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ABSTRACT. We investigate compressible micropolar fluids on a time-dependent domain with slip
boundary conditions. Our contribution in this paper is threefold. Firstly, we establish the local
existence of the strong solution. Secondly, the global existence of weak solutions is given. The third
one is the weak-strong uniqueness principle for slip boundary conditions. There are several new
ideas developed by us to overcome the difficulties caused by the coupled terms and slip boundary
conditions.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider a class of compressible fluids with asymmetric stress tensor, introduced
in [6] by C.A. Eringen which describes fluids with microstructure. It is a significant generalization of
the Navier-Stokes equations and has been extensively studied and applied for modeling rheologically
complex liquids such as blood and suspensions by many engineers and physicists. The precise system
is described by

pe + dive (pu) =0,
(pu): + dive(pu @ u) + Vop = (p+ Azu + (p+ A — &) Vdivyu + 26curl, w, (1.1)
(pw): + div, (pu @ w) + 46w = (cq + cq) Agw + (co + cq — ¢a)Vadivew + 2€curl, u,

where p(t, x) is the density, u(t, z) = (u1, uz2, us)(t, z) is the fluid velocity, w(t, ) = (w1, wa, ws)(t, )
is the micro-rotation velocity. We assume that the flow is in the barotropic regime, and we focus on
the isentropic case where the relation between p and p is given by the constitutive law:

p=ap’, (1.2)
with a a positive constant and the adiabatic constant v > %, which is a necessary assumption for
the existence of a weak solution of compressible fluids (see for example [8]). Also suppose that a =1

for simplicity without losing generality.
We shall specify the stress tensor S and the couple stress tensor M as follows

Sij = )\dlvzuéw -+ u(uivzj + uj,xi) + f(uj@i — ui,z_j) — 2§5mijwm, (13)

Mij = Codivww&j =+ cd(wm]. =+ w]"zi> =+ ca(wj,mi — ’wi@»j), (14)

where 0; ; is the Kronecker symbol and ,,;; is the Levi-Civita symbol with 7, j,m = 1,2, 3.
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The symmetric part of the stress tensor S in (1.3) is
Sfj = )\diku5i]‘ + ,u(ui,wj + Uj7£i),

which is the stress tensor of compressible Navier—Stokes equations, where A\ and p are the usual
viscosity coefficients with p > 0 and 3\ 4+ 2u > 0. The constants &, ¢y, ¢, and ¢q represent the
dynamic micro-rotation viscosity. They satisfy that £ > 0, ¢4 > 0, ¢, > 0, and 3¢y + 2¢q4 > 0.

The fluids we study in this paper are considered to occupy a bounded domain whose boundary
is moving in time in a prescribed way. A position of the domain in a time moment ¢ is denoted by
Q) and we suppose that it is described by a function X : (0,7T) x R3 — R? in the following way

Q, = {:v € R3; there exists zg € y such that z = X(txo)} (1.5)

where Qg C R? is the given initial position of the domain and X is a solution to the initial value
problem

%X(t,mo) = V(t, X(t,.’l?o)), X(O,l‘o) = 2o, (16)

for a given vector field V' : (0,7) x R3 — R3.
Meanwhile, we set I';, = 02, and

QT = UtE(O,T){t} X Qt = (077—) X Qt'

Furthermore, we supply the system (1.1) with the Navier’s slip boundary conditions. As we know,
for compressible Navier-Stokes equations, Navier [28] proposed the boundary condition

[Ssn]tan + K[U - V}tanh‘.r =0,

where n(7,z) denotes the unit outer normal vector to the boundary I'; and x > 0 is friction
coefficient. The opposite limit cases, kK — 0 and x — oo yield the complete slip boundary condition
and the no-slip boundary condition, respectively.

For the system (1.1), the boundary conditions in the Navier-type form were made in [1]. It is
natural to use such boundary conditions to describe an interaction between fluids and solid parts.
Here we consider a physically reasonable boundary condition with the form of

1
M-n=xr(w - icurlwvb),

on 0., where kK = (o;;) is a matrix with numeric components and v is the velocity of the solid
boundary. The opposite limit cases, a;; — 00, and a;; — 0, yield

1
w = icurlmvb and M-n =0,

on 9f);, respectively. A variety of different boundary conditions can be found in [27].
As the foregoing considerations, we describe Navier’s boundary conditions for (1.1) as follows

[Sn]tan + ﬂl[u - V]tan|FT = Oa

1 (1.7)
Mnlian + r2|w — icurle]wth =0,
where k1, k2 > 0. Meanwhile, we equip (1.7) with the impermeability relations
(u—V)-nlp, =0,
(1.8)

1
(w— icurle) ‘n|p. =0.

Finally, the initial conditions for strong solutions are described by

p(0,) = po, u(0,)) =uog, w(0,")=wy, (1.9)



while, for weak solutions, the initial conditions are given by

po € L7(R3), po >0, polrs\o, = 0,
(pu)o =0, (pw)o=0 a.e. on{py =0}, (1.10)

| oo tltpuol + l(pw)oP)d < .
Qo PO

In fact, if we neglect the effect of micro-rotational velocity, the system (1.1) reduces to the
compressible isentropic Navier-Stokes equations. The global existence of weak solutions to the
compressible Navier-Stokes equations on the fixed domain was established in the seminal work of
P.L. Lions, see [26]. The existence of weak solutions in the moving domain was proved by Feireisl et
al. see [11, 12]. Recently, the local existence of the strong solutions on moving domain was shown
by Kreml et al. in [25] which generalized the results in [31]. The reader interested in weak solutions
can find more results in [7, 8, 9, 13, 21]. What’s more, dissipative measure-valued solutions to (1.1)
were established by Huang in [19]. See also interesting results by I. Drazi¢ in [3, 4].

Such boundary conditions (1.7)-(1.8) are closely related to the fluid-structure interaction, so let us
review the results of this model. One can find the local in-time existence results for the incompressible
Navier-Stokes flow past several moving or rotating obstacles by Dintelmann et al. [5]. Moreover, the
L? approach is used for the incompressible and compressible cases in [16, 20]. We also notice that
the 3-D magnetohydrodynamic with a slip boundary condition was investigated in [30]. Nowadays,
there is quite a large amount of literature on the fluid-rigid body coupled system, we refer to the
papers by [15], and the references therein, for some results of the existence of solutions.

To fill the gap in the theory of weak-strong uniqueness, Feireisl et al. [14] defined a suitable weak
solution to the compressible Navier-Stokes equations by using a general relative entropy inequality.
Then, in [10], the authors obtained the weak-strong uniqueness property with no-slip boundary
conditions. Necasovd et al. in [25] generalized the former results on a time depend domain with
Navier’s slip boundary conditions. We can see [29, 17] for more recent results in this direction.
On the other hand, the global well-posedness of compressible Navier-Stokes equations on a moving
domain in the LP-L? framework could be found in [24]. Another interesting result concerned with a
rigid body in a compressible Navier-Stokes-Fourier system was introduced in [18].

Based on the related results on the compressible Navier-Stokes equations, the problem we want to
consider is: is it possible to obtain the local existence of the strong solutions, the global weak solutions,
and weak-strong uniqueness principle to the compressible fluids with asymmetric stress tensor on a
time-dependent domain? It can be seen that for such compressible fluids with asymmetric stress
tensor in time-dependent domains, there is little literature on the existence of strong solutions or
weak solutions for slip boundary conditions. There are several difficulties we need to overcome:

e Concerning the local existence of strong solutions to (1.1) with slip boundary and initial
conditions (1.7)-(1.9), we find that the fluid velocity w(t, z) is coupled with micro-rotational
velocity w(t, x) in the stress tensor S, and the occurrence of non-linearity of interactions of
velocity and micro-rotational velocity.

e When we consider the global existence of weak solutions to (1.1) with slip boundary and
initial conditions (1.7)-(1.9), we shall give the precise weak formulation of (1.1) and make
sure that the impermeability conditions (1.8) are satisfied in the sense of traces.

e In view of the weak-strong uniqueness principle, it is necessary to construct a relative entropy
inequality to measure the distance between weak solutions and strong ones. Moreover, due
to slip boundary conditions, some additional difficulties arise.

Considering the aforementioned difficulties, we have corresponding methods to fix them.

e In order to establish the local existence of strong solutions, we construct an iterative scheme
that consists of linear continuity, momentum, and micro-rotational velocity equations. Af-
ter solving the continuity equation on the moving domain, we shall treat micro-rotational
velocity equations and momentum equations, respectively. To transfer the moving domain
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to a fixed one, the Lagrangian coordinates transformation defined by the velocity of the
domain is used. Meanwhile, non-homogeneous boundary conditions are arising. Here the
treatment for the integration by parts on the boundary should be careful, elaborate treat-
ment on boundary conditions and the smallness of time are used in closing energy estimates.
Eventually, the sequence defined by the iterative scheme is a Cauchy sequence and the local
existence of strong solutions is proved.

e To utilize the penalization method on formulating weak solutions to system (1.1) on a moving
domain with slip boundary conditions, we introduce new singular forcing terms. Some new
cancellations play a crucial role in the process of deriving modified energy inequality, and we
emphasize that (1.7)-(1.8) are not only reasonable in physical meaning but also rational in
mathematical analysis. With uniform bounds coming from elementary energy in hand, we
can perform the singular limits to derive weak solutions and similar processes are presented
in [2] as long as we artificially choose magnetization to be zero, so we omit these details.

e Inspired by specific boundary conditions (1.7)-(1.8), we choose some suitable test functions
to construct the relative entropy inequality. To the best of our knowledge, this is the first
result that we consider the compressible fluid with asymmetric tensor on a time-dependent
domain with Navier’s slip boundary conditions. Though the weak-strong uniqueness for
Navier-Stokes equations with slip boundary conditions was established in [25], it is still a
non-trivial task to generalize it to the compressible fluids with asymmetric tensor.

The main contents of this paper are organized into ten sections. After this somewhat long
introduction, main results, and the definition of function spaces, which constitute Section 1, we will
give the iterative scheme in Section 2. Section 3, Section 4, and Section 5 deal with the existence
of the strong solution to the linear continuity equation, micro-rotational equations, and momentum
equations, respectively, in appropriate function spaces. Section 6 presents the convergence of the
iterative scheme and completes the proof of Theorem 1.1. Section 7 and Section 8 are devoted to the
global existence of weak solutions to the original problem. The weak-strong uniqueness principle is
formulated in Section 9. Lastly, the details of the construction on boundary values and a recalling
the fundamental lemma from [11] are presented in Appendix.

We are now in a position to present the main results in this paper.

Firstly, we state the local existence of strong solutions to the system (1.1).

