|Js|, so that this formula is exactly what we need for (Quasi8)
after stage D™.

Finally, for (D iv), we use a similar argument as for (Quasi8). Given u,v, if u € AS and
v & UP~, then we need v ¢ im©(s) and we remove those v such that v € {8;,8;} for some
J € Js. The latter event is contained in the former. From (Quasi8) after Stage C, we have

[{s € Jo:ue AZ, v & im®(s)}| = (1 £ 10074 )| Jo| - 2X*(6 + 10A").
By Lemma 33, letting j be the index such that v € {H;,H;}, we have

[{s€ To:ueAS,j e IS = (1£1007a) 3 HATNE — (12 100a)[ 0] - 23°(5 + 10A")2.
s€Jo

|Js ]
Bk

Note that the probability that a given s in this last set has j € J; is so by Chernoff’s

inequality, with probability at least 1 — exp(—n’%) we have
{se To:ue AT, j € J}| = (1 £2007a)|T0| - (21*)%.
Putting these together, we have
{s € Jo:ue AS,v ¢ UPT} = (1£100074)|J0| - 2X*(5 + 10A* — 2)%)
as required. O

We are now in a position to complete the proof of Lemma 34. The main work now is to obtain
the setup for Lemma 42.

Proof of Lemma 34. We set v = ﬁ2*4LD54LD(A*)4LD. Let C’ be such that 271907 is re-
turned by Lemma 42, and set v/ = 1000L¢ - 43Fc§2Lc(A\*) e, | so that Lemma 55 guarantees
that the setup after stage D~ is a (7, 2Lp, dc, dc)-quasirandom setup.

Let H = Hc, which has 2| 5] vertices.

We let s* = |Jo| > vn. Temporarily abusing notation, we relabel the graphs G such that
Jo = [s*]. For each s € Jy, we do the following. Let Fs denote the path-forest whose components
are leftpath,(P) and rightpath,(P) for each P € SpecPaths}, and let A4 be the leaves of F,. Note
that for each s, the path-forest Fy is not FP~, and the set A, is not the set AP~ from the
quasirandom setup after stage D—; rather A, = AP~ U AC, where AC is the set of anchors after

Stage C, and we recall {B;,8; : i € J;} = AP~. By construction ASC and AP~ are disjoint.
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We let Uy = UP~™ = imP~(s). We let ¢, be the restriction of ¢P~ to the leaves of Fj.

For each vertex x € Ag, we let {s(x) be whichever of Vg and Vig contains ¢4(x). For each
vertex y € V(Fs) \ As, we choose &5(y) € {Vi, Vm} uniformly at random.

By Lemma 29 and (Quasil), H is ((2Lp+2)7’, 2Lp)-block-quasirandom, and for each s € Jp,
(H,Us) is ((2Lp + 2)v',2Lp)-block-diet. In particular, letting dgg, dmm denote the density of
H[Vg] and H[Vi] respectively, and dgm denote the bipartite density of H[Vig, V@], we have that
each of these three parameters is (1 + (2Lp + 2)7/)dc.

We claim that with high probability, for each s € Jy the random choice of & means that Fj
has the 107/-anchor distribution property with respect to H. Indeed, given a,b,c € {8, B}, let
v € V3 \ Us. Then by (Quasi5), applied after Stage C to AS and after stage D~ to AP~ we
have

}As NNg(v)N Va‘ = (1+£+)dc -2\ n.

Given a path P € F and a leaf of that path x anchored in Ng(v) NV,, the probability that
the neighbour y and second neighbour z of x are assigned sets &(y) = V, and &(z) = V, is %.
Since the choice of £ on P affects at most the two leaves of P, we conclude by McDiarmid’s
inequality that with probability at least 1 — exp(—n®1) we have (1 £ 2y/)dc - £A*n leaves x of
Fs embedded to Ng(v) NV, such that their neighbour and second neighbour are assigned to V},
and V. respectively by &s. Similarly, by (Quasi2) applied both after Stage C to AS and after
stage D~ to AP~ the number of leaves of Fy anchored in V, in total is (1 =+') - 2\*n and by
a similar application of McDiarmid’s inequality, with probability at least 1 — exp(—n’1), the
number of these leaves whose neighbour is assigned by &, to V; and second neighbour to V is
(1+£29)- %)\*n. Taking the union bound over choices of a, b, ¢, s and v, with high probability
we have the 109/-anchor distribution property for each s € Jp.

Next, observe that for each a € {B,B} by (Quasil) with S} = Sy = T3 = 0 and either
Ty = {s},T> = () or vice versa, we have [V, \Us| = (1£+/)-3(6—8\*)n, while |V (F)\ As| = 8\*n.
VU~ |{z € V(E)\A, -
&s(x) = Va}’ > vn. Furthermore, each path of Fy has five vertices, of which the middle three
are assigned uniformly at random to Vg or Vg by &. By the Chernoff bound and the union
bound over the at most n choices of s, in each Fy we have |71 ({Va}) \ 45| = A*n > vn with
probability at least 1 — exp(—n®!). Similarly, in each path of Fj, the two internal edges each

Even if & assigned all these vertices to V,, by choice of v we have that

have probability at least % of being assigned by &5 to any of within Vg, within Vi, or between Vg
and Vg, and by McDiarmid’s inequality, the total number of internal edges of Fy assigned by &
to each of within Vg, within V@, and between Vg and Vg, is at least %/\*n > vn with probability
at least 1 — exp(—n®1).

We claim that the random choice of the & gives the 3+/-pair distribution property. To that end,
fix distinct vertices u € V, and v € V}, where a,b € {H,H} Suppose that we have uwv € F(Hg),
and in particular by Lemma 33 we do not have {u,v} = {B;,H;} for any i. We want to know
the various wy.;s as s ranges over Jo, as in Definition 41. Recall that there are three different
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possibilities for wyy;s > 0. If u,v € Uy, then we claim it is likely that we have

(1++")2X\*n , 8A*
=1x+4y)——"r—-
(1£9/)24(6 4 8\*)2n2 ( 7)(54—8)\*)271

Wyy;s =

The denominator uses estimates on |V, \ Us| from (Quasil) as above. For the numerator we
observe that Fs has 4\*n internal edges (and so 8\*n pairs span an internal edge), each of which
has probability i of being assigned by &5 to respectively V, and V,. The random choice of &
on each component of Fy affects the sum by at most 4. Hence by McDiarmid’s inequality, with
probability at least 1 —exp(—n"!) we obtain the numerator. It remains to estimate the number
of s € Jy such that u,v € Us. By (Quasi6), with S; = {u,v} and So = T = (), we see that this
number is (1£4')(8 + 8X*)?|Jo|. Thus the contribution to Y. 7 wyys from s falling into this
category is

e LEE SR = (12 0y) 2L

Next, if u € A; and v € Uy, then we can have wy,;s > 0, and if we do, we have

(1£44")

Wuvss = (TR T2
by our estimate on |V, \ Us| from (Quasil). This occurs when the vertex x of Fy anchored to
u has neighbour y such that &,(y) = Vj. There are two ways this can happen: either v € A€,
v & Us, and &(v) = Vp, or u € AP~ v € Uy, and &(v) = V4. For the first of these, by (D iv) we
see that there are (14 100074 )|Jo|2X*(0 4 8X*) choices of s for which v € AS and v ¢ Us, and

0.5)

of these by Chernoff’s inequality with probability at least 1 — exp(—n we see

(14 200074) | To| \* (5 + 8A*)

choices of s for which all three conditions hold. For the second, we use (Quasi8) with the
setup after D™ and Chernoff’s inequality to obtain the same bound. Putting these together, the
contribution to ) . o Wuu;s from s falling into this category is

Finally, we can have wy,.s > 0 if v € Ay and u € U,. This is symmetric to the previous case,

and we obtain the same bounds. We conclude that

D s = (1 i27)16A %ol
s€Jo
which is as required by Definition 41, since each Fy has 8\n edges, hence 16An pairs (z,y) of
vertices such that xy € FE(Fs), of which by the random choice of the & and random anchor
distribution (1 £ A )4An pairs (z,y) have &(z) = V, and &5(y) = V.
We define d/, for a,b € {H,H} as in Lemma 42 to be the densities of the graph obtained by
successfully packing all the path-forests Fs into Hc according to £. We now aim to show that
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each of these quantities is

(1+9")(dc - %) ,
and in particular all are at least v. To that end, we claim that with high probability, for each
s € Jo, the number of edges uv € Fs such that &(u),&s(v) = Vg is (1 £ 1000yA)|Jo| - 2\ n.
The choice of & on different components of Fs is independent, and the effect of the choice on
any given component is to change this count by at most 4, so by McDiarmid’s inequality the
probability that the actual number of edges uv € Fy such that £(u),{s(v) = Vi differs from its

07 or more is at most exp(—n%!). Now the probability that an edge of a path

expectation by n
P which is not adjacent to a leaf of P has both vertices assigned to Vg is exactly %. If wv is
an edge of P such that u is a leaf vertex (so &s(u) is fixed) then we have &5(u), &s(v) = Vg with

probability either 3 (if &(u) = V&) or 0. By (Quasi8), applied after Stage C to AS, we see
|As N V| = (1 £10074)A n+ A,

and putting these together, the expected number of edges of F; both of whose ends are assigned
to Vg is (110074 )-2\*n, from which the claim follows. By the same argument, the same bound
holds replacing Vg with Vg, and taking the union bound, with high probability both bounds hold
for each s € Jy. Hence

'v=(1++)dp, where dp=dc— 8>\(*7|{)70|

2
for each a,b € {8, B} as required.

Suppose that the random choice of the &, is such that all the above high probability events
hold. Then by Lemma 42, with input v,2Lp,~y = 1007/, when Algorithm 2 is executed, with
probability at least 1 — exp ( — n0'2) we obtain for each s € Jy an embedding ¢, of Fy into
Hc[(V(H) \ Us) U ¢s(As)] which extends ¢, such that ¢(z) € &(z) for each z € V(F;), and
such that for each uv € E(H) there is at most one s such that ¢, uses the edge uv. Suppose that
this likely event occurs; we will in addition list polynomially many further likely events, which

we presume all occur, and fix such an outcome.

We now define the setup after Stage D. We let Hp be the graph H' returned by Lemma 42.
For sJ1 U J2, we set ¢P = ¢, with the same anchor and used sets and the same path-forests
to embed. For s € Jy, we let ¢P be the union of ¢P~ and the above obtained ¢/, (these overlap
on the set Ay, but they agree on these vertices). We let FP be the path-forest with paths
SpecShortPaths?, with anchor set AP the image under ¢P of its leaves and UP = imP(s). We
let IP = {i € [|[n/2]] : B;,B; € AP}. We now argue that this is a (yp, Lp, dp, dp)-quasirandom
setup, as required for Lemma 34.

For (Quasil), fix S1,S2,T1,T5, T3 as in Definition 28, each of size at most Lp, with families

of sets (UP7)ses and (Js)sez,, and let X = Uy, (S, S, T1, T2, T3). Then we have | X| > vn,
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and so by (PP5) it is likely that we have

Ve \ UP| 11 Ve \ UP|

S1[+]Sz|
XNUpgy (S1, 82, T1NJo, TaNJ)| = (1£C"Y) (4 \ | )
| b | (72) I1 oo oo

teTy

| X .
teTs
Plugging in the size | X| given by (Quasil) after stage D™, and observing that the above set
is precisely Upy, (S1, 2, T, T2, T3) with families of sets (UP)sc7 and (Js)se s, this is what is

S

required for (Lp,2C"y,dp, dp)-index-quasirandomness.

For (Quasi2), observe that for J; and J nothing has changed from after stage D™, while
for Jo the required equality holds even with zero error by construction. Similarly, for (Quasi3)
nothing has changed from after stage D~. For (Quasi4), it suffices by construction to estab-
lish (Quasib) as in stage D™.

For (Quasi5), fix s € J, a € {8,8} and u € V(Hp) \ UP. By (Quasi5) after stage D™,
writing A? for the set of anchors v € AP such that the path end not anchored to v is anchored

in V,, we have
‘{El‘ € NHC(U) N Ag}‘ = (1 i’)/)dc‘A? N V5’ and
\{EEl- € NHC(U) N Ag}‘ = (1 :i:’y/)dc‘Ag N VEE’ .

We define a weight function w on V(H¢) by setting w(v) =1 if v € A%, and otherwise w(v) = 0.
Note that .y w(v) is either equal to zero or at least vn by (Quasi2) and by construction.
Thus by (PP4), it is likely that we have

{8 € Nizp, (u) N A} = (1£+)dc|A¢ N Va|(1 £ C'Y)$2  and
|{EE‘1' S NHD<’LL) N Ag}‘ = (1 ﬂ:’y,)dc‘Ag N VEE’(I + Cl’)/)z% .

This is as required for (Quasib).
For (Quasi6), fix S1,52,T as in the statement, each of size at most Lp. By (Quasi6) after
stage D™, for each @ C Sy we have

{s € Jo: (S1UQ)NUP™ =0,T C J}| = (1 £7)|Jl(5 + 8x*)I51H1Ql 21T

and by (PP6), and bounds on |UP NV5| and [UP~NVag| from (Quasil), applied to each of these
sets (which all have size at least vn) it is likely that we have

{s € Jo: (S1UQ)NUP =0,T C J,}|
= (1+7")|T0|(6 + 8)\*)|51|+|Q|(2>\*)|T|(1 + 20/7/)(gi§§:)\51|+\69|)
= | Jo| (8 4 22%)IStHIR oX T £ 3¢/ .