Theorem 1.1. Let Qg C R3 be a bounded domain of class of C3 and V € C*((0,T) x R?). Suppose
that the initial data satisfies (u,w) € H3(Qp), po € H*(Qo) and 0 < p. < p < px for any positive
constants ps, px. Then there exists a sufficiently small time T > 0 such that the system (1.1) with
initial-boundary conditions (1.7)-(1.9) admits a unique solution (p,u,w) belonging to the following
function spaces

(u,w) € L=(0,T; H*(4)) N L*(0,T; H? (),
(wg,wy) € L0, T; H(Q4)) N L*(0,T; H*(Q)),
(wer, we) € L(0,T; L* (),

p € LX(0,T; H* (),  pe € L*(0,T; H' Q).

(1.11)

Our second result is concerned with the existence of weak solutions to the system (1.1).

Theorem 1.2. Let Qg € R3 is a bounded domain of class of C® and V € C1(0,T; C2(R3). Let initial
data satisfies (1.10). Then there exists a weak solution with finite energy to the system (1.1)-(1.9)
in the sense of (7.2), (7.4), and (7.5).

Finally, we give the weak-strong uniqueness principle for slip boundary conditions.

Theorem 1.3. Let V € C1([0,T]; C2(R3)). Let (p,u,w) be a weak solution to the system (1.1) —
(1.9) constructed in Theorem 1.2, and let (p,u,w) be a strong solution to the problem (1.1) — (1.9)



which emanates from the same initial data satisfying

0 <infp <supp < oo,
Qr Qr

V.p € L*(0,T; LY(%y)), (1.12)
(V2a, Viw,V,w,w) € L*(0,T; LY()),

with ¢ > max{3;6v/(5y — 6)}. Then it holds that
p=p, u=u, w=w ae in Q. (1.13)

1.1. Function spaces. For any fixed T' > 0, €, is a bounded domain, for all ¢ € [0,7]. It also
means that there exists R > 0 such that for all ¢ € [0, 77, one has Q; C Br(0) where Br(0) is a ball
with radius R centered at the origin. According to the assumption, we define the function spaces

LP(0,T; L)) := {u € LP(0,T; LYQy)), u(t,-) = 0 in Br(0)\Q for a.e. t € (0,T)},

with the norm
T 1/p
lull v 0, 7509(00)) = </0 ||“(t)|€q(9t)dt> '

for 1 < p < oo and ||ul| g (0,1;04(0,)) = €58 SUPe(o,7] lu(t)l|La(q,)- In the same way, we can define
spaces LP(0,T; Wh4(€;)) and C([0, T]; Wha(£2,)).
We also introduce the function spaces which will be used later. For a function f defined on a
moving domain (0,7) x €, we denote
[fllxecry = 1f L= 0,1:m2( 0002 0,113 20)) + 1 fell Lo 0,731 (@00 220, 1512(020)) + ([ feell 2201522 (920)) -
(1.14)
For a function f belongs to fixed domain (0,7") x Q where Q is a fixed domain, we define

|\f||y(T) = ||f||Loo(o,T;H2(Q))nLZ(o,T;H:’»(Q)) + Hft||Loo(o,T;Hl(Q))nLZ(o,T;H2(Q)) + ||fttHL2(o,T;L2(Q))-
(1.15)

2. ITERATIVE SCHEME

In this subsection, we define an iterative scheme where the continuity equation, momentum equa-
tions, and micro-rotation velocity equations are coupled. For this linearized system, we derive
suitable estimates to guarantee the convergence of the iterative scheme. We also apply the method
of successive approximations adopted in [25] where the authors use Lagrangian transformation de-
termined by the velocity V. Moreover, we can give the proof of Theorem 1.1.!

We set p1(t, X (t,x)) := po(x), ui(t, X(t,2)) := wo(z) and w(t, X (¢, z)) = wo(x) for all
t € (0,7). With (pp,un,w,) in hand, then we use the following iterative scheme to define

(Prnt1, Uns1, Wny1) -
e We use the linearized continuity equation to obtain p,41

Otpns1 + U - Vepni1 + prprdiveu, =0, (2.1)
with the initial data p,+1(0,2) = po(z) in Q.
e Then, we use the linearized micro-rotation velocity equations to deduce w11
Prt10tWni1 — (co + cqg — o) Vaedivow, 1 — (¢ + ca) Apwni1 — 28 (curlwy, — 2wi11) (2.9)
= — Ppi1Wy - Vow, = Fao(ppi1, wy), '
with boundary conditions
(Wpy1 — %curle) ‘n|p, =0,
1 (2.3)
M(Vewp 1) - Ntan + Fo[wn 1 — icurlxv]tanh =0,

1Originally, the method was introduced for fixed domain, see [31].
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and initial condition wy4+1(0,2) = wo(x) in Qo.
e Lastly, with p,+1 and w, 41 in hand, we use the linearized momentum equations to derive w41
Prnt10tni1 — (W + A — &) Vaedivetnr1 — (14 & Aztni1 — 28curl,wy 41

== Pnf1Un - Vel — Vmp(pn) = Fl(pn+17un)a

with boundary conditions

(2.4)

(Upt1 —V)-nlp, =0, 25)
[S(Vm’unJrlv wn+1) : n]tan + K1 [un+1 - V]tan|Ft = 0» ’

and initial condition w,41(0, ) = ug(x) in Q.

3. LINEARIZED CONTINUITY EQUATION

In this section, we consider the local existence of strong solutions to the linearized continuity
equation on a moving domain. It should be mentioned that we can not go with the continuity
equation to the Lagrangian coordinates since we can not close the system (missing regularity for
density). Hence, such a problem can be treated in the same way as Proposition 3.1 in [25], we only
list some results for the linearized continuity equation without detailed proof.

pr+u-Vyp+ pdivpu =0, (3.1)

with (u — V) - n|r, =0.
Introducing the characteristics as

X(t,z) = z—|—/0 u(s, X (s, 2))ds, (3.2)

then it derives from (3.1) that

o(t, X (£, 2)) = poexp (— /O " divou(s, X (s z))ds) . (3.3)

We notice that the mapping X (¢, z) depends on the velocity wu(t, ) while the mapping X (¢, z) is
associated with V' (¢, z). When u(t,x) gains enough regularity, we can derive some properties of the
mapping X (¢, z).

Lemma 3.1. Assume that w € L*(0,T; H3())). Let X(t,z) be defined by (3.2), i.e. for fived
t e (0,T) we have X (t,-) : Qo — Q. Then there exists a sufficiently small time T > 0 such that for
all t € (0,T) there exists an inverse mapping z(t,-) : Qs — Qo, i.e. z(t, X(t,y)) =y for all y € Qo
and X (t,z(t,y)) =y for all y € Q.
Furthermore, it holds that
IVaz(t, @) =1l (q,) < E(7), (3.4)

and

IVEX(t, 2)l| L= (0,7:5(00)) < D0l 20,7500 (52,))): (3.5)
where 1 denotes the identity matriz, E(t) is a non-negative function satisfying E(t) — 0 ast — 0T
and ¢ is an increasing positive function.

With the aid of Lemma 3.1, we present the solvability of (3.1).

Proposition 3.1. Suppose that py € H*(Q), u € L>(0,T; H*()) N L*(0,T; H*(Q4)). Then,
for sufficiently small time T > 0, there exists a unique solution p(t,x) to the linearized transport
equation (3.1) such that

p € C(0,T; H*()), pr € L*(0,T; H*()). (3.6)
Moreover, the following estimates hold

1l Lo (0,7 m2(20)) < Cllpollr2(00) @ (VT 1l L2(0, 7512 (20))) (3.7)



and
pell 20,7501 (90)) < CVT ool a2 (00) (VT |utll L2 0,715 (000 )1l L2007 113 020 )) (3.8)

where ¢(+) is an increasing positive function.
In addition, if po > p > 0 then it holds that p > C(p,T,u) > 0.

4. LINEARIZED MICRO-ANGULAR EQUATIONS

In this section, we derive the local existence of strong solutions to the linearized micro-rotation
velocity equations where the fluid velocity u(¢, ) is given. More precisely, we shall treat the following
linearized micro-angular equations with Navier’s slip boundary conditions.

pwi — (co + cqg — ) Vadiveow — (cq + cq) Azw — 28 (curlu — 2w) = Fo,

1
(w — icurle) -n|p, =0, (4.1)

1
n-M- 7, + ko(w — icurle) “Tglr, =0, k=12

We establish the local existence of strong solutions to the linearized micro-angular equations (4.1)
on a moving domain and leave the proof in the following several subsections.

Proposition 4.1. Let T > 0 be sufficiently small and V satisfies the assumption of Theorem 1.1.
Assume that
p € L>®(0,T; H* (), pr € L*(0,T; H (%)),
Fy € L*(0,T; HY (), Fap€ L*(0,T; L*(Q)), (4.2)
F5(0) € HY(Q9), wo € H*(Q), wuo € H3*(Q).

Then there exists a unique solution w(t,x) to the system (4.1) such that w € X(T') and the following
estimate holds

||'wHX(T) < ¢(||p||L°°(O,T;H2(SZt))7 ||pt||L2(O,T;H1(Qt))> X (’|UHL2(07T;H1(Q”) + ||UtHL2(0,T;H1(Qt))
1 F2ll 20,7500 (00)) + 1 F 2.l L200,m502(00) + 1 F2(0) [ 11(00) + lwoll 12 (0)
HIVlzeomms @z ) + Vil o.mm@onceo.rims @) + 11V alz2omaze) |
(4.3)
where ¢ is a positive increasing function.