Now we can write the desired ‘{s €EJo:S1NUP =0,8 CUP, T C JS}‘ by inclusion-exclusion
in terms of these sets, and we obtain

[{s € Jo: SiNUP = 0,8, CUP, T C J}| = |To|(6+22%)151[(1—5—2x7) %2l (207 T 2L 10y

which is as required for (Quasi6).
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For (QuasiT), observe that nothing has changed since after stage D~. The same holds
for (Quasi8) for i = 1,2. For Jp, fix distinct u,v € V(Hp) such that for no j do we have
{u,v} = {B;,8,}. Let X ={s € Jo: u € AP, v ¢ UP~}. Note that AP = AP~. By (Quasi8)
after Stage D™, we have | X| = (1 £+/)|J0| - 2A*(6 + 8\). By (PP6), and bounds on [UP N V&
and |[UP~ N Vg| from (Quasil) after stages D and D~, we have

{se X :vgUP} =1+ 20’»/)%“5’,'| (1 £9)|To| - 205(6 + 8))

as required for (Quasi8). O

12. STAGE E (PROOF OF LEMMA 36)

In this stage, we need to pack the paths SpecPaths} for s € J>. Recall that each of these paths
has seven edges. For each s € Jo, the set SpecPaths, contains exactly An paths; in Stage C we
packed at most n%® of these paths to leave SpecPaths?. The goal of this section is to pack a
specified number of edges of these paths into each of Vg and V@, and between the sides Vg and
V@m. Due to our choice A > gg, 01, the density of the graph Hg after this stage will be much
smaller than the density of Hp. Thus we need to embed roughly half the edges of the paths
Usez, SpecPathsg crossing between Vg and Vi, with the other roughly half about equally split
between sides. To begin with, we assign to each path a number of edges it should use within Vg,
crossing between Vg and Vg, and within V. Observe that a path with one anchor on each side
necessarily has an odd number of crossing edges, while a path with both anchors on the same
side has an even number of crossing edges.

We will use the following definition with X = (J,c,
N edges within Vg, to use N2 edges crossing between sides, and N3 within V. The map m

SpecPaths}, where our goal is to use

identifies which paths are odd and which even, while the occupancy assignment N(x) says how

many edges the path x needs to use in Vg, crossing between sides, and in Vig in that order.

Definition 56. Suppose that X is a finite set, and m : X — {odd,even} is a map. Then
we say that a triple (N1, N2, N3) of non-negative integers is a moderately balanced occupancy

requirement if
(a) Ni+ Ny + N3 =T7X|,
(b) 3|X| < Ny <4|X| and N1, N3 > |X]|, and
(c) the parity of No is the same as the parity of |m~1(odd)|.
Given a moderately balanced occupancy requirement (N1, Na, N3), we say that a map X : X — 73

is an occupancy assignment for (Ny, No, N3) if we have the following. For each x € X it holds
that

(d) for each x € X, we have that X(z); > 1, X(z)3 > 1 and X(z)9 > 2,
() for each x € X, we have that Y0 N(x); =7,
(f) for each x € X, we have that X(z)2 is odd if and only if m(x) = odd,
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(g) for each i€ {1,2,3}, we have that N; =« N(z);.

We call vectors in the image of R occupancy vectors.

To understand the definition of moderately balanced occupancy requirement, (a) says that in
total we assign all 7|X| edges of the paths and (b) that the desired assignment is not too far
from the quarter-half-quarter distribution mentioned above.

The first condition (d) of an occupancy assignment is something we will need to help embed
paths later in this stage; the remaining conditions simply say that we assign all seven edges of
each path, that precisely the odd paths have an odd number of crossing edges assigned, and that
in total we assign the desired number of edges to each side and crossing. What an occupancy
assignment does not specify is which vertices of each path will be assigned to which side; we will
do that later in the stage.

The next easy lemma says that given a moderately balanced occupancy requirement, we can
find an occupancy assignment.

Lemma 57. Suppose that X is a finite set, and m : X — {odd, even} is a map, and (N1, N2, N3)
is a moderately balanced occupancy requirement for X and m. Then there exists an occupancy
assignment for (N1, Na, N3).

Proof. Let a set X = {x1,22,...,2,}, a map m : X — {odd, even} and a moderately balanced
occupancy requirement be given. An occupancy assignment Y can be found by Algorithm 5.

Algorithm 5: Generating an occupancy assignment

Input :set X, map m: X — {odd, even} and m. b. o. requirement (N7, Ny, N3)
Output: occupancy assignment N : X — Z3
for k=1,2,...|X| do

N(mk)l = N(:L‘k)g =1 and N(wk)g = 2;

if m(zy) = odd

then XN(z3)2 = 3;
end
while Zk N(l‘k)z < Ny do
t =min{l € [n] : N(xp)2 < N(z)2 for all k};
N(:L‘t)g — N(xt)g + 2;
end
while }; ; R(zy); < >, N; do
t =min{l € [n]: >, N(x); <7};
jg=min{i € [3]: > ,N(z); < N;};
N(:Bt)j — N(l’t)j + 1;

end

The for loop sets initial values for N(zy); for every k € [n] and i € [3]. Right at the end of
that loop the following holds: We have ), R(zg)1 = |X| < N1, >, N(zg)s = | X| < N3 and
>k R(xg)2 < 3|X|. By the If line, the parity of Y, R(xy)2 is the same as the parity of [m ™! (odd)|
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and hence, by (b) and (¢), Na — >, N(x)2 > 0 is even. Further, |R(xy, )2 — N(xg,)2| < 2 for
every ki, ks € [n].

During the subsequent while loop, the value of ), R(z)2 gets increased by 2 in each iteration,
hence forcing the loop to stop eventually with No = ), R(z)2. By the choice of x; in each such
iteration, we also ensure that [N(xg, )2 — R(xg,)2| < 2 is maintained for every ki,k2 € [n]. In
particular, using Ny < 4|X| from (b), we know that R(zy)2 < 5 needs to hold for every k € [n]
by the end of that while loop. Hence, at the end of this while loop, we have . N(x/); < 7 for
every £ € [n], and ), R(z¢); < N; for every i € [3].

Afterwards, during the last loop, R(xg)2 is not updated for any k € [n]. However, as long
as ) N(zg)i < >2; N holds, the following is done: We fix ¢ = min{/ € [n] : >, N(z¢); < 7}
which must exist, since otherwise we would have ), R(z,); > 7 for every ¢ € [n], which leads to
> ik N(xg)i = 7| X| = 32, N;, in contradiction to the condition for processing an iteration of the
while loop. We also fix j = min{i € [3] : >, R(z¢); < N;} whose existence is ensured analogously.
Then we update N by increasing N(z¢); by 1. Therefore, since 3, ; R(z); is increased with every
iteration, the while loop and hence the whole algorithm must end eventually. Inductively, using
the choice of t and j, one verifies easily that throughout the while loop we always maintain
> i N(xg); < 7 for every £ € [n], and )Y ,N(x¢); < N; for every i € [3]. Using all this, we will
show now that the output N satisfies the Properties (d)-(g).

Property (d) already holds at the end of the for loop. Afterwards it is kept to be true, since
the values N(zy); never decrease throughout the algorithm.

Assume Property (e) was wrong. Then, by the observations for the second while loop, there
would need to exists some ¢ € [n] with ) . N(x¢); < 7 while Y, R(xy); < 7 for every k # /.
However, this would lead to »_; , N(z); < Tn =3, N; by (a), in contradiction to the while loop
having stopped. Property (g) is proven analogously.

Finally, Property (f) holds, since for every k € [n], the initial value for R(xy)s2 in the for loop
is chosen such that it satisfies (f), and since in the subsequent while loops we never change the
parity of R(xg)2. O

The following lemma is the main work of this section. We check that the number of edges
we need to use in Vg, crossing, and in Vi, in order to obtain (18), gives us a moderately
balanced occupancy requirement, and then use Lemma 57 to find a corresponding occupancy
assignment . We then need to create a map £ which assigns sides to the unembedded vertices
of U,c T SpecPaths} in order that each path, when we embed all vertices to their assigned by
sides, uses a number of edges within and between sides specified by N.

What makes this more complicated is that we need also to ensure that the conditions of
Lemma 42, which we use to actually perform the embedding of (J,. T SpecPaths}, are met; this
means we need to use some randomness in constructing €. The following lemma states that & as

desired exists.
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For compactness, in this lemma and its proof, we write for each a € {H,H} and s € 7,

E* = U E(SpecPaths?) and
s€J2
X := {x € SpecPaths} : {(x) = V,, x is not an endvertex of SpecPaths}} .

S

Lemma 58. There exists a map § : |J,c, V (SpecPathsy) — {Vig, Vig} with the following prop-

erties.
(i) For each P € |J,c, SpecPathsy and each x € {leftpathy(P), rightpathy(P)} we have
¢A(2) € £(2).
(i) For each a € {B,B} and s € Jo, we have ‘X;" > 1.
(#1) For each a,b € {B,B} and s € J2, we have
{(z,y) : zy € E(SpecPaths,),z € X,y € X}| > & n.

(iv) We have

(70) Z Le@),e(y)=va = ep(VE) — (coX*n® + 2jzg + 3(jem + jom))
zyeb*
(71) Z Le(@),ew)=vis = €ip (Vi) — (00Xn? + i + 3(jizem + jaa))
zyeE*
(72) D L) ew)i=0vavis} = ein(Va, Vi) — (000 + 6(jzs + jam) + 5jem) -
rye E*

(U) For every s € Ja, the pair (gb][)endvertices of specpathszag[inner vertices ofSpecPathsj) has the
6vp-anchor distribution property with respect to the path-forest SpecPaths}, partition
(Va, Vim) and the graph Hp.

(vi) The collection of path-forests (SpecPaths?) e 7, together with used sets (imP (s))sez,, an-

. D .
chorings ((Z)[endvertices of Specpaths:)sej2 and assignments (§specPaths? )sc7, has the 207p-

pair distribution property.

Proof. Let us write Dog, Dgm, and Dgg for the quantities on the right-hand sides of (70),
(71), and (72), respectively. Define a map m : (J,cz, SpecPathsy — {odd,even} as follows. If
P € U, 7, SpecPathsy is such that @™ (leftpath(P)) and ¢ (rightpathy(P)) both belong to Vg,
or both to Vi then we set m(P) := even. Otherwise, set m(P) := odd.

Claim 58.1. The triple (Dag, Dom, Dgm) is a moderately balanced occupancy assignment for
the set | J,c 7, SpecPathsy and the map m.
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Proof of Claim 58.1. Let us first verify Definition 56(a). By summing up the right-hand sides
of (70)-(72), we get
Dgg + Dam + Dem = e(Hp) — 300A*n” — 11(jeg + jom + jom)
(73) =e(Hp)—3 Z |SpecShortPaths,| — 11 Z |SpecPathsy| .
s€Jo seT1

Recall that we plan to eventually use every edge of H for the packing (c.f. Section 6.2 and Defini-
tion 9(a)). Some edges of H were used prior to Stage E, 73, [SpecPaths;| edges will be used
in Stage E, 11 . 7 |SpecPaths;| edges will be used in Stage F and 3% 7 [SpecShortPaths
edges will be used in Stage G. This gives

s|

e(H) = (e(H) — e(Hp))

+7 Z |SpecPaths}| + 3 Z |SpecShortPaths, | + 11 Z |SpecPaths}| .
s€J2 s€Jo sen

Plugging this back to (73), we get

Deg+ Dgs+Dgs =7 Z |SpecPaths| ,
s€ET2
as was needed.
Next, we verify Definition 56(c¢). Here we use the parity correction established in Stage B. We
first consider the edges and paths anchored in Vg after Stage B. By (B.71i), we have degy, (v) =
PathTerm(v) mod 2 for every v € V(Hp). Summing over v € Vg, we have

Z degp, (v) = Z PathTerm(v) mod 2.

vEVE veEVg
Observe that on the left-hand side, every edge in Vg is counted twice, and on the right hand side
every path with both terminals in Vg is counted twice. Thus we see that the parity of the number
of edges in Hg leaving Vg is equal to the parity of the number of paths in Usej SpecPaths, with
exactly one anchor in Vg; we call these crossing paths. We claim that this property is maintained
in Stages C and D: that is, the parity of the number of edges in Hp leaving Vg is equal to the
parity of the number of unembedded crossing paths. More formally, we claim

(74) enp (Va, Vi) = | U SpecShortPaths, | + jm + |m™"(odd)| mod 2.
s€Jo

To see that this is true, consider the embeddings in Stages C and D. In Stage C, we embed
some complete paths. When we embed a path with both anchors in Vg, or both anchors not in
Va, we do not change the number of crossing paths, and we necessarily use an even number of
edges leaving Vg, so that the parities of the two quantities remain the same. When we embed
a crossing path, the number of crossing paths drops by one and so the parity changes, but we
use an odd number of edges leaving Vg and so that parity also changes to match. Thus after
Stage C, the parity of the number of edges going from Vg to V(Hg) \ Vg is equal to the parity
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of the number of unembedded crossing paths. Note that after Stage C, there are no edges of Hc
at [ (if it exists) and nor are any unembedded paths anchored there. Thus we can ignore [,
and we get that the parity of ey (VE, Vgg) is equal to the parity of the number of unembedded
crossing paths, i.e. the number of paths in | J,c ; SpecPathsg with exactly one anchor in Vg. This
last number is equal to the number of paths in (J,. T SpecPaths; with exactly one anchor in Vg,
plus jem + |m~!(odd)| (which account for the paths belonging to J; U J3).

In Stage D, we embed parts of the paths (J,c 7 SpecPaths;. Consider some P € SpecPaths;.
Each of the two pieces of P that we embed starts at an anchor of P and terminates at an
anchor of the corresponding path P’ in SpecShortPaths,. Note that P’ is a crossing path by
construction. If both anchors of P are in Vg, or both are in Vg, then when we embed the two
pieces of P we use in total an odd number of edges leaving Vg (we use an even number in one
piece and an odd number in the other) and increase the number of crossing paths by one; if
P is a crossing path, then we embed in total an even number of edges leaving Vg (either both
pieces use an even number of edges, or both pieces use an odd number of edges, leaving Vg)
and the number of crossing paths does not change. This, with the observation that all paths in
Usez, SpecShortPaths, are crossing, gives (74).

Recalling that Dgg is the right-hand side of (72) and hence

DEIBE! = 6HD(VE|, VEE) — O’o/\*n2 - jEIBH mod 2.

Since ‘Usejo SpecShortPaths,| = ogA*n?, we see from (74) that Dgm = |m™'(odd)| mod 2 as
desired.
Last, we verify Definition 56(b). By Lemma 29, we have d(Hp|[V5]) = (1+2vp)dp. Thus we
have
Deg = ey (ViB) — (00X n® + 2jz5 + 3(jom + jom))

— et (V) & 200"

(1 + 2’yD)dD (|ZE|> + 200\ n?

2 2
= dp - =+ 3003'n? F 1407 =t dogan?.

Similarly, we obtain Dgm = 14)\2 - %2 +409An?, and Dgm = 28)\2- %2 + 409 An?. Definition 56(b)
follows then from (1). O

Having verified that we have a moderately balanced occupancy requirement, Lemma 57 can
give an occupancy assignment. However, we cannot directly use the output of Lemma 57 to
decide the number of edges that each path of (J,c, SpecPathsy will embed to each side and
crossing: this output could be imbalanced between the different s € 75 and lead to failure of (v)
or (vi). We put in an extra step and randomisation to deal with this as follows.
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We split US€J2 SpecPaths; into three sets Ogg, Oz m, and Omm,

Qe :

Pe U SpecPaths’ : ¢ (leftpath,(P)), o™ (rightpathy(P)) € Vg
sET2

Qmm:=( P e U SpecPaths’ : ¢ (leftpath,(P)), ™ (rightpathy(P)) € Vi p ,
s€J2

U SpecPaths’ \ (Qzg U Qmm) -
s€J2

Osm:
We define auxiliary sets X = XggUXgmnUXmm, where the sizes of Xgg, Xgm, and Xgg are
|Qmal, |Qom|, and |Qmm|, respectively. These sets exist simply to have an occupancy assignment
defined on them, which we can transfer to the Qgg and so on by choosing random bijections.
We apply Lemma 57 with the set X, the map m which maps Xgg U Xmm to even and Xgm
to odd, and the tuple (Dgg, Dam, Dam). Let X be the occupancy assignment we obtain.
We pick a uniform random (and independent of R) partition of X into sets XV and X4. Let
g : Qe — Xgg, 7am : O — Xgm, and mmm : Omm — Xmm be independent uniformly

random bijections. We write 7 : SpecPaths; — X for the union of these three bijections.

s€J2

We can now define £ on each set V(P), P € SpecPaths;, s € J; as follows. Let P = zq22 - - - x5,
where in case P € Qg U Qmm we take z1 = leftpathy(P) and in case P € Qgm we take the
orientation of P such that ¢*(x1) € Va. If 7(P) € Xgg N XV then we define v (p) according

to Table 2, whereas if 7(P) € Xgg N X4, we define &y (p) according to Table 3.

TABLE 2. Defining &y (p) when 7(P) € Xgg N XV.

value of RX(mzg(P)) the map £ on V(P) left pattern | right pattern
(1,2,4) x1,X2,T8 '—)VE, 1’3,1‘4,...,.%'7'—)‘/53 (E,E],Eﬂ) (E,Eﬂ,EE)
(1,4, 2) xT1,X2,T4,T8 —> VE|, x3,T5,Te, L7 —> VEE! (E,E],Eﬂ) (E, Eﬂ,EE)
(2,2,3) xr1,x2,23,T8 — VE|, X4,T5,T6, L7 —> Vgg (E,E,E) (E, EH,BH)
(2,4, 1) xr1,x2,23,T5,T8 > VE, T4,Te, L7 > Vgg (E,E,E) (E, EH,BH)
(3,2,2) T1, 72,73, 24, T8 — Vo, 75,26, 27 — Vi | (B,8,8) (B,8,8)
(4,2,1) X1,22,...,T5,T8 b—>VE|, X, L7 > VEE (E,E,E) (E,EH,BH)

TABLE 3. Defining &y (p) when 7(P) € Xgg N X*. Note that the table is the
same as Table 2 if the paths are followed in the reversed direction.

value of RX(mzg(P)) the map & on V(P) left pattern | right pattern
(1, 2,4) x1,T7, 8 — Vo, xo,x3,...,26 — V@ (E| H Eﬂ) (EL E,Eﬂ)
(1,4, 2) x1,T5,T7,T8 —> VE|7 xX9,X3,T4,Te,— VEE (ELEB, Eﬂ) (EL E,Eﬂ)
(2,2,3) r1, 26, 7, T8 — VaE, T2,23, 74,75, — Vi | (B,H,H) (B,8,8)
(2a4a 1) T1,T4,T6,T7,T8 = VE|7 T2,X3, L5, VEE (E,EB, EH) (Elv E|7E|)
(3,2,2) r1,T5, %6, 7, T8 — VE, T2, 23,14 — Ve | (B,H,H) (8,8,8)
(41271) LT1,T4y...,T8 '_>V57 T2,T3 — VEE (5753753) (57575)
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The point of Tables 2 and 3 is that they satisfy requirement (i) of the Lemma, and the number
of edges of P that are mapped into Vg, between Vg and Vi, and into Vg, are R(mgg(P))1,
R(mgz(P))2, and N(mgz(P))s, respectively. Let us now explain the ‘left pattern’ and the ‘right
pattern’ columns in Tables 2 and 3. The left pattern is the sequence which says where the three
left-most vertices of P are mapped. The right pattern is the sequence which says where the three
right-most vertices of P are mapped (starting with xg).

By symmetry, there is a similar assignment &y (p) if 7(P) € XemN X" and 7(P) € XgmNX*,
which for completeness we give in Table 4 and Table 5, respectively.

TABLE 4. Defining &y (py when 7(P) € Xmm N X"V,

value of N(mgm(P)) the map £ on V(P) left pattern | right pattern
(4,2,1) x1,X2,T8 '—)VEE, $3,$4,...,$7'—>VE (EH,BH,ED (EB,ELE])
(2,4, 1) xT1,X2,T4,T8 —> Vaa, x3,Ts5,Te, L7 —> VE| (EH,BH,ED (EB, E,E])
(3,2,2) xr1,x2,,3,T8 — Vaa, X4,T5,T6, L7 —> VE| (EH,BH,EH) (EB, E,E])
(1,4, 2) xr1,x2,23,T5,T8 > VEE, T4,Te, L7 > VE| (EH,BH,EH) (EB, E,E)
(2,2,3) xr1,X2,X3,T4,T8 > VEE, X5, Te, L7 > VE| (EH,BH,EH) (EB, E,E)
(1,2,4) ri,xo,...,T5,x8 — Vg, g, x7 — Vg (M, 8, |B) (8,8,8)

TABLE 5. Defining &y (py when 7(P) € Xgm N X*. Similarly as with Tables 2
and 3, the paths in this table are reversed copies from Table 4.

value of N(mgm(P)) the map £ on V(P) left pattern | right pattern
(4,2,1) X1,T7,T8 > VEE: X2,T3,...,Tg > VE (E,E,E) (EB,HH,E)
(2,4, 1) xT1,x5,T7,T8 > Vaa, x3,x3,T4,Te, L7 > VE| (Hﬂ, E, E|) (EB, Hﬂ, E)
(3,2,2) xr1,%e,T7,T8 > Vag, T9,X3,T4,T5 —> VE| (HH,EI, E|) (Hﬂ, EH,EB)
(1,4, 2) x1,T4,T6, L7, T8 > Vaa, x9,x3,T5,—> VE| (HH,EI, ED (Hﬂ, EH,EB)
(2, 2, 3) xr1,x5,T6, L7,T8 H> Vaa, T9,X3,T4 > VE| (Eﬂ, E’, ED (Hﬂ, Eﬂ, EE])
(1,2,4) T1,T4,...,2T8 — V@, xo, 23 — Vg (EH,EI,ED (HH,EH,EB)

Next, we define &}y (p) in case when P € Qgg. To this end we use Tables 6 and 7.

TABLE 6. Defining &y (p) when 7(P) € Xgm N X"V.

value of N(mgm(P)) the map & on V(P) left pattern | right pattern
(1,3,3) XT1,X2,T4 > VE|7 x3,T5,Te, L7, T8 > Vaa (E,E,Eﬂ) (EB, EH,BH)
(1,5,1) x1, T2, T4, Te — VE, 3,25, 27,08 — Ve | (B,8,8) (8,8,8)
(2,3,2) x1, T2, 23, T5 — VA, 24,26, 27,28 — Vi | (B,8,8) (8,8,8)
(3,3,1) x1,...,%4,T6 — VB, T5, 27,78 — Vi (B8,8,8) (8,8,8)

Again, it is obvious that Tables 6 and 7 obey requirement (i) of the Lemma, and the number
of edges of P that are mapped into Vg, between Vg and Vg, and into Vi, are W(mgm(P))1,
N(mgm(P))2, and N(mgm(P))s, respectively. Thus requirement (7v) is inherited from Defini-
tion 56(g).
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TABLE 7. Defining &y (p) when 7(P) € Xgm N X4.

value of N(mgm(P)) the map & on V(P) left pattern | right pattern
( 7373) xlax67$7'_>VEa xZa--'7x5ax8'_>VEE (E,BH,EH) (EB7E|7E>
(1,5,1) x1, T4, T6, T7 — VE, T2, 23,25, 28 — Vi | (B,H,8) (8,8,8)
(2,3,2) x1,Ts5, T6, T7 — VE, T2,23, 24,08 — Vi | (B,H,8) (8,8,8)
(3,3,1) r1,%4,...,T7 — Vg, T2,23,78 — Vi (B,8,8) (8,8,8)

By inspecting Tables 2 and 3, we observe that in all entries one of z9 and x7 is allocated to
Vi, and the other is allocated to Vig. Thus each path of Qg N SpecPaths) contributes one vertex
to X¢ for each a € {H,H}. Since by (Quasi2) we have

|QEE N SpecPaths:‘ =(1+)i 20 £n%) > Lan

we conclude ().

Finally, inspecting Table 7, we see that in all entries in this table the edge x¢x7 is assigned
to Vg, and zows is assigned to Vig, and (since at least three edges are assigned between Vg
and V@) there is an edge other than xixo and z7xg which is assigned between Vg and Vg.
Thus each path P of SpecPaths’ which is in Qgm and has m(P) = X4 contributes one pair to
each of the three sets considered in (7ii) (observe that the case a = H,b = H is identical to
a = B, b = B by symmetry). As above, by (Quasi2) we have |Q55 ﬁSpecPaths:} > %/\n, and by
Chernoff’s inequality of these paths P, with probability at least 1 — exp(—n%?), at least %)\n
have m(P) € X*. We conclude (7).

What remains is to check (v) and (vi). To this end, we use that mgg, mom and mmg are
random, and that we split randomly X = XV U X4,
Let us first focus on proving (v), which is the following claim.

Claim 58.2. With high probability for every s € Ja, the pair

D
(gb{endvertices of UseJ2 SpecPaths? > gf'mner vertices of SpecPaths§>

has the 6yp-anchor distribution property with respect to the path-forest SpecPaths’, partition
(Va, V@) and the graph Hp.

Proof. We fix s € Jo, and aim to prove the 6yp-anchor distribution property holds for SpecPaths?,
with sufficiently high probability to take a union bound over the at most n choices of s.

As in Definition 39, given a, b, c € {H,8} let Ay . denote the collection of those endvertices
of paths SpecPaths? such that ¢P (z) € V,, and such that the neighbour y of x satisfies £(y) = V4,
and the next vertex z satisfies £(z) = V.. For each v € V3, \imP(s) we claim that with probability

0.4)

at least 1 — exp(—n"*) we have

(75) |{J} S Aa,b,c : (bA E NHD }‘ 1 + 37D)dD’Aa,b,c‘ + ’)/Dno'gg .