4.1. Lagrangian coordinates. We transform the boundary problem (4.1) in the moving domain
into a problem defined on a fixed spatial domain (0,7T) x g by using the Lagrangian coordinates
determined by V.
We set
plt,y) = p(t, X(y)), ulty) =u(t, X(ty)), (4.4)
w(t,y) = w(t, X(t,y), V(ty) =Vt X(ty), '

with X = (X7, X2, X3). Then, we denote Y (¢, z) = (Y7, Y2, Y3) to be the inverse mapping to X (¢, y).
It holds that for all ¢ > 0 and x € Q, X (t,Y (¢,2)) = x, which gives the following identities

0X 0XoY _  0Y

o Tavoar % o -V VY (45)

According to (4.5), we have
8wi 817)% Y . 8’([)@

TR TR A TR T

— Vb - (V- V,Y).
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Then we can rewrite the i-th component of micro-angular equations (4.1), , as follows

(0% 0w Y, 0%, Y, Y, 0B, %Y,
P ( ot oy, V’“axk) —leote—ca) g e ey Ot )G e
ow; 0%*w,; 0Y; 9Y; ouy, 9Y; .
a ALY, — (ca 5 A A ijk - a — 2W; | = Fa,,
(ca +ca) Oy k= (catea) Oy 0y Oy Oy <€ ik Oy, Ox; v > =

where we used the Einstein summation convention and the Levi-Civita symbol. Finally, we refor-
mulate the original equations into

/3%—1: — (co + cq — cg)Vydivyu — (c~a + ca) Ay — 2¢(curl,u — 2w) (4.6)
=Fy + ﬁv : vyﬁ) + R2(ﬁ7a7’[b) = FQ(ﬁ7ﬁ7,lb)7
with
. ow; oY R aY; 0Y},
Ryi(p =52y (L s, o) (TN
2,i(p, W, W) payj k <8a:k ch) +(co+cq—c )3yk5'yz (8% oz, lpek)
0w, 0%Yy 9%?w; [ 0Y; 0Y;
)2 . L 47
+(cotea—c )Gyk Ox;0z, +(ca + cd)@ykayl Oz, Oz, IpCkp (4.7)
o — ALY+ 26— =— — 015 |,
+ (ca + Cd)@yk &+ 28eijk au (8a:j z;)

where e; is the j-th unit vector.
The boundary conditions (4.1), and (4.1), can be rewritten through these new variables (4.4).
Here we use (4.4) and (4.1), to derive that

(@ — Lewl, V) (t,y) - n(y) =(@(t,y) — 2ewrl, V) - (n(y) — n(X(t1)))
2 | 2 (4.8)

T3

where we use the cross-product symbol A to represent the operator curl. Similarly, we use (4.4) and
(4.1)5 to get

(VoY =D)V,) AV]-n(X(t,y)) = da(@, V)(t,y),

[(co + ca)Vyib(t,9) + (ca — ) V3] m0) - 73(y) + alio(t,y) — seurl, V) - 74(0)
= [(ca + )V, @(ty) (I VoY) + (ca — e0) (I~ VIY)VT0] n(X () - 74(X (1.3)
¥ [(ea + ) Vyio(t,9) + (ea — ) V3] (1,3) [(nly) — n(X(2,9))) - (X (1,)) (19)
n(y) - (r(y) — 7 (X (1)) + Ra@(t,9) — Zeurl, V) - (rly) — 76X (1)
+ S(VaY =DV,) AV]- (X (y)) = Ba(@, V) (t.y).

Finally, we translate the linearized micro-rotation velocity equations (4.1) into a fixed domain (0, T") x
QOa

pw; — (co + ¢4 — ¢a)Vydivyw — (cq + cq)Ayw — 2¢(curlyu — 2w) = Fs,
N 1
(w — gewly V) - nlr, = ds, (4.10)

1
n-M- 1, + ko(w — icurlyV) Tglr, = B2, k=1,2.

4.2. Solvability of system (4.10). In this subsection, we give the local existence of strong solutions
to (4.10) on a fixed domain (0,7) x Q.



Lemma 4.1. Assume that B and dy admit an extension to Qg given by

wb . ’I’L‘FO = d27

X X (4.11)
([M(Vyw )ntan + K2[w’Jtan)|r, = Ba,
such that w® € Y(t). Let V satisfy the assumptions in Theorem 1.1. Suppose that
p € L=(0,T5 H*()), pr € L*(0,T5 H' (Q)).p = p > 0,
Fy e L2(0,T; HY(Q)), Fay € L2(0,T; L*(Q)), (4.12)
wy € H3(Qo) Uy € H2(90>.
Then there exists a unique solution w(t,x) to the system (4.10) such that
1@llycry <é(p: 115] o 0,7512(000)): 1Pl 220,752 (9000 1% 20 21 20y T 1Bt 22 0 7m0 (20
+ P2 oo, ri @opnreo1iz2 @) + 1 F2ille2 07200y + [0 lyer) (4.13)

+ IV Il zoe 0,111 (9002 (0,732 (00)) + IV el L (0.7 12 (00)) 2 (0,713 (00))

+ [IViell 20,1552 (90)) + 1 Woll 73 (020) + HaOHH?(QO))’
where ¢ denotes a positive increasing function.

Proof. In order to remove the influence of inhomogenity of the boundary data (4.10), and (4.10),,
we set wi = @ — w® to obtain

powt — (co + ca — ca)Vydivyw’ — (o + ca)Aywt — 2¢(curl,y @t — 2wt) = Fy — pw?,
(wt — %curlyf/) ‘n|p, =0, (4.14)
n-M- 7, + ro(wt — %curlyf/) “TElr, =0, k=1,2,
where
Fo=Fy+ (co+cqg— ca)Vydivywb + (cq + cd)Aywb — 4&w®. (4.15)

The positive frictions contribute to lower-order terms which are easy to estimate, so we omit the
effect of frictions and assume that ko = 0.

The proof (4.13) is presented by several parts in the below section.

e The estimate of HwT||Loo(07T;L2(QO)).

Multiplying (4.14) by wt — %curlyf/ and integrating over )y, we obtain

1d 1 ~ 1 -
p— plwt — —curl, V|2dy —|—/ (Tw' — 2¢curl, @ + 4éwt) - (wh — Zcurl, V)dy
1 [ /T B A 1 -

=— prlw’ — =curl, V|?dy — = peurl, V (w' — —curl, V)dy
2 Ja. Phi. 2 Jo, P 2

R 1 B Y ; 1 _ (4.16)
+ Fy - (w— §curlyV)dy - pwy - (w' — §curlyV)dy
Qo Qo

4
= E I1,i7
i=1

where we denote Thw' = —(cy + cq — ca)Vydivyufr — (ca + cd)Awa.
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For the left-hand side of (4.16), we use (4.14) and integration by parts to obtain

1 ~ 1 -
/ (Thyw') - (wt — icurlyV)dy = M:V,widy— 3 M : Vycurl, Vdy
Qo Qo Qo
=(ca + ca) [ Vyw'|[72(q,) + (co + ca = ca)lldivywT 72 q,)
1 -
- = M : Vycurl, Vdy,
2 Ja,

then Holder’s inequality leads to

1 N
—— M : Vycurl, Vdy
2 Ja,

< €| Vywl 220y + ClIVEV 220

Direct calculation shows that

/ (—2¢curly @ + 4éw') - (wh — %curlyf/)dy
Qo

- 1 -
= 45/ lwt2dy — 2{/ wteurl, Vdy — / 2¢écurl, @ - (wh — Zcurl, V)dy.
Qo Qo Qo 2

Applying Holder’s inequality also yields

. 1 .
—2¢ A wtcurl, Vdy — /Q 2écurly - (wh — chrlyV)dy
(0] 0

~ 112 ot
< elwhlZaa,) + CUIVyal 20, + 1YV IE200)-

For the first term of the right-hand side of (4.16), the following estimate holds

. ~ 1 -
IZ11] <C(0) (15l 70 0y 1V BlwT — icurlyv)”%ﬁ((zo))'

Then, it follows from Hélder’s inequality and the Sobolev inequality that
= 1 ~ % ~
|Z1.2] SCH\/;(U’T - §Curlyv)||L2(Qo)Hszw(Qo)chrlythm(Qo)

- 1 - - >
<ClVatw! = SeurdyV) [ 1l 2y + Clewty Vil o,

. 1 ~
71,3 §CHF2HL2(QD)H“’T - §Cur1yVHL2(QO)

- 1 -
<C[[Fo| 2 0" = Feuly V1o q,)

F,

2 ~ 12
SeHvwaHLZ(QQ) +C +CHV§VHL2(QO)’

2
22 (00)
and

~ 1 ~ Lt
1 Z14 SH\/;(w* - icuﬂyv)HLZ(Qo)Hszoo(Qo)Hw?HLz(Qo)

- 1 - -
<Vt = Geuly V|7 z g ]2 a0 + Cllwt [ 2ay)-

Putting above estimates into (4.16), we obtain
d, ~ 1 -
a”\/f;(wT - §Curlyv)||2L2(Qo) + w7200 + Vw2200

~ - = 1 -
SC(E)(HPHHz(QU) +116ell 72 )1V BT — §Cur1yv)||2L2(Qo)

2 « ~ N
+ C(||Vyu||L2(QO) + ||F2H%2(QO) + ||w§||2L2(QO) + HV||2H2(QO) + ||Vt||%11(90))-

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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Applying Grénwall’s inequality, we get
[wT| Lo 0,722 (900)) + 1w 2207522 (90)) + IVyw L2072 (900)
< é(p,

+ lwill 20,7200 + IV z20,7552000) + IV el 20,7850 00 + 1V | 1o (0. (20

ﬁHLOO(O,T;Hz(QO))’ H/}tHLQ(O,T%Hl(QO)))(Hﬁ’HL2(O,T;H1(QO)) + 1 F2llz2 0,132 (20)) (4.26)

e The estimate of HVwaHLoo(QT;L?(Qo))'

We multiply (4.14) by (w’ — %curlyV)t + eTrw', where € is sufficiently small, then integrate the
resulting equation over €y to derive

1 N
/ ploywT|?dy +/ (wh — §cur1yV)t (Tyw' + 4éwt — 2¢curlyw)dy + e/ | Thwt|?dy
) Qo

Qo

0

1 -
=— e/ pwt Thwidy + 5/ ﬁthcurlthdy + 256/ Thw' - (curly@ — 2wt)dy
Qo Qo Q

. 1 . (4.27)
+/ (Fy — po,w®) - (('w’r - icurlyV)t + eTng> dy
Qo
4
= ZIQ’Z'.
i=1
Using the fact that (w’ — %curlyf/)t -m = 0 and integration by parts, we can obtain
1 .
/ (wt — —curl, V), - Thw'dy
Q0 2
Ld 2 iv, w2 428
= S | (ca+ ea) IV, w3y + (o + ca = ca) [divywt |2 g | (4.28)
1 - 1 -
- 5(00 + g —Cq) A div,curl, Vdiv,wtdy — i(c“ + ¢q) A Vycurl,V, : V,widy.
0 0
We apply Hélder’s inequality to get
1 - 1 -
‘—2(00 +cq — ca)/ divycurlthdivwady — 5(% +cq) Vycurl, Vy : Vwady’
Q0 2 (4.29)
2 27 2
< CHV?JwTHL2(QO) + CHVthHLz(QO)'
Direct calculation gives that
1 .
/ (wh — §curlyV)t (4w’ — 2écurl, @)dy
o . . (4.30)
— 2t —|jwt|? —2/ LV, whdy —2 t, — Zcurl,V ) - curl,ad
EdtHw HL"‘(Qo) £ o, curl, Vi - wldy — 2¢ o, w', 5 CUrly curl,udy,
and
. 1 .
’2§ curl, Vi - widy — 2¢ (th — 2curIyV> . curlyﬁdy‘
o Qo (4.31)

2 ~ 12 1 = 2 -2
< Olfwt[2 g + CIVOV il 20y + 5IIVAW T2 + ClVy 2 gy
For the right-hand terms of (4.27), we use the smallness of € and Holder’s inequality to get
Z2.1] < €H\/Bth’|L2(QO)HﬁHLw(QO)HT2wTHL2(QO)

1 — -
< 5 H Viw', HiP(QO) + 5¢? HPH;(QO) HT2“’T H2L2(QO) (4.32)

1 — 1
< sIVrwtelia,) + 3ellTwtlzeq,)
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Similarly, it holds that