Note that in this setting all the densities in Definition 39 are (1 & 2vp)dp by the fact that from
Lemma 34 we have a (yp, Lp, dp, dp)-quasirandom setup, and using Lemma 29 with (Quasil),
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so that establishing (75) for each pattern a,b,c and v € V(Hp) gives the required 6yp-anchor
distribution property. To simplify notation, we suppose a = H; the other case is symmetric.

Observe that [Agp.c| is the total number of left and right patterns (as in Tables 2-7) whose
consecutive values are B, b, and ¢ which are assigned to paths of SpecPaths; by &. This can
be either a left or a right pattern of a path from Qgg, or a left pattern of a path from Qggm.
We split up Agy, . into sets A’é’b’c, where p € {H,H}, and a vertex z of A’é’?b’c is in a path of
SpecPaths} whose endvertex not anchored to x is anchored in V.

We reveal the partition of X = XV U XA, Whatever this partition turns out to be, it together
with N determine the total number Ng of left and right patterns of paths in Qgg which are
H, b, ¢, and also the total number Ng of left patterns of paths in Qg which are H,b,c. When
we reveal mgg, since each corresponding path has two ends in Vg, the size |Ag7b7 C| follows the
, Ng, 2|Q55 N SpecPaths;‘D. (Recall this
is the random experiment of choosing, from a set of size 2|Q55| of which Ng are marked, a

hypergeometric distribution with parameters (QIQE,E

subset uniformly at random of size 2‘@55 N SpecPaths:‘) and seeing how many are marked.)
Similarly, the size ‘Ag be NV Nap (’U)‘ follows the hypergeometric distribution with parameters

(2’ Opal, Ng, AU,E), where A, 4 is the number of vertices in V; N Ng,, which are anchors of paths
in Qgg N SpecPaths’. By Fact 23, with probability at least 1 — exp(—+/n) we get
Ng - 2| Qgg N SpecPaths? Ng- A5
| %,b,c| = ‘ s’ +n09 and ‘Agbw N Ngyp (v)‘ B sy 09
2| Qee 2| Qe
By similar logic, recalling that paths of Qgm have only one end anchored in Vg, we get
Ng - |Qzm N SpecPaths? Ny - A
42, | = |G SeecPetel y on g |48, Ny )] = N g 00
| Qe | Q|

Suppose that all four of these equalities hold. By (Quasi5) (specifically (12) or (13), depending
on whether v € Vg or Vi), we have A, 5 = (1 £ vp)dp - 2‘955 N SpecPathsi!, and similarly
Aym=(1£9p)dp - ‘QEE N SpecPaths;f’. Substituting these into the above equations, we get

[ A2 4. N Nap (v)] = (1 £ p)dp [AZ | + 0P
and |AZ, . N Nup, (v)] = (1£yp)dp|AS, .| £ n"P.

Summing these equations, since Agp . = AE b CUAE b.c» We obtain the desired (75). Taking the
union bound over the four equalities and the choices of a, b, ¢, v we see that it holds for all these
choices with probability at least 1 — exp(—n’%) as required. Finally the union bound over the

choices of s completes the proof of the claim. u]

Last, we shall prove that with high probability the map & has the 20vyp-pair distribution
property.

Recall that graphs (Gs)sez, were (partially) packed in Stage A and Stage C. For such an
s € Ja, after Stage A, each G5 had (§ + 6A)n unembedded vertices (c.f. (8)). In Stage C,
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between 0 and 6n%% additional vertices of G were embedded. Hence,
(76) [V(G) \ imP ()| = (6 + 6\)n + 6026 .
Similarly, the number of endvertices of paths in SpecPaths is

(77) 2|SpecPaths?| = 2An 4 2n°¢ .

Recall that E* := (J,c 7, £(SpecPaths), and let £** C E* be the edges that do not contain
endvertices (i.e. the 5 edges in the middle of each path). We refer to the edges of E** as internal
and those of E* \ E** as peripheral. For a,b € {8, B} let

(78) favi=" D le)—view)-vh »

(z,y):xye E**
where, as in Definition 41 of the pair distribution property, an edge zy with £(z) = £(y) counts
twice in this sum, once as (z,y) and once as (y,z). The same applies to future similar sums in
this section. For s € J3, let

(79) fabs = > Le @)=V £(4)=V5 -
(z,y):xye E**NE(SpecPaths})

We define Bgg := 2Dgg, and Bggy := 2Dgm, and Bgg, Bag := Dggm. Thus By, is the number
of edges in total, counted with multiplicity as in the above sums, that we want to embed in this
stage with one end in V, and the other in V}. Recall that the D, form a moderately balanced

occupancy requirement, and in particular we conclude
(80) Bap > IAn| | = IXN — 09 — 01)n?.

We now prove the following claim.
Claim 58.3. For s € Jo, with probability at least 1 — 2 exp(—3y/n) we have for a,b € {8, H}

Bab
s = (1£57D) [~ —— —n ) .
Jabs = 7o) (()\—00—01)n n)
Proof of Claim 58.3. For a,b € {H,8B}, we define By, s as the total number of pairs (z,y),
xy € E(SpecPaths}) with £(x) = a and £(y) = b. We claim that with probability 1 — exp(—+/n),
for every s € Jo we have

Bab

—— An .
(/\—Uo—Ul)n "

(81) Bap,s = (1 +29p) >

N

The inequality in (81) is an immediate consequence of (80) and choice of yp, so the difficulty is
to prove the equality. To prove the equality in (81), fix a,b € {H,H} and s € J5 and let v be
in the range of X. By definition for each ¢,d € {8, 8} there are R71(v) N X4 elements of X4
which are assigned v. The number of these elements which are in 7.4 (SpecPaths: N ch) follows

the hypergeometric distribution with parameters

(|Xea| , |SpecPathsy M Qe , | Xea MR (b))
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and by Fact 23, with probability at least 1 — exp(—n"9) we have

= |SpecPaths; N Q.|| Xcg N R~ (v)]
|Xcd|

(82) ]N (0) N Xeg N Teg (SpecPaths N ch) +n%9.

Suppose that (82) holds for each choice of v and of ¢, d, s; there are at most 100n such choices
in total, so that this occurs with probability at least 1 — exp(—+/n).

Suppose for a moment that a = b = BH. Consider the following weighted sum of (82) (and
note that the intersection with X4 is redundant since m.q (SpeCPathS* N ch) C Xcq). We have

1
2201 ‘N )N ch(SpecPaths N Qe ’ = 220 [SpecPaths. Q‘QXCZJ"X“QN ) 4 5,091

The left hand side of this equality is precisely the contribution to By, s made by paths in Q.4,
while on the right hand side, Y, 201X, N R~1(b)] is the contribution to B,, made by paths in
Qcq- By (Quasi2), if ¢ = d then we have

|SpecPaths; N Qcq| = (1 £ 'yD)%|SpecPaths | (1 £ 9p)% (An £ n°9)
and |Qeq| = |F|5 (An £n"6). If ¢ # d, we replace the fraction § by 1. In either case, we have

|SpecPaths’ N Q4] _ 1+ 3
|ch| |j2‘

Plugging these observations in, and summing (83) over choices of ¢ and d, we get

0.95

By
Bab,s:(li?) )‘j‘

from which (81) follows since |J2| = (A — 09 — 01)n. To deal with the case a = b = H, we use the
same argument but replace 2v1 with 2v3 throughout; to deal with {a,b} = {H,H} we replace
2071 with vs.

The difference between By, s and the required f,; s is precisely that peripheral edges count
towards the former, but not the latter.

Let us look first at fgg . Here, peripheral edges count twice towards Bgg s (once for each
orientation) and they are necessarily peripheral edges of paths either in Qgg N SpecPaths}, or
in in Qgm N SpecPaths* The former is easy to deal with: by (Quasi2) and (77) we have
‘QEE N SpecPaths} ‘ = 1 +vp)(An + no'ﬁ), and consulting Tables 2 and 3 we see that in all
cases, in each such path, exactly one of the two peripheral edges is assigned by ¢ within Vg.
Thus the peripheral edge contribution from these paths to Bgg s is %(1 +vp)(An £ n0'6). For
a path P € Ogm, on the other hand, only one of the two peripheral edges can possibly lie in
V. From Tables 6 and 7, we see that whether it does so depends on whether mgm(P) is in X4
or XV. These two cases are equally likely and chosen independently for all paths in Qzm. We
have by (Quasi2) and (77) that |Qgm N SpecPaths | = 1(1£9p)(An £n%F), so by the Chernoff
bound, with probability at least 1 — exp(—+/n) the contrlbutlon from these paths to Bgg s is
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(1 £ 9p)(An £ n%6) £ %9 Putting this together, we have

fee,s = Beas — (1 £9p)(An £ n%0) £ no9

Bgg
()\— gg — Ul)n B )\n) '

This proves the Claim for fgg,. The same argument, replacing HH with HH and looking at

2 (14 57)(

Tables 4 and 5, proves the Claim for fmgm .

What remains is to prove the Claim for fsm s = fmg,s. Note that peripheral edges count only
once towards Bgm . By exactly the same argument as above, the number of peripheral edges
from paths of Qg5 N SpecPaths’ which contribute to Bog s is (1£7yp)(An+n’®), and we obtain
the same bound for paths of Qmm N SpecPaths;. For paths P of Qgg N SpecPaths, of which
there are as above (1 =+ vp)(An £ n%6), from Tables 6 and 7 we see that either both or neither
peripheral edges contribute to Bgm s, according to whether mgm(P) is in X4 or XV. Much as
above, we see that with probability at least 1 — exp(—y/n) the contribution from these paths to
Beg s is %(1 +9p)(An £ n%0) £2n%9 and summing we get

fems = Boms — (1 £vp)(An+ n06) £ 209

Bgm
(A—=00—o01)n B )\n) ’

as required. 0

2 (1 57)

As in Definition 41 suppose that we are given a,b € {H,H} and an edge wv € E(Hp), with
u €V, and v € V}, we claim that with probability at least 1 — 3 exp(—+/n) we have that

Dayerr Le(@)=Va )=V

+ 37Dn70.01 ’
[Val V3]

(34) S s = (14 39p)

s€J2
where the quantity wy,.s is as defined in Definition 41. Assuming we have this, then by the
union bound over all possible edges uv € F(Hp) we obtain that with high probability, £ has
the 5yp-pair distribution property. So we need to prove (84) holds with the claimed probability.
We split the sum into the contribution coming from (23b) and (23c) (i.e. respectively u or v
is an anchor of some path in SpecPaths’, and the other is not in im ¢?) and that from (23a)
(u,v & im ¢P). These cases are not exhaustive, but for s € Jo where none of the three cases
occurs, we have wy,,s = 0.

We first deal with the case (23a). The numerator of wy,.s in this case (23a) counts (with
multiplicity) the number of pairs which are internal edges of SpecPaths; with one end assigned
in V, and the other in V4, in other words it is fs,s. The denominator is by (Quasil) (with
S1 = Sy = T3 = () and one of Ty and T being {s} and the other (}) and (76) equal to (1 £
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2
D)%% ((6 + 6A)n £ nF)”, and therefore

B,
fab,s Claim 58.3 (1 + 5’YD) ( ()\—ao—bcq)n o An)
(1+7D)2L((6 + 6X)n + n06)? (14 7p)2L ((8 + 6X)n + n0-6)
Bap — M\ — ag — o1)n?
(0 +6X)2(\ —0¢ —o1)n?
Thus we simply need to know the number of s € J2 such that u,v ¢ im¢?. By (Quasi6) (with
S1 = {u,v} and Sy = () this number is

Wyw;s = 2

=4(1+8yp)

(14 D) T2] (5 4 6A £ 004 = (1 + 2yp) (A — 00 — 01)n(8 + 61)2,
and so we get

(85) > Wuwe = 4(1 4 119p)(Bap — A(A — 00 — o1)n*)n 2.
s€J2

u,ugim ¢P

We now deal with the case (23b). The denominator of (23b) is (1£2yp)5(5+6A)n by (Quasil)
as above, so we have
Wyps = 2(1 £3yp) (0 +6X) 'nt.
As before, what we need to do is estimate the number of s € J such that u = ¢P(x) is an anchor

of some path in SpecPaths? whose first two vertices are zy, and v € im ¢P, and £(y) = V. To
do this, first we define

Suy :={s € Jo : ¢35 (u) € endvertices of SpecPaths?, v ¢ im ¢P} .

What we want, then, is to estimate the number of s € Sy, such that {(y) = V;, where y
is the neighbour of (qﬁD)*l(u) in SpecPaths. To begin with, substituting (76), (77) and (3)

into (Quasi8), we have

(2xn £ 2n°%6)((6 + 6X)n £+ 6n°9)
2

Suul = (1 £ D)2l ’
= (1 + 2’7]3) . 2)\(5 + 6)\)()\ — 09 — 01)n .

Now, let s € Sy, be arbitrary. Let x € V(G;) be the anchor that is mapped on u, and let y
be its neighbour in the path P € SpecPaths; containing . Whatever N(ﬂ'(P)) is, observe from
Tables 2-7 that £(y) = V} is true for exactly one of 7(P) € X4 and n(P) € XV. In other
words, when the random map = is fixed, the event £(y) =V}, holds with probability %, and these
events are independent for the various s € Sy,. Thus with probability at least 1 — exp(—+/n)
the number of indices s € J5 counted in (23b) is 3|S,| £ n®9. Under this assumption, we get

(86) > Wapss = (51Suw] £n%?) - 2(1 £ 3vp) (5 +6)) "'t
s€J2:(23b) applies
(87) = (1:|:6’)/D) '2)\()\—00—0'1) y
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and similarly we obtain that with probability at least 1 — exp(—v/n),
(88) > Wyss = (1 £69D) - 2A(N — 00 — 01) .
s€J2:(23c) applies

Summing up (85), (86) and (88), we see that

By
> Wups = 4(1 £ 207p) nf; :
s€J2

Taking the union bound over the various choices, we see that this holds for all v and v, giving
the desired 20vp-pair distribution property. O

By combining Lemma 58 with Lemma 42 we can prove Lemma 36. This proof is broadly
similar to the proof for Stage D, Lemma 34.
Proof of Lemma 36. We set v = 19552~ *LE§1 B (\)4E Let C’ be such that m 27 10Le Y
is returned by Lemma 42 for input v and Lp. Note that C'yp < vg. Let H = Hp, which has
2| 5| vertices. From Lemma 58 we obtain a map &.

We now translate our setting into the setup for Lemma 42 with v and L = Lp, and with
v =20(Lp + 2)yp. We let H = Hp with the partition V5UVg. Temporarily abusing notation,
let s* :=|J2| > vn and suppose Ja = [s*]. Given s € J» we obtain a path-forest Fy = SpecPaths,
‘As’ with used set Uy := im ¢P. Recall
that each path in F; has eight vertices, which is less than Lp. The required assignment of sides
is provided by &, defined by the restriction of £ (as defined in Lemma 58) to SpecPaths. We let

U, = imP(s).

whose leaves A, are anchored by the embedding ¢ := ¢P

We next verify the conditions of Lemma 42. Recall that by (Quasil) the graph Hp with
partition (Vg, V@) is (yp, Lp)-index-quasirandom with respect to (imD(s))sej and (Is)sejo’
with with I := {i € [§] : B;,H; € As}. By Lemma 29, we conclude that Hp is ((Lp+2)vp, Lp)-
block-quasirandom and ((Lp + 2)yp, Lp)-block-diet with respect to each set Us for s € J5. By
choice of v we have v > (Lp + 2)7p.

By Lemma 58(v), for each s € 7, the forest Fs with anchors ¢SD| A, has the 6yp-anchor
distribution property with respect to Hp, and by Lemma 58(vi) the collection of forests with
anchors and assignment ¢ has the 20yp-pair distribution property. By choice of v, in particular
we have the vy-anchor distribution and ~-pair distribution properties. Furthermore, (i) gives us
1€ ({Va}) \ As| > 2An > vn for each a € {B,8} and s € Jo, and (iii) gives us

{(z,y) € BE(Fy) i 2 € &' ({Va}) \ Asy € & (VD) \ As}| = 1500 > vn
for each a,b € {B,B} and s € Jo.

For each s € Jo, by (Quasil) we have, for each a € {8,8}, |V, \Us| = (1+4p)-3(n—|Us|) >
10n + 6An, where we use the fact that A < 6. Since |SpecPaths:| < An and each path has 6

interior vertices, even if all the vertices of the paths SpecPaths’ were assigned to V, we obtain
Vo \Us| — |[{z € V(F) \ As : &(x) = Vo) | > 1on > vn.
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We define dfyg, dig, digg to be the densities obtained by a successful packing of the F according
to &. By Lemma 58, we have dig, dg, digg > v.

This is the setup for Lemma 42, and the conclusion of that lemma is that PathPacking w.h.p.
succeeds in packing each Fj as specified. That is, we obtain for each s € J, an embedding ¢, of
Fy into Hp [(V(H)\Us)U¢s(As)] which extends @5, such that ¢/ (z) € & () for cach z € V(Fy),
and such that for each uv € E(H) there is at most one s such that ¢/, uses the edge uv. Suppose
that this likely event occurs, and as before we will list polynomially many further events which
we presume all occur, and fix such an outcome. Note that the existence of a packing according
to &, by Lemma 58 (iv), in particular gives us the required edge counts (18).

We now define the setup after stage E and check it satisfies the conditions of Lemma 36.
This is much the same as for Stage D. We let Hg be the graph H' returned by Lemma 42. For
s € JoU J1, we set ¢F = ¢P | with the same anchor and used sets and the same path-forests
to embed. Recall that the conclusion of Lemma 36 has paths indexed by Jo U J; U . We now
argue that this is a (vg, Lg, df, dg)-quasirandom setup, as required for Lemma 36.

For (Quasil), fix S1,S2,T1,Ts, T3 as in Definition 28, each of size at most Lg, with families
of sets (UE)seczuz and (Js)ses, and let X = Upyy (S1, S9, T1, T2, T3). Then we have |X| > vn,

S

and so by (PP5) it is likely that we have

| X N U (51, 52,0,0)| = (14 C'(Lp + 2)yp) (g&) S EIHSVE] (de ) ISnVERISNVEL

dp
Plugging in the size | X| given by (Quasil) after stage D, and observing that the above set is
precisely Upy (S1, S, T, T2, T3) with families of sets (UE)sc 707 and (Js)seg,, this is what is
required for (Lg, Vg, dj, dg)-index-quasirandomness.

For (Quasi2), observe that for J; nothing has changed from after stage D, and we no
longer consider [J5. Similarly, for (Quasi3) nothing has changed from after stage D for [Jj.
For (Quasi4), it suffices by construction to establish (Quasi5) as in stage D.

For (Quasib), fix s € JoU J1, a € {8,8} and v € V(Hg) \ UE. By (Quasi5) after stage D,
writing A? for the set of anchors v € A¥ such that the path end not anchored to v is anchored

in V,, we have

HEl € NHD (u) N A(SZH = (1 + 'yD)dD|A§ N VE’ and

HBHz S NHD(U) N Ag}} = (1 :t’yD)dD|Ag N VE’ .
We define a weight function w on V(Hp) by setting w(v) = 1 if v € A%, and otherwise w(v) = 0.
Note that ¢y w(v) is either equal to zero or at least vn by (Quasi2) and by construction.
Thus by (PP4), if u € Vg it is likely that we have

di
dp

{8 € Nz (u) N A2} = (1 £ 9p)dp| A2 N Vis|(1 4 C'(Lp + 2)vp) 2= .

|{Ei S NHE(U) n Ag}’ = (1 + ’yD)dD‘Ag N VE||(1 + C/(LD + 2)’}’]3) and



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 132

Similarly if u € Vg it is likely that we have

{8 € Nz () N A2} = (1 £ yp)dp|A% N Va|(1£ C'(Lp +2)yp)$&  and
d*
[{8; € N (u) N A} = (1 £ yp)dp|A§ N Vie|(1 + C'(Lp + 2)7) B -
This is as required for (Quasib).
For (Quasi6), observe that nothing has changed for Jy U J; and that we no longer consider
Ja.
For (QuasiT7), observe that nothing has changed since after stage D for Jy and J7, while we
no longer consider J>. The same holds for (Quasi8). O

13. STAGE F (PROOF OF LEMMA 37)

In this stage we embed the paths {SpecPaths}, s € 71} to precisely adjust the degrees condition
of the vertices. We need to obtain (20), that is

degp, (Bi, Vi) = degy, (B, Va) +t(E;) and degy, (B;, Va) = degy, (B, Vi) + t(H)

for each i € [|n/2]].

For each s ¢ J; we set ¢F := ¢F. We will construct embeddings ¢F extending ¢F for each
s € Jp that do not use any edge of H multiple times and give us (20) for each i. First, we argue
that any such maps give us the required quasirandom setup.

We begin with (Quasil). For an arbitrary set T C Jy we have (J,opim® (s) = J,op im®(s).
As we are extending the mappings only on paths from {SpecPaths?,s € 7,1}, and that for each
s € Jp the mapping qbf is an embedding, observe that for each v € V(H), we have

(89) IN#g (v) \ N ()| < 2|71 = 2017

Also observe that the densities in the graph Hg and in the graph Hy are nearly identical. Indeed,
a very rough estimate, gives us that dp, — dp < 10002, and dg — dp < 10002.

Hence, for sets S C V(Hg) and T' C Jp, we have
(89)

(90) N () \ [ im® (s)

seT

N (S)\ [ im®(s)| £ [S] - 201n .
seT

Assume that we are given sets S1, 5o C VgU Vg and pairwise disjoint sets 17,15, T3 C Jy with
|S;| < Lg and |T}| < Lg for i € [2] and j € [3]. Combining (90) with the fact that (Hg, Vi, Vi) is
(Lg, v8, df, dg)-index-quasirandom with respect to the collections (im¥(s))se zuz and (Is)se s,
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with I, := {i € [§] : B;,H; € As} (see (Quasil)), we obtain

\Unyg (S1, 52, 11,12, T3)| = |Upg (S1, 52,11, T2, T3)| = (|S1] + |S2]) - 201n

D28 (1 4+ ny)(dE)|51ﬁVE||+|52ﬁVaa| . (JE)\510V5\+|SQQVE|
B
H (1_1111(8)) (2)\*)|T3|gi(‘51’+’S2‘)20_1n
s€T\UTh n
= (1 yp)(dp) 517 VB IS0Vl (@) ISIOVEIHISIOVEL (5 4 g x)TIHITL (20Tl 2

5
proving that (Hg, Vi, Vi) is (Lg, Yr, dp+, dr )-index-quasirandom with respect to the collections
(im®(s))seg, and (Ls)segy, with I == {i € [2] : B;,B; € A}, as required for (Quasil).

For (Quasi2), (Quasi3d), (Quasi4), (Quasi6), (Quasi7) and (Quasi8), either nothing has
changed from Stage E, or the condition is vacuous since we ask for a quasirandom setup with
index sets Jo, 0, 0. It remains to verify (Quasi5), which follows from the above calculation and
the observation that for a given u and v, the change in any of (12)—(15) in going from Stage E
to Stage I is at most degy, (u) — degy, (u) or degy (v) — degy, (v) respectively. By the above
calculation, this change is absorbed in the larger error term yg. This completes the proof that

we obtain the required quasirandom setup for Lemma 37.

We now construct the ¢F for s € J;. Let Py := Usejl SpecPaths;. Let v € Vg U V. Let
{Vu, Vo } = {Vig, Vig} be such that v € V,, and v ¢ V,,. Embedding each path of Py anchored at
v will decrease the degree of v by 1; all other paths will decrease the degree by either 2 or 0,
depending on whether we use v in the embedding or not. It turns out to be convenient to use
the following rule: if a path of Py is anchored at v and its other endpoint is also anchored in V,,
then we embed the edge from v in E(Vg, Vig), while if the other endpoint is anchored in V;,, then
we embed the edge from v within V,,. To keep track of how many edges this uses, for a given
set of paths P* C Py we define j(v, P*) being the number of paths P € P* anchored at v with
its second anchor in V,, and j(v, P*) being the number of paths P € P* anchored at v with its
second anchor in V.

To satisfy (20), by packing Py we need to achieve that degy (v, V,) —t(v) = degy,, (v, V,). We
denote the discrepancy degree (defined with respect to a host graph H* C H and a set P* C Py)
of a vertex v € Vg U Vg by

dg+p+(v) = degy« (v, V) — t(v) — degy« (v, V) + a(v, P*)
where a(v, P*) = j(v, P*) — j(v, P*). Observe that by (Quasi3) we have
(91) j(v,Po) = (L£p)otn  and  j(v,Po) = (L£p)oin.

Hence, our ultimate goal is to obtain that dg g(v) = 0 for all v € V(Hp).
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The two following claims state that the discrepancy degree is zero on average and does not
deviate much from this value. We will then embed paths one by one, preserving the condition

that the average discrepancy degree is zero.

Claim 58.4. We have
Z dHE,Po(U) = Z dHE,Po(U) =0.

veVg veEVg

Proof. We prove that the average of the discrepancy degree of vertices from Vg is 0. The average

of the discrepancy degree for Vig is done analogously.

Z dHE,PO (/U) = Z (degHE (Ua VB) - t(?)) + degHE (U, VEE) + a(vv 730))
veVg veVg

= 2ep (Va) — emg (Va, Vi) — D t(v) + Y (j(v,Po) — (v, Po))

veVa veVa
2 2(0o N n? + 2jmm + 3(jzm + jwm)) — (00N n? + 6(jas + jmm) + 5jmm) — oo n?
+ (2jo3 — jom)
=0. u]
Claim 58.5. For each v € Vg U Vg we have |dg p,(v)| < ypn.

Proof. Fix an arbitrary v € Vg U V. By definition of dgyg, p,(-), we have

|, po (v)] = [ deg g (v, Vi) — t(v) = degyg (v, Vi) + (v, Po) — j (v, Po)|.