1 ~
Za,2| < H\/ﬁthHLQ(QO)||[)Hz°°(ﬂo)chrlythL?(Qo)

1 _ e ~ o (4.33)
< gH\/Ew tHLz(QO) +CHpHH?(QO)HVZ/VtHLQ(QO)’
1 2 ) 2
[ Z2,3] < ZGHTQU’THH(QO) + C||VyuHL2(QO) + CHwTHm(QO)’ (4.34)
and
o — 1yt -
Z2.4] < ||F2||L2(QO)(€||T2wTHL2(QO) + H\/;thHL2Q(,Hp 1”200(90) + chrlythm(Qo))
1 _ R .
+ ||ngL2(Qg)(HﬁHzoo(Qo)||\/EthHm(QD) + HpHLoo(QO)(chrlythm(Qo) + 6||T2wTHL2(QO))) (4.35)

1 2 1 ~ 2 A2
< EGHTQwTHL?(QO) + gH\/;thHL?(QO) + C(B)||F2HL2(QO)
12 b2 2
+ CHp||H2(QO)(||wt||L2(Qg) + ||Vth||L2(QO))'
Combining the above estimates, we have
d =
5 (0t 0) + 19,01 220, ) + VATl + €l V30T 220,
2 ~ - 12 ~ 12
SO (HvyuH[g(Qo) + Hvtlliﬂ(ﬂo) + HF?H%P(QO) + Hp’|H2(QO)(||w§||%2(Qo) + HVZ/VtHLQ(QO))> (4'36)
+C (195w 320, + w7320y ) -
then we apply Gronwall’s inequality to derive
lwT{| L 0,7:22(020)) + IVywT | Lo 0,752 020)) + lwTell 20,1020 + IVEWT || 120,750 (020))
<o(p, ||PHL°C(O,T;H2(520)) (HﬁHp(o,T;Hl(QO)) + ”VtHL?(O,T;HZ(QO)) (4.37)
JF”FQ”L?(O,T;L?(QO)) + H'U’?HLZ(O,T;LZ(Q(;))) .

e The estimate of HthHLOO(O ToL2(00))"

Next we apply operator 9; to (4.14) and multiply by (w’ — %curlyf/)t to get

1d 1 N
o % plwt |2 dy —|—/ (Tyw', — 26curly @y + 4€w'y) - (wh — §curlyV)tdy
Qo 0
1 L1 [ - 1 [ -
=— - pe|wt|?dy + = prttcurlthdy + = pthtcurlthdy
2 Ja, 2 Jao 2 Jao

R o ; 1 . - ; 1 . (4.38)
+ ; (Fot — prwy) - (w' — §cur1yV)tdy - pw'y, - (w' — §cur1yV)tdy
0 0

5
i=1
We use (4.1

1 .
/ (wh — —curl, V), - Thw’,dy =
Q0 2

1-371‘.
4) and integration by parts to derive that

1 -
M(V,w',) : V,wtdy — 5/ M(V,w;) : V,curl, V,dy,

Q() QO
(4.39)

and Holder’s inequality gives

‘—; M(V,w';) : Vycurlyf/tdy‘
o (4.40)

2 = 2

< €||vwatHL2(Qo) + O||V32;Vt||L2(QO)'
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Direct calculation shows that

1 -
/ (—2¢curl, @, + 4éwty) - (wh — icurlyV)tdy
Qo

. . (4.41)
= 25—HwTH2L2 o~ 25/ curly i, - (wh — fcurlyf/)tdy —2¢ wty - curlthdy,
dt (Q0) % 2 o
and
‘2{ curl,; - (wt — 1curlyff)tdy —2¢ w', - curlyf/'tdy'
QO 2 QO
1 ~
< ||Vyi"t”L2(Qo)(H\/sztHLQ(QO)||p71||[2,°°(90) + chrlthHm(Qo)) (4.42)
~ 1
+ chrlyvtnm(go)”ﬁwtt”p(no)||P71Hz2(90)
< C(B)(HvyﬂtH;(Qo) + H\[ﬁthHi%QO) + Hvyvtuiz(go))'
Similarly, we have
1
1Zs.11 <Cllpel 2220 IV 6w el L2 020) 15717 g0y 10Tl o ) (4.43)
SEHVwat||2L2(QO) + C(B)Hﬁt”%{l(no)||\/5th||%2(90)»
2 2 -2
1 Zs. 2| S(SHthtHLz(QO) + CHPHHQ(QO)HvythLZ(Qo)’ (4.44)
2 2 ~ 12
|Z5 3 SEHVy'thHL?(QO) + CHptHLS(QO)HvthHLz(QUy (4.45)
Z5,4] < szt||L2(QO)(HthHL6(QO) + HCUflthHLz(QO))
+ HﬁtHL3(QO)’|w§||L2(QU)(HthHLG(QO) + chrlythLG(QO)) (4.46)
=< €||vwat||2L? +C(| FQatHiz(Qo) + Hﬁt||iS(QO)||w?||2L2(QO) + ||Vt||H2(Q0))’
and
1 - ~
|Zs.5| < ngtHLQ(QO)(H\/BthL?(QO)H[)HLQ,OO(QO) + ||'0HL°°(QO)||Cur1thHL2(Qo)) (4.47)
= 2 2 ~ -2 ~ 112 :
< H\/;thLQ(QO) + C(Hw?tHLz(QO)HpHLoo(QO) + HpHLoo(QO)chrlythLz(Qo))'
Putting above estimates together, we get
d =
EH\/Eth%z(QU) + ||thH2L2(wo) + ||Vywtt\|%2(no)
<C(p) (1 + 115t 71 (o)) IV Pw il 720 + SllwTiel 72y (4.48)

+ C(Hvyﬁ'tH%Z(Qo) + ||F2,t||%2(90) + ||ﬁt||21(90)||w?||2L2(90) + ||15HH2(Q0)||w?t||%2(ﬂo))
-0+ 1 oy + 1 1V )
By Gronwall’s inequality, we obtain
lwTell oo 0,522 (020)) + 1wl 220,302 (00)) + IVyw el 2200, 7:22(02))
<G([1pll L 0.7:52(020)) 101 L2 0.7:52(020))) (1@t T2 0.7 111 (620)) + 1 F2tl| 2207322 020))

+ ”wi)HL?(O,T;L?(QU)) + ||w?t||L2(0,T;L2(Qo)) + ”VtHL?(O,T;H?(QO))) + 6||tht||L2(0’T;L2(QO)) £ P,
(4.49)
According to the classical elliptic theory, we have

HvinHLW(O,T;L?(Qo)) SHwTHLOC(O,T;LZ(QO)) + ||vyﬂHL°°(O,T;L2(Qo))

+ HF2||L°°(0,T;L2(QO)) + Hﬁwf”Lm(o,T;L?(Qo)) + 118l o= (0,7: 1.5 (©20)) P1-
(4.50)
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Next we show the bound of ||w'|| 2.0 7,13 (q,))-
By applying gradient operator V,, on (4.14), it holds that

||v2w1||L2(0,T;L2(Qo)) S||Vyl:—'2||L2(0,T;L2(Qo)) + ¢(||/5HL°°(0,T;H2(QO)))||’U’Tt + wg”LQ(O,T;Hl(QO))

+ ||vz2/‘~‘||L2(0,T;L"‘(Qo)) + HvwaHH(o,T;m(Qo))'
(4.51)
e The estimate of HthtHLZ(O’T;LZ(QO)).
We apply 9; to (4.14), multiply the resulting equations by (w’ — %curlyf/)tt, and integrate over
Qo to get

1 ~
/ ﬁ|tht|2dy +/ (’LUT — *CuﬂyV)tt . Tngtdy
Qo Qo 2

1 -
+ 2¢ A (wh — §curlyV)tt (2w, — curly @y )dy
0
= ~ b 1_ 1 ~ 1 - T ~ (452)
= (Fay — pwy,) - (w' — §curlyV)ttdy + B pw’curl, Vi dy
Qo Qo

3
1 3
- / pr(wt; +wh)(wt — §curlyV)ttdy = E Ty
o i=1

Applying integration by parts and the boundary condition (4.14),, we have

1 N
/ (wh — —curl, V') - Thwtdy =
Qo 2 QO

_ld
S 24dt Jg,

1 -
M(Vyuf't) : Vwattdy — 5/ M(Vyw,) : Vycurl, Vi dy
Q
((co + ca — ca)ldivywty|? + (ca + ca) [VywT[*)dy

1 N
— 5/ M(V,wt;) : V,curl, Viydy,
Q

(4.53)
then Holder’s inequality leads to
1 . -
‘—2 /QM(Vwat) : Vycurlthtdy‘ < CHvwatHi?(QO) + C’HVthtHQLQ(QO) (454)
Direct calculation gives that
2 (wt — %curlyf/)tt - (2w'y — curl, @ )dy
o 1 (4.55)
= 26— |th|2dy —£ curlyvtt (2w, — curly, @ )dy,
dt Qo Qo
and
‘—5/ curlyf/tt (2w, — curlyﬁt)dy‘
Qo (4.56)
2 ~ 2 ~ 2
< CHth”L?(QO) + CHVy“tHLz(QO) + C||Vyvtt||L2(Qo)'
Now we estimate Z, ;, ¢ = 1,2, 3 term by term.
1 ! .
|Z4.1] SH\/EthtHL2(QO)(||5HJ§°°(QO)Hw?tHLQ(QO) +lp™ L (90) F2>tHL2(QO))
+ chrlyvttHL2(QU)(||p~HL°°(QO)Hw?tHLQ(QO) + FthHLQ(QO)) (4.57)
= 2 12 2 L2 :
§€H\//3U’Ttt“L2(Qo) +C0+ Hp||L°Q(Qg))Hw?tHL?(QO) +C(p) }FltHLQ(Qo)

+ C||cur1y‘7ttHQLz(Qo)’
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1 ~
|Z4.2] SH\//;thtHLz(Qo)||p||zoo(90)chrlyvttnm(ﬂo) (4.58)

SGH\/E“’THH;(QO) + OHﬁHLw(QO)||Cur11/‘~/tt||i2(ﬂo)’
and
|Z4 3] SH\//SthtHL%QO)Hﬁ_lH%HﬁtHL?’(QO)<HthHL6(QO) + HthL6(QO)>
+ chrlyvttHL2(Qg)HﬁtHL?’(QO)(HthHLG(QO) + Hw?HLG(QO))
el VAt il + COU i) (V5202 ) + 1702012 0) + UV Vel -

(4.59)
Plugging above estimates into (4.52), it holds that

d =
a(”thHiz(Qg) + [ Vywtil2ay) + H\/;tht”%P(Qg)

= ~112 ~ 112
<C (||Vtt||%{2(go) + ([ Fael 20, + (1 + HPHHz(QO))||wftH%2(Qo)) + Cllpel 1 oo Vw172 )

- ~ 2
+ C(”wft”zm(szo) + Hvwat||2L2(Qo)) + CHvyutH%Z(Qo) + C(B)HptHHl(QU)||vyw$||%2(ﬂo)'
(4.60)
Applying Gronwall’s inequality, we obtain

[wlell 0,722 (90)) + [IVywell Lo 0,7:02(00)) + 1w eell 20,722 (00))

<o(p, |

ﬁ”Lw(O,T;H?(QO))’ Hﬁt”LQ(O,T;HI(Qo))) (Hvy{‘tHL?(o,T;L?(QO)) + ||Vtt||L2(0’T;H2(Qo)) (4.61)
HIF2.llz2(0,75L2(00)) + w8l 20,miz2(020)) + I Vyw! 20,722 (20)) + ||th(O)||H1(Qo)) .

For the term wT,(0), we apply V, to (4.14) and take the results in ¢ = 0 to derive

wt(0) ]l 11 (90) < CUIF2(0)] 2 020) + ||ﬁ(0)HHz(QO) + [l (0)] 15 (2))- (4.62)

e The estimate of ||wT||r2(0 7, m2(00))-
Finally, we show a bound for [[w||2(0.7:m2(qy))-
Taking the derivative with respect to time of (4.14), we have

—div, M(V,w}) =2¢(curl, @, — 2wt,) + Foy — powty — pwty — piw? — pw?,,
w' - n|r, =0, (4.63)
[M(Vyw')ltanlr, =0.
The boundary condition of (4.63) is homogeneous, the classical elliptic theory yields
[l 2200) < CUIF1ll 22(020)+ 1 (Vy e, wo) | 2 ) |t (w1 420)) [ 22 (00) | (w0 w3, [ £2(0))-

(4.64)
Integrating (4.64) with respect to time, we have
w2 0,152 (20)) <C (||F2,t||L2(o,T;L2(Qo)) + (@, wTe) || 20,7517 (20))
15l oo (0 2200y IWe 220,75 22000)) + [T etll 20 msz2 (o)) (4:65)

Hloell 20,7311 (20)) (W el Lo 0,751 (20)) + 1W0E ] Lo (0,317 (20)))) 5
which together with (4.61) and (4.62) lead to

HthtHL2(O,T;L2(QO)) + ”thHLw(o,T;Hl(QO)) + llwtell 220,112 (90)

< o(p, HﬁHLOC(O,T;H?(QO))’ ||p~t||L2(O,T;H1(QO))) (Hﬁ’tHLZ(O,T;Hl(QO)) + HF?J |22(0,7522(20)) (4.66)

Jrng||L2(o,:11;1111(90)) + ||Vtt||L2(O,T;H2(QO)) + ||w?t||L2(O,T;L2(QO)) + Hth(O)HHl(QO)) :
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Then combining (4.62), (4.15) and previous estimates, we complete the proof of (4.13). O

4.3. Proof of Proposition 4.1. We present the estimates on w®(w, V'), this proof is quite technical.
We shall construct explicit formula for w® and leave the proof in the Appendix.

Lemma 4.2. Let V' satisfy the assumptions in Theorem 1.1. Then there exists an extension
wP(w, V) defined by (4.11) satisfying the estimate

_ 1 -
[’ lyer) < B(T)[1+ (@ = Seurl,V)lyer)], (4.67)
where E(t) is continuous and E(0) = 0.

Moreover, we list some regularity results without detailed proof which borrow from Lemma 4.5
in [23]. One can use the same method to derive it.

Lemma 4.3. For Ry defined by (4.7) and denote F(t) = ||w|y ), then we have for any n >0
1PV - Vyw + Rl 20,117 (20)) + 100V - Vyw + Ro]ll2(0,7:22(90))

< Clln + VIO + B FIO) + VTl sy + ol

Combining (4.67) with (4.68), and we use the expression of the right-hand terms in (4.6) to derive
that

||F2||L2(O,T;H1(QO)) + ||F2JHL2(O7T;L2(QO)) + ||wb||y(T)
< NP2l oo o oy + 1 F2ll 2022200y + CEMED) + [al] g + 18t 2 gy (4.69)
+ chrlyVHy(T)).
It is known that the transformation of Lagrangian coordinates is a diffeomorphism for small time,
therefore, (4.3) comes from (4.13) and (4.69).

5. LINEARIZED MOMENTUM EQUATIONS

We perform similar procedures as in the previous section to derive the local existence of strong
solution to the lineariezd momentum equations (2.4)-(2.5). We shall treat the following linearized
momentum equations with Navier’s slip boundary conditions

pur — (+ X =& Vdiveu — (p+ §Azu — 28curl,w = F,
(w—V)-n|r, =0, (5.1)
n-S-7m+rk(u—-V) 1%, =0, k=12

Proposition 5.1. Let T > 0 be sufficiently small. Let V and p(p) satisfy the assumptions in the
Theorem 1.1. Assume that

p € L®(0,T; H*()), pr € L*(0,T; H*(Q)),
F, € L2(0,T; H' (), F1; € L*(0,T; L*(Q)), (5.2)
Uy € H3(QO),w0 S HS(Q()).

Then there exists a unique solution w to the system (5.1) such that w € X(T) and the following
estimate holds

”u”X(T) Sd)(HpHL“(O,T;H?(Qt))’ ||pt||L2(0,T;H1(Qt))) X (’|wHL2(O,T;H1(Qt)) + |‘thL2(O,T;H1(Qt))

+1F1ll L2071 00)) + 1 F1ellz20,m0200) + 1ol m2(00) + 1V il z20,m3m2(0,))

IVl Loe 0,7312 (@)L 0,754 (20)) + HvtHL°°((],T;H2(Qt))ﬁL2(O,T;HS(Qt))) ’
(5.3)
where ¢ is a positive increasing function of its arguments.
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5.1. Lagrangian coordinates. We also transform (5.1) on the moving domain to a problem defined
on a fixed spatial domain (0,7") x o by using the Lagrangian coordinates determined by V. We
follow (4.4) and (4.5) to get

6ui 6ul Y 6111 ~
ot o TVl g~ g~ Vet (V- VRY).

Then we can rewrite the i-th component of linearized momentum equations (5.1) as

o1, 0%
Oy, 0x;0x,

ot dy; "o

~ ~ g 2~
ﬁ<8ul auZVGX/'J)(#JF)\S) 9%, 0Y; 0Yy

_ A\ —
0y 0y, Oz, Ox; (et ¢)

Pu; 9Yy Yy 0wy, 9Y
— 2¢e

» =,
ijk 8yl 6$j 1,2

where we used the Einstein summation convention and the Levi-Civita symbol.
Finally, we obtain

o
ot
=F +ﬁV ’ Vyﬁ‘+R1(p~7ﬁaﬂ)) = Fl(ﬁﬂﬁ'aﬁ))a

— (p+A=9HVydivya — (u + §)Aya — 26curl,w

with

o du [0y 0%a, (Y, OV,
R, = iy, A v (09T
1,i(p, w, W) Payj Vi <8mk ch> + (1 + €) Bundu <8:cp 0z Ip€k

di, OV P (Vi Y,
_oZ e Il _ 5.5
A A= O g Bmor, T T Doy <axp oz, 5“’5’@‘”) (55)
+ (n+ f) 8yz (8363 - 5!;) )

where e; is the j-th unit vector.
Through these new variables (4.4), we derive from (5.1), and (5.1), that

(@—V)(t,y) - nly) =(@ - V)(t,y) - (nly) - (X (t,y))) ) (5.6)

and

(14 OVyalt,y) + (n— V- 26A@)] n(y) - 7" (y) + k1 (@ — V)(t,y) - 7F
=+ OVyult,y) (I - V.Y) + (u— (I - VYV a] n(X(t,y) - 7(X (t,y)
+ [+ Vyalt,y) + (n— OVya — 26A(w)] (t,y) [(n(y) —n(X(ty)) -7
+n(y) - (T (y) — THX (4 y)] + ma(@— V)(ty) - (7F(y) - TH(X ()
+r1(V(t, X (ty) — V(ty) - 7(X(t,y) == Bi(a,®, V)(ty),

o

=
—~
\'PF
<
~—
~—
—~

ot

-3
~—

where A;j(W) = €pmij W,
Finally, we formulate the linearized momentum equations in a fixed domain (0,7") x Q.
Pty — (p+ A — )V, divy s — (u+ €A, @ — 2curl,w = Fy,
(@—V)-n|p, =di, (5.8)
n~S~Tk+I€1(fL7V)~Tk|F0:Bl, k:1,2.
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5.2. Solvability of system (5.8). In this subsection, we give the local existence of strong solution
to the linearized momentum equations in a fixed domain (0,7") x €.

Lemma 5.1. Assume that By and di admit an extension to Qg given by

ul - n|r, = di,

(S(V 1”0 e+ 1 [y = B, (59)

such that u® € Y(t) and w® constructed by (4.11). Let p and V' satisfy the assumptions in Theorem
1.1. Suppose that
p € L>(0,T; H*(Q)), pr € L*(0,T; H' (), 5 > p > 0,
Fy e L*(0,T; H'(Q)), F14 € L*(0,T; L*()),
wy € Hg(Qo),ﬂo S Hg(Qo).

(5.10)

Then there exists a unique solution @ to equations (5.8) such that

||il‘||y(T) S¢(£7 ||ﬁ||L°°(O,T;H2(Qo))7 ||ﬁt”LQ(OwTSHl(QO)))(||ﬁ]HL2(O,T;H1(QO)) + Hﬁ)t||L2(O7T;H1(QO))
FE 20111 @00 Lo (0,7:22(00)) + 1F1ell22(0,7:22(00)) + 6y
+ IV || o (0,751 (20 )) L2 (0,73 52(020)) + IV el 220,712 (900)) + 1V il 20,7 52(020))

+ [[woll 3 (20) + llwoll r2(0));
(5.11)
where ¢ denotes a positive increasing function.

Proof. Taking ut = @ — u®, (5.8) yields

puty — (u+ X =V, divyut — (u+ &A,ut — 2curl,w = Fy — pul,
(@—V)-nlr, =0, (5.12)
n-S-m+r(ut = V) nlp, =0, k=1,2,

where
Fi=F 4+ (p+ )= &Vydivyub + (u+ &) A,ub. (5.13)

The positive frictions contribute to lower-order terms which are easy to estimate, so we assume that
K1 = 0.
The proof of (5.11) is divided into several parts.

e The estimate of HUTHLoo(o T2L2(00))"

Multiplying (5.12) by uf — V' and integrating resulting equation over Qq, we obtain

1d ~ -
f—/ plut — V|*dy +/ (Tyu® — 2¢curl, @) - (uf — V)dy
2 dt QO QO

1 - - . ~ -
— [l = VR [ Vit - Vidy+ [ Bt - Vdg- [ gl - V),
2 Qo Qo QO QO
(5.14)
where we denote Tyut = —(u+ X — &)V, divyul — (p + &)A,ul.
We only pick up some typical terms in (5.14) to give detailed proof, others terms are derived from
direct calculation and Holder’s inequality which are similar to Lemma 4.1.