Now, after stage E we have a (yg, Lg,d}y, dg)-quasirandom setup. By (QuasiT), we have
j(v,Po) — j(v,Po) = +3vg - 203n. Also by (Quasi7) we have t(v) = (1 + vg) - 2\*oon. Fi-
nally by (Quasil), we have degy_(v,V,) = (1 £ g)dgn/2 and degy_ (v, V,) = (1 £ vg)dgn/2.
Plugging this in, and using the definitions of d} and dg, we get

|d g, (V)| = |(1 £ yE)dE 2 — (1 £9E)2X\ oon — (1 £vg)de2 + 37E - 2070
=|(1£9&)(8(N\ o0 + %a%))% — (1 +£98)2X*0on — (1 £vg) (4(\*00 + %a%))% +3g - 20%71‘
<yEN. 0

The mappings (¢F )scz, will be defined in roughly o?n? steps, where in each step i we define

a mapping ¢; of one path P; € {SpecPaths},s € J1}. The reason for ‘roughly’ is that in
Stage C we packed some (between 0 and n°%) paths from each SpecPaths, with s € J;. Let
m = Zsejl |SpecPaths?| denote the precise number of paths we need to pack in this stage; then
we have %a%nQ <m < ain?.

Denote by P; the set of paths from {SpecPaths}, s € 71} that were not yet packed after step ¢,
in particular P, = 0. Set img(s) = im®(s) be the image of the partial embedding of G at the
beginning of Stage F. Let us assume that we are in step i € [m] and are about to embed a path
P; € P;. For s € J1, denote by im;(s) be the image of G just after step ¢, i.e., im;(s) = im;_1(s)
if P; ¢ SpecPaths; and im;(s) = im;_;(s) U ¢;(V(F;)), otherwise. Let H; be the host graph
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just after step i (i.e., the union of edges not yet used by the packing after step 4, the graph Hy
being Hg). For the first (at most) ygn? steps, we shall be correcting the degree discrepancy
of the vertices. During these steps, we shall be careful not to use any one vertex more than
vE (1 + 10(ooA*)"26)n times. After that, we shall just pack the rest of {SpecPaths} : s € 71} in
such a way as not to destroy the degree discrepancy of any vertex.

First, we state an auxiliary claim that will ensure us the existence of the mappings ¢;,i € [m]
we shall define in the proofs of Lemmas 59 and 60.

Claim 58.6. For any i < o?n?, for any s € J1, for any set S C V(H) with |S| < 2, and for
V* € {Va, Via}, we have [Ng,_,(S) N V*\im;_1(s)| > (oo\*)?0n.

Proof. From (Quasil), by setting S1 := S, So := 0, T1 := {s}, and Th, = T5 := 0, for V* = Vg,
and setting S1:=0, So := S, T} := 0, Ty := {s}, and T3 := (), if V* = Vig, we obtain that

10-16
4

INg (S) N V*\ im®(s)| > % -min{dy, dg}* - g 100 > (oo \*)26n,

where the last inequality comes from Fact 35.

Observe that for an arbitrary v € Vg U Vi, the difference between [Ngg(v)| and |Ng, , (v)]
is at most 201n, as |J1| = o1n and each path from {SpecPaths},s € 71} has used at most 2
edges incident to v. Also observe that the difference between |im®(s)| and |im;_;(s)| is at most
1001n, being the maximal number of vertices in {SpecPaths}} embedded in Stage E. Therefore,
we have by (1)

INg,_,(S)NV*\im;_y1(s)| > |Ngg (S) N V*\ im®(s)| — 401n — 10010
> 40(og\*)%6n — 14o1n > (0oA\*)20n . o

In Lemma 59 below we claim that we can embed a path from P; in such a way that we can
improve by 2 the degree discrepancy of two vertices, without spoiling the other degree discrepancy
(and thus keeping the average degree discrepancy equal to zero). Observe that in Stage B we
ensured that the degree discrepancy of each vertices is even, so that repeating this procedure
can indeed terminate with all vertices having degree discrepancy zero.

Lemma 59. Let i < ygn?. Suppose we have two vertices u,w € V*, V* € {Vg, Vg} such that
du, ,p, ,(u) >0 and dg, ,p, ,(w) <O0.

Then there exists a path P; € P;_1 and there exists a mapping ¢; of P; in H;_1 such that the
discrepancy degree dy, p,(w) = du, | p, ,(v) —2, du, p,(w) =du, ,p, ,(w)+2, and dy, p,(v) =
dp, ,p, ,(v) forallv e V(H)\ {u,w} and ¢; satisfies the following.

(a) If one anchor of P; is in Vg and the other in V@, then the image of ¢; uses 3 edges in

Vg, 3 edges in Vg, and 5 edges between Vg and Vg.

(b) If both anchors are in Vg, then ¢; uses 2 edges in Vg, 3 edges in Vi, and 6 edges between
Vg and Vig.

(¢) If both anchors are in V@, then ¢; uses 2 edges in Vig, 3 edges in Vg, and 6 edges between
Vg and Vg.
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Moreover, during the whole < vygn? times using this lemma, no verter is used more than yg(1 +
10(ooA*)"28)n times for the embedding of the paths from P;.

Proof. The next auxiliary claim helps us pick a suitable path P; from the set P;_1.

Claim 59.1. Suppose that i < ygn®. Then there exists a path P; € P;_1 N SpecPaths® with s
such that {u,w} Nim;_1(s) = 0.

Proof. From (Quasi6), by setting Sy := {u,w}, S2 = 0 and looking in J; (where for each s € Jy
we have n — |im®(s)| > dn), we obtain that

Hs e - im®(s) N {u,w} =0} > (1 —2yg)0% - o1n > %52 Som.

At step ¢ < 'yEnQ, we have used either u or w at most ’yE(l + 10(00)\*)_25)n times, and in
particular in at most that many different graphs G, in Stage F. We have embedded at most
vgn? paths. Hence we have at least (%62 -omn — ’yE(l + 10(00)\*)*25)n)01n — vgn? > 0 paths
to choose P; from. O

Assume that u,w € Vg. The other case is dealt with symmetrically and we omit the details.
Let P; = {z1,...,x12} be a path given by Claim 59.1, let s be such that P; € SpecPaths} and
let v1 := ¢¥(z1) and vig := ¥ (212).

First consider the case when v; € Vg and v12 € Vig (or the other way around, which is done
analogously). We set vs = ¢;(z5) := w and vg = ¢;(z9) = u. Each vertex z; € V(F;) \
{z1, 25,29, 212} (which we call the connection vertices) is successively mapped to v; chosen in

(92) NHi_1 (’Uj_l) NV, \ (1m(<Z>E(Gs)) U {’Ug, - ,'Uz'—l} U {’1)5, ’Ug})
(93) N,y (0;-1) N Ngz,_, (vj41) NV \ (im(6™(Gs)) U {va, .., vi1} U {s, vo})

if vj41 is already defined, where Vi, = Vg, for j € {2,8,10} and Vi = Vi for j € {3,4,6,7,11}.
We insist additionally (and will in the following cases also) on choosing for each of these steps a
vertex to which we embedded a connection vertex in Stage F less than 10vg(co\*) ~26n times.
By Claim 58.6 the set from which v; is chosen is non-empty, since the total number of paths we
embed while applying this lemma is at most ygn? and each has 10 vertices to embed. Note that
when embedding paths in this lemma, we use vertices either as connection vertices or because
their degree discrepancy is non-zero; by Claim 58.5 we use any vertex at most ygn times for
the latter, and this implies that we use any vertex in total at most *yE(l + 10(00)\*)*26)n times
while applying this lemma. This satisfies the Moreover part of the lemma.
Observe that degg, p,) (u, Va) = 2, degg, (p,) (v, Vi) = 0, degy, (p,)(w, Va) = 0, degy, (p,y(w, Vis) =

2, degg, (p,)(vj, V) = degy,(p,)(vj, Vim) = 1, for j € {2,3,4,6,7,8,10,11}, and degy, p,)(v1, Va) =
1, deg(bi(Pi)(vlg,Vgg) = 1, while there is one less path anchored at v;1 € Vg and v1s € Vg in
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P; than in P;_;. This ensures the requirements for the degree discrepancy dg, p,(v) are ful-
filled for all v € V5 U V. Observe that ¢; satisfies (a), as it uses the following 5 edges be-
tween Vg and Vig: {va,vs}, {va,vs5}, {vs,v6}, {v7,vs}, and {vip,v11}, the following 3 edges inside
Va: {v1,v2}, {vs,v9}, and {vg,v19}, and the following 3 edges inside Vig: {vs, v4}, {ve,v7}, and
{v11, v12}.

Second, consider the case when v1,v12 € V. We set v = ¢(z4) := w and vg = ¢(xg) = u.
Each vertex z; € V(P;) \ {z1, x4, xg, x12} is successively mapped to v; chosen as in (92) or (93)
where V, = Vg, for j € {7,9} and V, = Vg for j € {2,3,5,6,10,11}. Similarly as above,
Claim 58.6 ensures that we can define v; without any vertex having too many connection vertices
embedded to it. Similarly as above, the assignment of Vi, ensures the requirements for dg, p, ()
are satisfied. Observe that {{vi,va}, {vs,va}, {va, v5},{ve, v7}, {vo, vi0}, {vi1,v12}} C Vg x Vg,
{{vr,vs}, {vs,v9}} C ('F), and {{va, v}, {v5, v6}, {vi0,v11}} C (), satistying (a).

Last, consider the case when vy, vi2 € Vig. We set v3 = ¢(x3) := v and v; = ¢(x7) := w. Each
vertex x; € V(P;) \ {1, x3, x7, 212} is successively mapped to v; chosen in (92) or in (93), where
Vi = Vg for j € {2,4,10,11} and V, = Vi for j € {5,6,8,9}. Again we can define v; due to
Claim 58.6 and the requirements of dg, p,(-) are satisfied. For the Moreover part, observe that
¢; uses 6 edges between Vg and Vig, 3 edges inside Vg, and 2 edges inside V. (]

Lemma 60. Let i € [m]. For any path P; € P;_1, there exists a mapping ¢; of P; in H;—1 such
that the discrepancy degree dp, p,(v) = du, ,p, ,(v) for all v € Vg U Vis. Moreover, ¢; satisfies
the following.
e [f one anchor of P; is in Vg and the other in Vg, then the image of ¢; uses 3 edges in
Va, 3 edges in Vi@, and 5 edges between Vg and Vg.

e [f both anchors are in Vg, then ¢; uses 2 edges in Vg, 3 edges in Vig, and 6 edges between
Vg and V.

e [f both anchors are in V@, then ¢; uses 2 edges in Vg, 3 edges in Vg, and 6 edges between
Vg and V.

Proof. Let P; = {x1,...,212} and let s be such that P, € SpecPaths® and let vy := ¢¥ (1) and
V12 = ¢5E(3312)-

First, consider the case when v € Vg and vi12 € Vig (or the other way around, which is done
analogously). Each vertex x; € V(FP;) \ {1, z12} is successively mapped to vj chosen in (92), or
in (93) if j = 11, where V, = Vg, for j € {2,5,6,9,10} and V., = Vig for j € {3,4,7,8,11}. By
Claim 58.6 the set from which v; is chosen, is non-empty, as ¢; is eventually defined on 10 vertices.
Similarly as in the proof of Lemma 59, it is easy to observe that the requirements on dp, p,(-) are
satisfied. For the Moreover part, observe that ¢; uses the edges {va, v3}, {v4, v5}, {ve, v7}, {vs, vo},
and {v10,v11} from Vg x Vig. The edges {vi,v2}, {vs, v}, and {vg,v10} lie inside Vg and the
edges {vs,va}, {v7,vs}, and {vi1,v12} lie inside V.

Second, consider the case when vy, v12 € Vg (the case when vy, v12 € Vig is done analogously).
Each vertex x; € V(P;) \ {z1,z12} is successively mapped to v; chosen in (92), or in (93) if
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j =11, where V,, = Vi, for j € {4,5,8,9} and V, = Vig for j € {2,3,6,7,10,11}. By Claim 58.6
the set from which v; is chosen, is non-empty, as ¢; is eventually defined on 10 vertices. Similarly
as in the proof of Lemma 59, it is easy to observe that the requirements on dp;, p,(-) are satisfied.

As just above, one can easily check that ¢; uses 2 edges in Vg, 3 edges in Vig, and 6 edges between
Ve and V. O

Once we have dp, p,(v) = 0 for all v € Vg U Vig, we use Lemma 60 to pack the left-over paths
from P;. So, it is left to prove that we manage to correct all the degree discrepancy within the
first ypn? steps by using Lemma 59. Observe that by Claim 58.5 we have

Z |dro,p, (V)] < ’VDnz .
veVgUVg

Each use of Lemma 59 decreases |dg, p,(v)| by 2 for two vertices, and hence decreases

Z ’dHo,Po (U)|
veVgUVg
by 4. Hence, after at most iWDRQ steps, we have > .y [,y (v)| = 0, implying dp,,p, (v) =
0, for every v € Vg U Vg. This completes the proof of Lemma 37.

14. STAGE G (PROOF OF LEMMA 38)

In this section we shall prove Lemma 38 by obtaining the setting of Proposition 14 on an
auxiliary multigraph M.

Proposition 14 with input parameters dpi4 := Aop and opi4 := o0g outputs parameters
Lpi4,n0, and yp14. By (1), we have n > 2ng, Ly > Lp14 and vp < min{yp14,00\0/8}.