We investigate the second term on the (5.14). We integrate it to derive

/ (Tlu'f — 2§curlyﬁj) . (u’r _ f/)dy — _/ div,S - (uT _ V)dy

Q0 Q

= S(V,ut, @) : V,(uf — V)dy — S(Vyut, w)n - (u —V)dS
Q0 Q0

= [ s(Vul,w):Vyuldy— [ S(V,ul,w):V,Vdy,
Qo Qo

where in the last identity we have used the boundary conditions.
Notice the fact that

. S(Vyul,w) : Vyuldy =ul|Vyul||72qn) + (1 + Nl|divyul]|72 g,
0

+ &|eurl,ut(?, () — 26 [ w-curl yuldy,

Qo

we obtain

II\f ul = V)22, + IVyuf 720,

<c Y16l 2 + 1713500 VA = V)1

19

(5.15)

(5.16)

(5.17)

+C( HwHLZ(QO) + ||F1||L2(QO) + ||Ut||L2(QO) + ||V||H2(Qo) + ”Vt”Hl(QO))

Applying Gronwall’s inequality, we get

HUJTHL"C(O,T;LQ(QO)) + ||VyuTHL2(O,T;L2(QO))

<o(p, 1Al Lo (0,1;12(20)>

p ||L2(07T;L2(Qo))))(||ﬁjHLQ(O,T;Hl(QO)) + ||F1||L2(0,T;L2(Qo))

(5.18)

+ [ ufll 20,122 20)) + IV 20,002 00)) + 1V il L2 0,00 (90)) + ||V||L°°(O,T;H1(Qo)))'

e The estimate of Hvyu HLOQ(O TiL2(Q0))"

We multiply (5.12) by (ut — V), + eTyut, where € is sufficiently small and integrate the results

over {2y to derive

/ plo,ut|?dy +/ (ut — V), - (Tyut — 2¢curl,w)dy + e/ T ut|?dy
Q0 Qo

Qo

= e/ put Tiutdy +/ put V,dy + 256/ Tiut - curl,wdy (5.19)
Q0 Q0 Q0
+ / (Fy — o) - [(ul — V), + eTyut]dy.
Qo
Using the fact that (uf — V'), - n = 0, we use integration by parts to obtain
/ (ul = V), - (Thut — 26curl,w)dy = S(Vyuly, w) : Vyutdy — S(Vyut,, w): V,Vidy
Q Q Q
’ ’ ’ (5.20)
and
T 1d T T
8 Vyulidy =5 3 [ Vyuldaqa) + (04 Ndivyut 3oy, + Ellenrl,ut 3
2 (5.21)

—2¢ | w-curlufdy.
Q
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Combining the above estimates, we have
d =
&Hvymniz(go) + H\/EuTt”%ﬁ(Qo) + vaiuTH%z(Qo)

2 ~ p ~
<C (HvwaHLz(QO) + ||Vt||%12(90) + ”Flll%?(ﬂo) + HPHHz(QO)||Ug||%2(90)) + C||VyuT||2L2(QO)-
(5.22)
Applying Grénwall’s inequality, we obtain

||VyuT||L°°(0,T;L2(Qo)) + ||uTt||L2(0,T;L2(Qo)) + ”ng;uTHLZ(O,T;L?(QO))

<é(p llpll o< (0,7; 11 (92))) (’|1~UHL2(O7T;H1(QO)) + IVl 20,7502 (020)) + ||(F17UZ{)||L2(0,T;L2(QO))) :

(5.23)
e The estimates of HuTt’|Lm(07T;L2(QO)). ]
Next we apply 0; to (5.12); and multiply the resultant by (uf — V), to get
1d -
—— plut|?dy + / (Thut, — 2¢curl,wy) - (uf — V), dy
2dt Qo Qo
1 ~ ~ . ~ .
=— */ peluty*dy +/ puty - Vidy +/ prute - Vidy (5.24)
2 Ja, Qo Q
b [ Fre ) (@t = Py~ [l (V).
Q Q0

According to the boundary conditions (5.12), and (5.12),, we use integration by parts to derive
/ (uf = V), - (Thut, — 26curl, v, )dy
Qo

:/ S(Vyuft,ﬁ)t):vyuftd:cf/ S(Vyuly, ;) : V,Vidy
Qo Qo (525)

:NHVWTtHQLz(QO) +(n+ )‘)HdivyuTtHQL?(Qo) + §HCUﬂy“TtHQL?(QD)

- w; - curl,u’,dy — S(Vyuty,w,) : Vyf/tdy.
Qo Qo

Combining (5.24) with (5.25), we have

d =
&”\/EUTtHQL?(QO) + ||Vy”TtH%2(QO)
<C(p)(1+ ||ﬁt||%11(90))H\/EUTtHQL?(QO) + 0l utsl|72 )

> ) (5.26)
+ C([|[ Ve 2 gy + 1714l

2L‘Z(Qo) + Hﬁfuifl(go)“uﬂ&?(no) + Hﬁ”}p(gg)||u?t||%2(ﬂo))
+ O+ Al ) + 1720 IV el
By Gronwall’s inequality, we obtain
HuTt||L°°(0,T;L2(Qo)) + HvaTtHH(mT;L?(QO))
<o, 16l o= (0,73 112 (0200 192l 22 073112 (20)) ) ([ L2 (0 11 00y + 1E 2l 22 0.2 (20))

Nl 2022 @0)) + 1l L2,miz2c0) + Vel L2o i o)) + 0wl ullLz o,7:22(00)) = P2

(5.27)
e The estimate of ||vl2/uT||L°C(O7T;L(QD))'
Applying the classical elliptic theory, we derive that
”V?JUTHLC"’(O,T;P(%)) SHV?J@HLOO(O,T;LQ(QO)) + HF1||L°°(0,T:L2(90)) (5.28)

+ [| 5w ]| Lo (0,7:22(020)) + 181l Loo (075250 (20)) -
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e The estimate of vauTHLw(o T.L(0))"

Applying gradient operator V, on (5.12),

V8wt 20,102 0)) SIVE® L2 0.1:02(20)) + IVl 22007222 (00))

b (5.29)
+ @(llpll Lo 0,12 00 1wt + i |l 20,7517 (020)) -
Lastly, it leaves us to derive a bound on |[uf || 12(0,7522(00))-
e The estimates of HUT”HLZ(O,T;LZ(QO))' ]
We apply 9; to (5.12),, multiply the results by (uf — V'), and integrate over Qg to get
/ ﬁ|’U;Ttt|2dy =+ / (UT — V)tt . (TluTt — 2§C1lﬂy'lbt)dy
Qo Qo (5.30)
:/ (Fl,t - ﬁuft) (ul — V)ttdy +/ puty - Viydy +/ pr(uty + u?) : (‘N/ —ul)udy.
Qo Qo Qo
Then we apply the boundary condition to get
/ (ul — V)tt (Thuty — 26curl, @, )dy
‘o (5.31)
:/ S(VyuTtywt) : VyuTttdy — / S(VyuTt,ﬁJt) : Vthtdy
Qo QO
Hence,
d \v4 T2 \/i 2
&H yul |72 00 + IV Puel 12 (00)
~ - 12
<C (HvttH%{z(QU) + 1 F1 |70y + (1+ ||PHH2(QO))Hu?tH%Z(QO)) (5.32)
2 2 b2 2
+C(1+ HptHHl(QO))HvwatHLQ(QO) + CHvyutHLz(Qo) + CHvythLz(Qo)'
Applying Gronwall’s inequality, we obtain
IVyut || oo 0.1:02(20)) + 16t sl 20,7522 (020))
S‘;5(‘’ﬁ”Loo(o,T;m(Qo))v lotll 20,757 (20))) (Hﬁ’t||L2(o,T;L2(QO)) TVl 20,7512 00)) (5.33)

HIF il L2 0.7502(00)) + 6l L2 0,7502(00)) + Hvyu?HLz(o,T;Lz(Qo)) + ”uTt(O)HHl(Qo)> :

For the term u(0) in above estimate, we apply V. to (5.12); and take the results in ¢ = 0 to
derive

[ut1(0) [l 71 (00) < CUIF1L(O) |71 (2) + 10l 172 (52) + [ufoll s (q))- (5.34)
Finally, we show a bound for ||UT||L2(O’T;H3(QO)). Taking the derivative with respect to time of
(5.12),, we have
T (uTt) = 28curl,w; + Fl,t - ﬁtuTt - ﬁUTtt - f)tu? - ﬁu?t,
(ut = V) -nlr =0, (5.35)
[S(vyuTt; ﬁ)t)n]tan|F == 07
where S(Vuy, w;) = Ty (ul;) — 2¢curl, @, recall that we have set r; = 0.

For the inhomogeneous boundary condition of the elliptic problem for uf;, we derive from (5.35)
and classical elliptic theory that

lutell 200 < CUE L L200) + 1@l 1 (0) + 15 (T +ud) | 2200) + 17(T e +u) [ 22(00)- (536)
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Integrating (5.36) with respect to time we have
bl 20,7 m2(00)) <C (||F1,t||L2(O,T;L2(QO)) | @¢] 220,751 (90))
+ HﬁHLoo(o,T;Hz(QO))(Hu?tHL?(QO) + HuTttHLz(O,T;H(QO))) (5.37)

+HﬁtHL2(O,T;H1(QO))(HuTtHLz(O,T;Hl(Qo)) + HultJHLoo(o,T;Hl(Qo)))) J
together with (5.33) and (5.34), it holds that

IVyulell Lo 0,7:02(00)) + 10T etll 20, 7:02(00)) + 10T el L20,7302(020))

de(& /3HL°<>(0,T;H2(QO))’ | ﬁtHLZ(O,T;Hl(QO)))(Hﬁ)tHL2(O,T;H1(QO)) + FlthL2(O,T;L2(QO))
T L A | A P o
+ [[ud 220,75 02(020)) + [t ()] 41 )
Furthermore, combining (5.13), (5.34) and previous estimates, we finish the proof of (5.11). O

5.3. Proof of Proposition 5.1. We directly give the estimate of ||u®||y (7, the detailed construction
is given in the Appendix.

Lemma 5.2. Let V satisfy the assumptions of Theorem 1.1. Then there exists extension u®(w, W, V)
defined by (5.9) satisfying

lu’llyery < BT+ (@ = V)llyer) + l1@llyer), (5.39)
where E(t) is continuous and E(0) = 0.
By using the similar method in Lemma 4.3, we can get following estimates.
Lemma 5.3. For Ry defined by (5.5) and denote G(t) = ||u'||y), we have for any n >0
1AV - Vyu + Rillz2(0,1,m51 () + 106V - Vyu + Rl L20,7:02(00))

<Clly+ VICE) + DG + OVl gy + o)

6. PROOF OF THEOREM 1.1

In this section, by using the estimates from the linearized system (5.1) and (4.1), we prove the
convergence of the sequence (py,, U, w,) defined in (2.1)-(2.3) which contributes to the existence of
the solution.