From our graph H and our paths in {SpecShortPaths,,s € Jy}, we define M = ([n/2] U
Jos E1, B, B3, Ey, Es, Eg) with Ey C [n/2]%, Es, B3 C ("), and Ey, Es, Es C [n/2] x Jo, as
follows. Each pair B;,H; corresponds to the vertex i € [n/2]. For each edge {H;,8;} € E(H)
insert an oriented edge (i,j) € E;. For each edge {B, H;} € E(H) insert an edge {i,j} € Es.
For each edge {H;,H,} € E(H) insert an edge {i,j} € E3. Insert an edge {i,s} € Es, if there
is a path P € SpecShortPaths, with (¢¥)~1({8;,8;}) = {leftpath,(P), rightpathy(P)}. Insert an
edge {i,s} € Ey, if B; & im(s). Insert an edge {i,s} € E5, if B; ¢ im(s).

As H is a simple graph, none of the edge sets F;, i € 2,..., Eg, nor El has multiple edges that
would be oriented in the same direction. As none of the edges {H;,H;},i € [n/2] are present in
E(H), there is no loop in E,. Hence, the multigraph M is a chest.

Moreover, observe that |E)| = |Es| = |Es| = |Eg| = | Usez, SpecShortPaths,| and that d; =

Brl _ o — ANty > Ao, da,ds = 6+ 20 > dg = 23" > Moo, [V(M)| = n/2 + |To| > no, and

n2/4

min{n/2,|Jo|} = oon > ooV (M)].

Lemma 61. The chest M fulfils the degree conditions from Proposition 14.

Proof. Fix any vertex i € [[2]]. Condition (i) of Proposition 14 that degp, (i) = deg%"(i) +
degp, (7) translates to degp, (B;, Va) = degy, (B;, Vis) + [{s € Jo : i € Is}|, with [ := {i € [5] :
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Bi,B; € Ag}. This is given by (20) holding as stated in Lemma 37. Condition (ii) of Proposi-
tion 14 that degp, (i) = deg}y, (i) +degy, (i) translates to deg . (B, Vis) = degp, (B, Va) + |{s €
Jo,i € Is}| again given by (20). As for Condition itm:designs:iii of Proposition 14 we need to
show that
{s € J0,8; ¢ im" (s)}| > degyr, (B, Vie) -

From (Quasi6) with S; = {H;} and T' = @ we obtain that the left-hand side is at least 3(& +
2X\*)oon. By (Quasil), (Hr,VaVi) is (Lr, v, dj, dr)-index-quasirandom with respect to the
collections (im¥ (s))se7,, and (I5)seg,, so putting S; = T4 = To = T3 = () and S = {B;} in
Definition 28 the right-hand side is at most (1 4+ yr)dp% < *ogn. By similar logic we obtain

{s € Jo; B & im" (5)}| > degy,, (B, Va)

leading to Condition (iv) of Proposition 14.
Now fix any vertex s € Jy. Observe that

degp,(s) = VB \ im" (s)| = |Un (0,0,0,0,0, {s},0)|,
degp,(s) = |V53\im ()] = U (0,0,0,0,0,0,{s})|, and
degp, (s) = 15| = [Uny (0,0,0,0,{s},0,0).
Hence, by index-quasirandomness of (Hg,im" (s)),we have that [Vg\im¥ (s)| = (1£yr)(0+2A*)%

Ve \ im®(s)| = (1 £ vr)(0 + 2A*)2, and we have |[;| = (2A*)%, implying (v) and (vi) of
Proposition 14. ([

To apply Proposition 14, it remains to prove the quasirandomness of the chest M.
Lemma 62. The chest M is (yr, L¥)-quasirandom.

Proof. The (yr, L¥)-quasirandomness of the chest corresponds to the following conditions in our
original graph Hp. Suppose we are given mutually disjoint sets X, X], Xo, X3, X}, X!, X C
[n/2] and Xy, X5, X¢ C Jp of total size at most Lg. Let d; be the edge-density of E;. We need
to show that

6 6
ou in X1+ X! X;| T
(94) rNgf(leNEl(XQﬂQNEAXM=<1 £am)d T
(95) |JmmNE Ol =(1£ ) Hd' N0 -
i=4 =4

Define sets Ql:Q%Q% c VE|> 117Q37Q/6 c VEE; such that Ql = {ElZ,Z € X1}7 Qll = {EB’MZ € X{}7
Qs = {EZ,Z S Xg}, Q3 = {Eﬂl,Z € Xg}, Qg = {51,2 S Xé}7 and Q%{EBZ,Z S Xé}
Then
o Nol‘t(Xl) corresponds to {i € [n/2] : H; € Ny (Q1)}

Eq

Nm (X7) corresponds to {i € [n/2] : B; € Ny, (Q})}
o NE2 (X2) corresponds to {i € [n/2] : B; € Ny, (Q2)}
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Nz, (X3) corresponds to {i € [n/2] : B; € N, (Q3)}
Ng, (X4) corresponds to (g, Is
® Np,(X5) corresponds to {i € [n/2] : 5; & U,ex, im¥ (s)}
N, (Xe6) corresponds to {i € [n/2] : B; & Uy, im¥ (s)}
Ng, (X}) corresponds to {s € Jo, X} C I}
N, (X5)
(X5)

. X?!) corresponds to {s € Jp : im¥ (s) N QL = 0}
e Ny, (X}) corresponds to {s € Jy : im¥ (s) N Qf = 0}

Hence, (94) and (95) translate as

{ie 1510 () Lo (B € Ni(@ U Q) \ | im®(s)

5

sEXy sEXs

(96) &<EE|1' € Npp (Q1UQ3) \ U imF(S)>H
s€Xep
|Q1[+]Q1] 2 |Q:] 0 IX:| T
1 (3 k3
= (1 £r)d; ' Hdz Hdz 5
=2 1=4

(97) s € Jo: X} C L&imF(s) N (QLUQL) = 0} = (1 £ ~p)d: ! d9d% xp, |

where dy = dp = A\ 00, dy = ds = diy = 8X* 00, dg = 2)*, and dy, d5 = & + 2\*.

Condition (96) follows directly from (Quasil) (see Definition 28) by setting S1 := Q) U Q2,
Sy = Q1 UQs, T1 := X5, Th := Xg and T3 := X4, while Condition (97) follows from (Quasi6)
by setting S7 := Q5 U Qg, S2 =0 and T := X. O

By Proposition 14, we obtain that the chest M has a diamond core-decomposition. Next, we
shall explain how we use the diamond-core decomposition given by Proposition 14 to pack the
left-over path-forest.

For each coloured Ky of the core-decomposition, the edge in F4 gives us information on which
path P € Usejo SpecShortPaths, we shall pack using this Ky: if the E4-edge lies between s € Jp
and i € [§], the path P is the only path in SpecShortPaths, anchored at {5;, B;}. The edges in
F», E1, E3 between say 4, j, and k give us information where the three edges of the path P will
be mapped to. So if the Fs-edge between i and j ensures there is an edge in Hy between H; and
H;, the El—edge between j and k ensures there is an edge in Hp between H; and By, and the
FEs-edge between k and i ensures there is an edge in Hg between Hy and H;. The edges from Fy
and E5 ensure that H; and Hj, are not already used by Gs.

As we have a diamond-core decomposition, we are ensured that every edge in Hy exactly once,

and that every path in Usejo SpecShortPaths, is packed.
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15. CONCLUDING REMARKS

Theorem 10 allows to perfectly pack large degenerate graphs of maximum degree O(n/logn),
most of which may be spanning, and some of which are non-spanning and give us quadratically
many bare paths and linearly many odd degree vertices. As discussed, this implies the tree
packing conjecture for large n and trees with maximum degree O(n/logn). Hence, to resolve
this conjecture in full (for large n), it only remains to consider the case of trees with large
degree vertices. As we explained in Section 1.2, our methods crucially need the maximum degree
assumption, witnessed by the fact that they also work for pseudorandom graphs, in which the
maximum degree assumption is sharp (up to constants). It would be very interesting to solve
this last remaining case of the tree packing conjecture.

One could ask more generally which families of trees pack into K,. Obviously, the number
of edges in such a family of trees may not exceed (g) We further argued in Section 1.2 that
Q(n/logn) of the trees must be at least Q(n/logn)-far from spanning. In Section 9.2 of [4] it
was explained that if only an aggregate bound on the maximum degrees is imposed, then this
bound cannot be less than n/2. This motivates the following conjecture.

Conjecture 63. There exist 6 > 0 and ng € N such that for each n > ng any family of trees
(Ts) sepny with A(Ts) < n/2 and v(Ts) < n for all s € [N], with én < v(Ts) < (1 —0)n for all
s € [on], and with 3y e(Ts) < (5). packs into K.

We further remark that we solely use the required odd degree vertices for parity corrections.
In scenarios where this is not needed our methods would also work without odd degree vertices.
Let us give an example. The Oberwolfach problem on packings of cycle-factors was solved by
Glock, Joos, Kim, Kiihn, and Osthus [9], and generalised by Keevash and Staden [17], who
proved that any large and sufficiently quasirandom 2r-regular graph can be decomposed into
any family of r two-factors. Our methods would give a variant of this result where we do not
require the host graph to be regular but need some non-spanning 2-regular graphs in the family.
We could pack into any sufficiently quasirandom graph with all vertex degrees even any family
of 2-regular graphs, of which dn have at least dn and at most (1 — d)n vertices and contain dn
cycles of length at least 12. This last restriction on cycle lengths comes from the way we work

with bare paths and could probably be removed with some extra work.

The motivation for the name ‘Oberwolfach Problem’ is that conference attendees sit around
circular tables for their meals. The Oberwolfach Problem is to determine when it is possible
that every mathematician sits next to every other one exactly once at meals. This is exactly
the problem of packing K, with n-vertex 2-regular graphs. Due to the Schwarzwald scenery,
however, some mathematicians go on hikes, so that at some meals the number of vertices in the
corresponding 2-factor to pack is smaller than n. We therefore propose the following ‘Oberwolfach
Problem with hikes’ as a more practical version of the original. Given n and a collection of 2-
regular graphs G, ..., Gy each on at most n vertices with Zle e(G;) = (g), when is it true that
G1,...,Gy pack into K7



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 142

Concerning the packing of r-regular graphs with » > 2, Glock, Joos, Kim, Kiihn, and Osthus [9]
formulated the following conjecture, which already for r = 3 seems challenging.

Conjecture 64. Given r, there exists ng € N such that for each n > ng any family of n-
vertex graphs (Gs)eny such that G is rs-reqular with r¢ < r for all s € [N] and such that
Zse[N] rs =n — 1, packs into K,.

Considering, more generally, D-degenerate graphs, the situation certainly is more complex.
It is clear that an appropriate analogue of the tree packing conjecture with trees replaced by
D-degenerate graphs cannot hold: If one of the graphs in the family is K>, _2, its embedding
would isolate an edge in the host graph. However, an analogue of Ringel’s conjecture could still
hold.

Conjecture 65. Given D, there exists ng € N such that for each n > ng the following holds.
Let G be any D-degenerate graph on n vertices and with m > n — 1 edges. Then 2m + 1 copies
of G pack into Kopy1.
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APPENDIX A. DEDUCING THEOREM 21 FROM |[16]

In this appendix we deduce Theorem 21 from Theorem 19 of [16]. This deduction is on the one
hand fairly pedestrian, on the other hand it requires understanding some of the fairly complicated
theory from [16]. Our paper and [16] use similar terms (such as “divisibility”), but our definitions
are tailored to a more specialised setting. In this appendix, when referring to terminology or
theorem, definition, and page numbers from [16], we use blue text. For the convenience of those
readers who are using the arXiv version of [16] instead, we also occasionally add (in brackets
and in slanted text) the corresponding theorem, definition, and page numbers from this arXiv
version [13]. We remark that [16] contains numerous sample applications of Theorem 19 that
are similar to our application here. Two further applications of Theorem 19 are used in |17, 18]
to deduce the main results there.

We now explain how to deduce Theorem 21. Let ¢,D € N and o > 0 be given and let ¢’
be as defined in Theorem 21. Let ng and wp be the output of Theorem 19 (Theorem 7.4) with
input ¢ := ¢/, D and for uniformity r := 2. It is easy to check that the constants h and § given
on page 283 (page 4) are consistent with those in the statement of Theorem 21. Observe that
on > 3 by choice of ¢’ and h.

Let n > ng, set n; :=n, and let w € (n*‘s,wo), as is required in our Theorem 21 but also in
Theorem 19. Let P = {Py,..., P;} be a partition of [¢] and P’ = {P,..., P/} be a partition of
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[n] with |P/| > on >  for each i € [t] and trivially |P/| < n; = n. We extend P by adding ¢' — ¢
isolated vertices to P;. Abusing notation, we call this new partition also P.

Let H be a simple P-canonical family of [D]-edge-coloured digraph on [¢q]. We extend each
H € H by adding ¢’ — g isolated vertices and by abuse of notation call this new family H. This
step is only necessary to ensure that each digraph H is on vertex set [¢/]. The reason for moving
from vertex set [g] to vertex set [¢/] in turn is that [16] requires that i = 25°(4)* where [¢/] is the
vertex set of the digraphs we want to decompose into, but here we need that h is big in order to
guarantee on > 7. The added isolated vertices will not play any other role in the following.

Let G be a general [D]-edge-coloured digraph on [n] such that (G, P’) is (H,P)-divisible,
(H,wh%,w)—regular and (H,P, “{/w, h)-vertex-extendable. Note that the notion of divisibility,
regularity and vertex-extendability was not changed by adding the ¢’ — ¢ isolated vertices to
digraphs of H.

We shall check that G satisfies the conditions of Theorem 19. First of all, this theorem
requires H to be canonical in the sense of Definition 35 (Definition 7.1). Observe that without
loss of generality, we may assume that every edge in any graph from H between two parts F;
and P; with i < j is oriented towards Pj. (If this is not the case, that is, there is some
colour d with colour location (j,4), then simply reverse all the edges of colour d in ‘H and G,
and accordingly change the colour location of d to (i,7).) This assumption is necessary so that
we are consistent with Definition 35. This definition now requires us to specify an index vector
il ¢ N} for each colour d such that i? encodes the colour location of d as follows: Let d be a
colour with colour location (4,7). If i = j, that is, edges of colour d lie within P;, then we let i?
be the vector with a 2 at coordinate i = j and 0 everywhere else. If ¢ # j, on the other hand,
that is, all edges of colour d run between P; and P;, then we let i’ be the vector with a 1 at
position ¢ and a 1 at position j, and 0 everywhere else. Definition 35 then defines a partition
R(i%) = (R(i%)1,..., R(i%);) of [r] = [2] for each of these vectors i’. In our case, if the colour
location (i, ) of d satisfies i = j, then we get R(i?); = {1,2} and R(i%)y = 0 for all i/ # i
if i < j, then we get R(i%); = {1}, R(i%); = {2} and R(i%); = 0 for all i’ # i,j. Further,
Definition 35 requires us to specify for each colour d and each j’ € [t] a permutation group A;l,
on R(i%) ;- The purpose of these permutation groups is to allow for a mixture of (generalisations
of partly) directed and undirected edges within parts; for us they will all be either trivial or the
symmetric group Sp on elements {1,2}. Indeed, we let A;l, be the trivial group Id on R(i%) !
only containing the identity whenever R(i%) j+ is empty, contains only one element, or if d is is an
oriented colour. If d is an unoriented colour with colour index (5, j’), on the other hand, then
we let A;l, be Sy. As in Definition 35, we set A? = I A;.l, and A := (A?: d € [D]).

We now claim that # is (P, A)-canonical as defined in Definition 35. Indeed, Definition 35i just
says that that for each colour d edges of colour d respect the colour location of d. Definition 35ii

translates to the following: For each H € H individually,
(a) (“for @' € Bij([r], Im(#)) we have ¢ ¢ H \ H®) H does not have parallel or antiparallel

edges of different colours, and
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(b) (“0' € Hiff 010" € A?") that edges of colour d with colour location (4, j) come in pairs
forming directed 2-cycles if and only if the corresponding permutation group A;l equals

Sa.

Hence, Definition 35 is consistent with our Definition 16: loops are not allowed (see definition of
r-digraph in Definition 28 (Definition 6.1)) and in Definition 16 we consider the special case of
simple digraphs, i.e., we forbid parallel edges of the same colour.

Let us now turn to interpreting Definition 36. This definition uses the set [;", of injective maps
from [r] to [¢'] (in [16] each edge in a directed r-graph on vertex set [¢] is such an injection;
SO IZI", is the set of all possible directed r-edges on [¢']). Here, we work with » = 2. Further,
Definition 36 works with a vector formalism in which each H € H is encoded as H € (N} ) in
the following way. The element Hy y with d € [D] and f € Iq2, equals 1 if there is an edge of colour
d starting in vertex f(1) and ending in vertex f(2), and equals to 0 otherwise. The group -
in Definition 36 is the permutation group on [¢'] containing all permutations o that preserve
the partition P, that is, o(P;) = P; for all ¢ € [t|. The X-adapted [¢']-complex ® on vertex set
[n] is used to encode where copies of H € H are potentially allowed to be mapped in a graph
on [n]. For us this just means that the partitions P and P’ have to be respected: We let ® be
the the complete P-partite [¢']-complex on [n] with partition P’, that is, ® firstly contains every
(ordered) edge (v1,...,vy) with pairwise distinct vertices such that v; € P, whenever i € P;;
and secondly contains all (ordered) edges in the down-closure of any such edge (v1,...,vy). The
(directed) ¢’-graph @, then consists of all the ¢’-edges of ®. Similarly, ® contains all underlying
directed 2-edges, that is, all directed 2-edges within each part P/ and all directed 2-edges between
any two parts P/ and P; with i < j that are directed towards P]. Further, H(®) denotes the set
of coloured labelled copies H* on [n] of digraphs H € # corresponding to edges ¢ € ®, that
is, vertices of H from P; are mapped to vertices from P/ in H* (and edges of H are mapped
to edges in ®3). The host graph G then is defined as a coloured multi-digraph, in which every
edge from ®» may appear multiple times and in different colours, which is consistent with our
Definition 17.

So now it remains to verify the three conditions of Theorem 19, namely that G is H-divisible
in ® and (H, ¢, w)-regular in ®, and that all (&, G¥) are (w, h)-extendable. These definitions are
related to Definitions 18, 19, and 20, but we need to make the correspondence precise.

For H-divisibility we first explain the notion of the degree vector G(¢)* € NED]X%. In our
setting, v is an injective map from [i] to [n], where i = 0,1,2. For i = 0, the only choice is the
trivial one, 1) = 0,,, and also I§ only contains the trivial map @2. Hence, G(0,,)* has only one
coordinate G((,,)* ¢, for each colour d € [D], which equals the total number of edges of colour
d in G. For i = 1, a given 1 corresponds to a choice of a vertex v € [n] and I3 contains the
two elements 1 +— 1 and 1 — 2. So in this case, G(v)* is a list of 2D numbers encoding the in-
and out-degree of each colour at vertex v in the D colours. For ¢ = 2, a given @ corresponds
to a choice of an ordered pair uv of vertices [n] and I3 contains the two possible permutations

on 2 elements. In this case, G(uv)* is a list of 2D numbers encoding the number of edges going
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between u and v in each colour and each of the two directions. The degree vector H(0)* is

defined analogously for H € H and 6 an injective map from [i] to [¢'] with ¢ = 0,1, 2.

Let us clarify one minor point in the definition of H-divisibility in Definition 36:

e Fori' € Nj welet H(i") = (H(0)* : ip(0) =i'). We say G is H-divisible (in ®) if G(y))* € H (V')
whenever ip:(¢) = 1.

should read

e For i’ € N} we let H(i') = (H(0)* : H € H,ip(0) = i'). We say G is H-divisible (in ®) if
G(¢)* € H(i') whenever ip/ (1)) =1'.

What this says is the following. For a fixed index vector i’ € N, specifying how many vertices
we want to fix in each part of our partition, we let i be the sum Y i’ of the entries of i’. We
then consider all injective maps 6 from [i] to [¢'] with this index vector, that is, 6 sends exactly
i’; vertices to P;. Each of these 6 (specifying which vertices we are fixing) and each H € H then
gives us a degree vector H(#)*. The lattice generated by all these vectors is denoted by H(i').
The graph G then is H-divisible if for any mapping ¢ from [n] to some [i] (fixing ¢ vertices of G)
the following holds. We let i’ € Nfj be the index vector of 1. We then require that the degree
vector G(¢)* is in H(i).

Accordingly, this definition has to be checked for each “i" € N§” and each 1 with “ip/(¢)) =i,
For us, there are three cases to distinguish, depending on whether > i" is 0, 1, or 2; for higher
values of > i’ the condition in Definition 36 is void. We now show that these three cases
correspond to O-divisibility, 1-divisibility, and 2-divisibility in Definition 18, respectively.

e First suppose that )i’ = 0. Then the condition requires that G(0))* is a linear combination of
the degree vectors H(0))* with H € H with integer coefficients my. This means exactly that
the number of edges of colour d in G is ) Hep MHCA,H, Where cg g is the number of edges of
colour d in H, which is 0-divisibility.

e If > 1" =1, the condition mandates the following for each choice of vertex v € [n]. Let j € [t]
be such that v € P]’-. The degree vector G(v)* has to be a linear combination with integer
coefficients of the degree vectors H(0)*, with H € H and 6 : [1] — [¢/] such that (1) € P;.
This is exactly 1-divisibility.

e If > i’ = 2, then the condition asks that for each choice of a pair uv from [n] the following
holds. Let j, j" € [t] be such that u € P}, v € P},. The degree vector G(uv)” has to be a linear
combination with integer coefficients of the degree vectors H(6)* with H € H and 6 : [2] — [¢]
such that 6(1) € P; and 6(2) € Py. This means that an edge of colour d can appear in G
between PJ’ and Pj(, only if there is an edge of colour d between P; and Py in some H € H.
Further, since for unoriented colours d with colour index (j, ) the edges of colour d in each
H € H come in pairs that form unoriented 2-cycles, the same has to be true for edges of
colour d in G. This is exactly 2-divisibility.

Let us now turn to (H, ¢, w)-regularity, which requires that for each H € ‘H and each coloured
copy ¢H of H in G with ¢ € ®, (that is, ¢ maps vertices from P; to PJ’) we can define a weight
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yf € [wn?"%,w™n?79] so that for each edge of e € F(G), when we sum these weights over all
copies ¢H which use e we get (1 + ¢). Since in our setting, any coloured copy of any H € H
maps vertices from P; to P]{ , this is identical to Definition 19.

The last notion is that of extendability for all H € H. By a remark before Definition 37, the
required (w, h)-extendability of (®, GH) follows from ( 9¥w, h)-vertex-extendability of (®,G).
According to Definition 37 ( “{/w, h)-vertex-extendability of (®, ) mandates the following. For
every vertex x € [¢'] and for any choice of vertex disjoint sets A; with ¢ € [¢/] \ {z} of size at
most h in G such that for every collection of v; € A; we have that (i — v; : i € [¢] \ {z}) € ®
(which for us just means that v; € Pj’ where j is such that ¢ € P;), there have to be at least
7%wn vertices v € ®Y (for us ®9 is the part P}, such that x € Pj) satisfying the following
properties. Firstly, (i — v; : i € [¢/]) € ® whenever v, = v and v; € A; for i # x, which, since
v € ®Y is always satisfied. Secondly, for every colour d and every edge 6 of H which is of colour d
and contains x, we have that all edges (i — v; : i € [2]) are edges of G in colour d whenever
v; = v for j = 07 (x) and v; € Agiy for all i # j. This means that for any edge zi in H of
colour d we have that all edges vv; with v; € A; of colour d are present in G; and that for any
edge ix in H of colour d we have that all edges v;v with v; € A; of colour d are present in G.
This corresponds exactly to Definition 20.

Hence the host graph G from Theorem 21 satisfies the conditions of Theorem 19 and thus G
has an H-decomposition as claimed.



INDEX

E*, 119 dp, 36

Gl a7 dis, 36

G*, 21 degy (v), 4

GZE, 35 deg(S), 4

PP, 97 deg¢ (v), 12
Vo, Vo, 133 degg (v), 12
BasicPaths,, 6 im®(s), 33

CL_ (1), 69 im®(s), 35

Doaa, 6 imD(s), 36

Ha, 30 im®(s), 37

Hsg, 33 im"® (s), 38

He, 35 leftpath, (P), 25
Hp, 36 Ug(S1,82,T1,T2,T3), 24
Hg, 37 PathTerm(v), 31
Hy, 38 middlepath, (P), 25
deg™ (i), 68 rightpath, (P), 25
N~ (i), 68 dp, 35

Nt (0), 4 i+ p+(v), 133
N#(S), 4 Jes, 36

NE (v), 12 I, 56

NIz (S), 12 Jem, 36

N2t (v), 12 t(lv&) 37

NE(S), 12 Y
0ddOut(v), 31 v, 107

PathPacking, 52
RandomEmbedding, 70
RandomPathEmbedding, 39
0-divisible, 15

1-divisible, 15

2-divisible, 16

OurPackingClass(n, m; a, ¢, D), 5
PackingProcess’, 70

Parity(v), 32

OddVert,, 6

SpecPaths?, 28, 35

SpecPaths_, 27

SpecShortPaths,, 36 anchor, 28

Vg, 35 anchor distribution property, 39
V@, 35

dg, 36 bare path, 4

@, 8;, 8, 35 bipartite density, 4

7,6 block-diet, 22

To, 27 block-quasirandom, 22

Jo, 27 candidate set, 68

T, 27 chest, 12

Ja, 97 conditional expectation, 21
K, 6

da, 30 decomposition, 14

ds, 33 density, 4

dc, 35 diamond, 13
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diamond core-decomposition, 13
diet condition, 22

discrepancy degree, 133
divisible, 15

filtration, 20
final candidate set of ¢, 69

general digraph, 15

history ensemble, 21
hypergeometric distribution, 20

index-quasirandom, 23

leaf, 4

left-degree, 68
left-neighbourhood, 68
length of path, 5
Lipschitz function, 20

moderately balanced occupancy requirement, 116
neighbourhood, 4

occupancy assignment, 116
occupancy vector, 117

oriented colour, 14

pair distribution property, 53
partial embedding, 68

partially directed multigraph, 12
path-forest, 38

quasirandom, 4

quasirandom chest, 13
regular, 16

side, 9

simple canonical family of digraphs, 14
terminal pair, 35
unoriented colour, 14

vertex extendable, 17
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