Firstly, we denote the space where we are seeking the solution,

Lemma 6.1. For any n > 0,
I(FY, F)llL2c0,m5m1 (20)) + 10:(FT, F3)ll 220,752 (02,))

< SWTELT)[(n+ VTC() + BT (Fu(T) + Co(T)) + B@) Fass (1) + Gua (1)), 0

where E(t) is small for small time.

Proof. Here we only give precise estimates for some typical terms, other terms can be treated
similarly.
Due to
Vip(p) ~ p(IVapl* + V3p),

0:Vap(p) ~ p(ptVaep + Vaipy),
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hence, it follows from (3.7) and (3.8) that
||v925p(pn+1)”LZ(O,T;LZ(Qt))

SHp”‘H||L°°(07T;L2(Qt))\/f||p”+1HLOO(O,T;H?‘(Qt))(l + ||p”+1||L°°(07T;H2(Qt))) (6.3)

<Cllpn41(0)| 720y VTV T [

|L2(0,T;H3(Qt)))’
10:Vap(pn+1)llz2(0,7502(0,)) <(1+ Hp”"‘lHiOO(O,T;Hz(Qt)))Hp"""l’tHLQ(O,T;Hl(Qt))

<C||pn+1(0) HH?(QO)\/?‘?(\/TH"" HL?(O,T;HS(Qt))) [un HLQ(O,T;HS(Qt))’
(6.4)
and

||pn+1un : Vi“n”H(O,T;L%QtD
< Hpn—‘,—l||LOO(O,T;L8(Qt))HunHLOO(O’T;LS(Qt)) HviunHm(O,T;m(Qt))

2

T, 1 5 3
< ool | 1950 192, |

< ’|pn+1||L°C(O,T;L3(Qt))Hu”HLOO(O,T;Hl(Qt))(nHu”HLQ(O,T;H3(Qt)) + \/Tc(n)Hun’|L°°(O,T;H2(Qt))'

Collecting above estimates, we use (3.7), (4.68) and (5.40) to derive that (02)
I(FY, Fo)llLz 0,701 (20)) + 10:(FY s F3)llL20,7502(00))

< SR D)0+ VTC() + BTN (Fu(T) + GolT))] + B Fria(T) + G D).

Hence, we finish the proof. O

According to Lemma 6.1, we show in the next proposition that the sequence (pn,w,,w,) is
bounded for small time in the space defined in (6.1).

Proposition 6.1. Let F,(t), G, (t) be defined in (6.1). Then there exists a sufficiently large N > 0
and a sufficiently small T > 0 such that for any t € [0,T,],

F,(t)+ Gp(t) < N. (6.7)
Proof. By the estimate derived in Lemma 5.2,
1w, wi)ll ey < B#)(Fa(t) + Ga(t)), (6.8)
and Proposition 5.1, we have
Fr1(t) + Gupa () < 9(VIE (1) [(n + tC(n) + B(1))(Fu(t) + Gu(t))
+ [ (wo, wo) [ 2(00) + [P0l H2(00) + |V, curle V| 1)

Hence, we can choose a sufficiently large positive constant N = N(ug,wp, V') and a small time
T+ > 0 such that (6.7) holds. O

6.1. Convergence of the sequence of approximations. In this subsection, we show the con-
vergence of the sequence. Firstly, we denote
On+1 = Pn+1 — Pns,  Ontl = Wnt1 — W, Uptl = Uptl — Unp.
For the continuity equation,
Ot0n+1 + Up - Vaont1 + 0p41divatty = —ppdiveon — 0n - Vapn,  0n41(0,-) = 0. (6.9)
By (2.2), 0,41 belongs to
POttt — (o + cqg — o) Vediveonir — (o + €a) Aponi1 — 28(curlv, — 207,41)

6.10
= - Qn+1atwn+1 — On+1Unp—1 ° vmwn—l - pn+1(vn . vrwn—l +uy, . vro'n); ( )
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with slip boundary conditions
Ont1-nlp, =0, [M(Vi0,41)  Ntan + K2[0nt1]tan|r, = 0. (6.11)
Moreover, according to (2.4), v,4+1 satisfies
PnOiVni1 — (p+ A — ) Vodivyvn — (0 + §)Azv,y1 — 28curl, o,
== 0n+10tUn+1 = Ont1Un—1 " Valn—1 = pnt1(Vy - Valn_1 + Uy - Vavy,) (6.12)
— P (pn)Vaon = Vapn (0 (pn+1) = P'(pn)),
with slip boundary conditions
Vnt1-nlr, =0, [S(VeVni1,00) - Ntan + K1[Vnyiltanlr, = 0. (6.13)

We observe that (6.10)-(6.11) and (6.12)-(6.13) are linear problems with slip boundary conditions,
having a similar structure with (2.2)-(2.3) and (2.4)-(2.5). To utilize the previous results on the
linearized problem, we also translate the (6.10)-(6.11) and (6.12)-(6.13) into a fixed domain,

PnOtoni1 — (co+ cq — ca)Vydivyoni1 — (o + ca)Ayoni1 — 28curly (v, — 20,41)
=pnV - VyUni1 + Ro(pns Vnt1, Ont1) = 0nt106Wni1 (6.14)
— Ont1Un—1 - VoWn_1 — ppt1(Vn - Vewp_1 + Uy, - Vyoy,) i= R;,
with boundary conditions
Tni1 -, = oni - (n(y) — (X (t,y)) = da(0nt1),
[M(Vy0n+1) - Ntan + K2[0nt1]tan(r,
= [(ca +¢q)Vyoni1(t,y) (I — VoY) + (cqg — co) (I — VIY)VZO'”H} n(X(t,y)) - (X (t,y)) (6.15)
+ [(ca + ca)Vyonsi (t,y) + (ca — ca) Vo] (ty) [(n(y) — n(X(t,y))) - 75 (X (1. y))
+n(y) - (T"(y) = T (X (6.9))] + w2onia(ty) - (TF(y) = THX(19))) == Ba(o+1)(ty),
and
PnOnt1 — (U + X = Vydivyv,p1 — (B + §Ayvny1 — 2curlyo, = p, V- Vyv, g

+ Rl (pn, Un+1, 0'n+1) - Qn+1atun+1 — On+1Unp—1 ° vm'ufnfl - pn+1(vn : Vmunfl +uy, - vx'vn)

— 0 (pn)Va0n — Vapn(@ (pns1) — ' (pn))) == Ry,
(6.16)

with boundary conditions
Vpt1 - mlr, = vnga - (n(y) — (X (t,y)) = di(vn1),
[S(Vni1,04) - nltan + £1[vnt1]tan(r,
= [t + Vo1 (t, )T = VoY) + (= ([ = VY )V v, 1] n(X (t,y)) - 78 (X (¢, 9))
+ (4 OVyvnia(t,y) + (n— OV vas1 — 26A(an)] (t,y) [(n(y) — n(X (t,y)) - 7(X (t,y))
+n(t,y) - (TF(y) — THX )] + srvnga(ty) - (FFy) — THX (G Y)) == Bi(vasa, o) ().

We denote the convergence space as follows (6.17)
Hy(T) = [[vnll Lo 0,751 (02,)) + [vallr2o,mm2(00) + 10n,ell22(0,7522(00)) (6.18)
In(T) = llonllLe= o, (02) T llonllL20,7:m2(00) + |0l L2(0,7;02(2)) - (6.19)
Then, we can derive that
Hop (T) + Ty (T)
< ClI(Ry, BY) | 2202200 + | (B, Bz)HLz(O,T;H%(mt)) + [|(da, &Q)HH(O’T;Hg(mt)) (6.20)

+ | Vavn, VmUnHm(o,T;LZ(QO))}-
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Moreover, the boundary data can be estimated

(B, Bo)| (@182l oot oy < EON@Wasr1, 0 20,1020 (6:21)

L2075 E (00,)) T I
Next, we give the bounds of R;L and R;
Lemma 6.2. For anyn >0, R, and R, defined in (6.16) and (6.14) satisfy

||(R1 ) Rz)HLZ(o,T;LZ(Q,,)) SC[HQnHHLoc(o,T;LZ(Qt)) + HQn||L°°(0,T;L2(Qt))
+ (n+TCm) + E(T))(IVenl L= o,r;L2(2:) + Hn(T) + Jun(T))],

where E(t) is small for the small time.

(6.22)

Proof. By the same procedure as Lemma 6.1 and Proposition 6.1, we have
|(R1(pn, Vnt1,0ns1), Ro(pn, Vng1, 0nt1)) 20,1381 (20) < BN (Vnt1, Ong1)ll 220,753 (00)) -

For rest terms in R? and R;, we only treat some typical terms, other terms can be estimated
similarly. Simple calculation directly gives that

||Qn+18t'wn+l||L2(0,T;L2(Qt)) SHQn+1||L°°(0,T;L2(Qt))Hatwn+1||L2(0,T;H2(Qt))
<Cllont1ll Lo (0,122 (92:))
and
[ ons1ttn 1 - Vmw”_1“L2(O,T;L2(Qt))
< HQ"+1||L°°(O,T;L2)||u"+1||L°°(O,T;H2(Qt))||Vzwn*1HL2(O,T;H2(Qt))
< H9n+1||Loo(o,T;L2)||“n+1||Loo(o,T;H2(Qt))(6||wn—1HL?(O,T;HS(Qt)) + \/in”—l||L°°(0,T;H2(Qt)))'
Similarly, we derive
||pn+1'vn ) vf”u”_1HL2(O,T;L2(Qt)) + Hp"+1“" ) v96’”"||L2(0,T;L2(Qt))
< eanHL2(O,T;L2(Qt)) + Cﬂ””ﬂ“Lw(o,T;L?(szt))'
For the pressure, we have

Hp/(pn)vanHL2(O,T;L2(Qt)) < CHQn+1 HL°°(O,T;H1(Qt)) [n”anL2(O,T;H2’(Qt)) + tc(n)HanLOO(O,T;L?(Qt))]v

and
[Vapn-1' (o)) = 2" (on-D| 120 722000
1
< ||prn—1gn/ P (spn + (1 = 8)pn—1)ds||L2(0,1:L2 ()
0
< Cllonllze.r:L2@)IVapn-1llL20.1:05@0))-
Combining the above inequalities, we finish the proof. ([l

Now, we only should derive the bound of p,. The corresponding lemma is given in the below
section, whose proof can be found in [25].

Lemma 6.3. For any n > 0, the 9,11 which solves (6.9) satisfy
lons1llzs oz < 0+ VICO)Hu(T),  |[VaoniillLeorir2(@n) < CHa(T). (6.23)
Finally, we show that (w,,w,) are the Cauchy sequences.
Lemma 6.4. There exists T* > 0 and 0 < K < 1 such that, for any t < T,
Hy,(t)+ Gn(t) < K(Hp—1(t) + Gp—1(1)). (6.24)
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Proof. According to (6.20), (6.22) and (6.23), we have
Hy(t) + Gn(t) < (n+ VE(n) + E(6)(Hn(t) + Gn(t) + Ho1(t) + G (1)),
then we choose a small positive time 7% (< T,) to complete the proof. O

In this position, we can complete the proof of Theorem 1.1. The sequence of u,, and w,, strongly
converge in the spaces of (6.18) and (6.19). Moreover, (6.7) implies that (u,, w,,) up to a subsequence
weakly converges in X (T™*). Furthermore, (6.23), (3.7) and (3.8) show the convergence of the density
pn- Finally, we can conclude that the limit (p, u, w) satisfies (1.11).

7. WEAK FORMULATION

In this section, we aim to establish the global existence of weak solutions to (1.1)-(1.9) for any
finite energy initial data.

Due to the wide application of the penalization method in a series of papers [11, 12, 23, 22], we
also use it to deal with system (1.1) with slip boundary conditions.

To utilize the existence of finite energy weak solutions in [2] and results of nonconstant viscosity
coefficients in [9], we confine the system (1.1) to a fixed domain with singular forcing terms (7.1),
and these terms yield the boundary conditions (1.8). Thanks to the derivations of (8.9) and (8.10),
there are some new cancellations such that it is possible to derive the modified energy inequality
(8.12).

Now we design a detailed scheme to obtain the global existence of weak solutions to system (1.1)
with slip boundary conditions.

e To begin with, we introduce two singular forcing terms to deal with the slip boundary
conditions

e e 1
- (u—V) -np- -ndodt, - (w— zcurl, V) - nn - ndodt (7.1)
€Jo Jr, €Jo Jr, 2

for equations of momentum and micro-angular, respectively. Passing to the limit € — 0,
we derive the boundary conditions (1.8) and the fixed domain is divided by impermeable
interface to a fluid domain and a solid domain.

e We also introduce a series of viscosity coefficients fiy, Ay, C0ws Caw, Cdw and &, as (8.2).
Moreover, the artificial pressure is introduced by p(p) + 6p°, with 3 > {4,7} and 6§ > 0, in
(8.11).

e Furthermore, when parameters €, d,w are fixed, we solve the penalized problem (8.1)-(8.7)
in a fixed domain B € R? such that Q, € B, V7 € [0,7]. Here, we use the existing results
in [2] as long as we artificially choose magnetization to be zero and the conclusion in [2]
concerning the nonconstant viscosity coefficients.

e It is similar to the Lemma 4.1 in [11] that when the initial density py vanishes outside
Qo, passage to the limit ¢ — 0 gives a two-phase system where the density vanishes in
((0,T) x B)\(Ute(o,m{t} x Q) under assumption of the L? regularity of the density.

e In the end, we perform the limit w — 0 to show that the extra stresses vanish in the solid
part. Eventually, the weak formulations of (1.1) are derived by the limit process § — 0. It
means that we deduce (7.2)-(7.6) from (8.4)-(8.6). We mention that the method of these
limit processes become standard. We only make the effort to deduce some crucial estimates,
sketch the outline of the proof, and neglect some tedious details.

Weak formulation of the continuity equation:
In the weak formulation, we assume that the density p is extended by zero outside the fluid
domain, and (1.1), is supposed to hold that

/QT(pQS)(T,~)dx—/Qo(p¢)(0,.)dx _ /OT /Qt(pat¢+p"'v””¢)dxdt’ (72)

vr € [0,T],V¢ € C(0,T) x R3).



Furthermore, (1.1), is also fulfilled in the sense of renormalized

| 0600) = [ 00)6)0, 0z

Qo

—/OT/Q (b(p)dyd + b(p)u - Voo + (b(p) — ' (p)p)diveue)dadt,

V7 € [0,T],V¢ € C([0,T] x R?), function b € C1[0, ), b(0) = 0, (r) = 0 for large r.
Weak formulation of momentum equations:
The momentum equations (1.1), are formed by an integrated identity

/QT(pu-So)(T,-)dCL'—/ (pu - )(0,-)de

Qo
= /OT /Q (pu - Op + p(u@u) : Vop + p(p)diveep
— uvxtu 1 Ve — (A + p)diveudiv,e — Ecurl,w @ curl, g 4+ 28w - curl,¢)dadt,
Ve € C°([0,T] x R3) satisfying ¢ - n|r, =0,V € [0,T].

Weak formulation of micro-rotation velocity equations:
The micro-rotation velocity equation (1.1), are also given by an integrated identity

/9, (pw - ) (7, )dz _/ (w0 - m)(0, )z

Qo
=/ / (pw - O + plu @ w) : Vo — 46w - n
o Ja,
— (ca +ca)Vaw : Von — (co + cq — ¢q)divywdiv,n + 28curl,u - n)dadt,

Vn € C([0,T] x R3) satisfying - n|p, = 0,7 € [0, 7).
The impermeability conditions are satisfied in the sense of traces

ue L*0,T;R%), (u-V)-nlp. =0,

1 .
w € L?(0,T;R?), (w— icurle) ‘nlp, =0, Vrel0,T].

8. PENALIZATION
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(7.5)

8.1. Weak formulation of penalized problem. We choose a sufficiently large R > 0 such that

V0o x{jzl>ry =0, Qo € {|z| < R},

and the reference domain B = {|z| < 2R}.
Then we extend the definition of viscosities on the whole reference domain

(Jteos Ao €0 Caws Cdow €u) € C2°([0,T] x R?),

0<p<putz)<p, AZSA(tr) <A 0< 3N, + 20 <3N+ 24,

co < cow(t,z) <cop, 0<cq <cawl(t,z)<ce, 0<cg<eqn(tz)<cq,

0 < B + 2040 < 3¢ + 24, 0<E<E(tx) <& Y(ta) € [0,T] x B,
fo(T: ), = 1y AulT,)]o, = A,

CO,w(Tv )|QT = Co, Ca,W(T7 ')|QT = Cq,

Ciw(T ), =ca, &u(T)]a, =& VYT €[0,T).

(8.1)

(8.2)
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The initial data satisfy that

po = pos, pPos =0, posZDO, =0, / (pg.s + 5035) <C,
B

1
(pwo = (pw)os,  (pwos =0, ae. onfelpos(z) =0}, / ~[(pusPde<C. (33
Qo s

1
(pw)o = (w)os,  (pw)os =0, ae. onfelpos(x) =0}, / oo < C.
Qo

Notice that 6, ¢, w are positive parameters.
In this stage, we present the weak formulation of the penalized problem.
The continuity equation is formed by following identity,

ot a = [ mgot0.a0 = [ ' [ 006+ pu- 9oy, (8.4)

V7 € [0,T],V¢ € C([0,T] x R?).
Moreover, the momentum equations satisfy an integrated identity

/B(PU'SO)(Tv')dm—/(PU)oa »(0 56—7/ Ft (V —u) - ne-n)dodt

T : : 8.5
:/ /(Puﬁtwrp(u@u) : Vo + plp)divep + 6p  divagp 85)
o JB
— Ve : Vi — (Ao + p)diveudivee — Eycurl,w : curly + 26w - curl,)dadt,
V7 € [0,T],Ye € C2(0,T] x R?), and u € L2(0,T; W, *(B)).
The micro-rotation velocity equation are given by an integrated identity
1 (7 1
/ (pw - n)(r,-)dz — / (pw)os -m(0,-)dz — — / / ((zeurl,V —w) - nn - n)dodt
B B €Jo Jr, 2
(8.6)

=/ /(pw-ﬁm+p(U®w) 1 Ven — 4w -
o JB
— (a + ca)Vow : Vom — (co + cq — ¢co)divywdiv,n + 26, curl,w - )dadt,

vr € [0,T],¥n € C=([0,T] x R?), and w € L2(0,T; Wy (B)).
These weak solutions satisfy the following energy inequality

1 §
2 2 0% B X
/( plul” + plwl po— 51 )(T, )dz
/ / w F ) (divew)® + 1| Vaul® + (cow + Caw — Caw)(divew)?

+(caw + cd,w)|Vzw| + &u|2w — curlxuﬂ dxdt (8.7)

1 (7 1
—&—f/ / [(u—V)-’nu-’n—i—(w—QCurle)~nw-n] dodt
€Jo Jry

1 1 1
< w)o.5]2 w)os)?) + 0 s+ N ) dx.
< [ (s + 1w + L0+ 52
Definition 8.1. We say that [p,u,w] is a finite energy weak solution to the penalized problem with
(8.2)-(8.3), if the following items hold.

e p>0,and p € L>®(0,T; L") N L>(0,T; LP),

o (u,Vu,w,Vw) € L*>((0,T) x B), and (pu, pw) € L>(0,T; L'),

o Integral forms (8.4)-(8.6), and (8.7) are satisfied.
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For this penalized problem, the existence of finite energy weak solutions can be established by the
existence of weak solutions in [2] and results of nonconstant viscosity coefficents in [9]. We only
state the existence theorem without detailed proof.

Theorem 8.1. Suppose that V € C(0,T;C(R?)), and B > {4,7}. Moreover, assume that initial
data satisfies (8.3). Then there exists a weak solution with finite energy on any time interval to the
penalized problem in the sense of Definition 8.1.

Our goal is to get the desired results from the limit processes € — 0, w — 0 and § — 0.

8.2. A modified energy inequality and uniform bounds. Firstly, the mass of fluids is con-
served. Precisely, it holds that
/P(T")dxz/ Po,éde/ po,sde, (8.8)
B B Qo
vr e [0,T].

Due to the fact that V' vanishes on the boundary 0B, we choose it as a test function in (8.5).
Then we derive that

/B(pu-V)m)d:r— /B<pu)0,5 V(0,)de — 1/0 /Ft((v W) nV - n)dodt

= / / (pu -0V + plu@u) : VoV + p(p)div, V + 6pPdiv, V (8.9)
0o /B
— 1o Vau : Vo,V — (A, + py)diveudiv, V — &, curl,u : curl, V + 2¢,w - curl, V)dzdt.
Moreover, we choose %curle as a test function in (8.6) to deduce that
1 1
= | (pw-curl, V)(r,-)dz — = [ (pw)o,s - curl, V (0, -)dx
2B 2B 7
1 (7 1
- — / / ((zewrl,V —w) - ncurl, V - n)dodt
2¢ 0 T 2
Tl 1 (8.10)
= (ipw - Opcurl,, V' + ip(u Qw) : Vyeurl,V — 26, w - curl, V/
0o JB
1 1
— §(ca’w + Caw)Vew : Vyeurl, V — §(COM + Cdw — Caw)divywdivgeurl, V
+ &,curlw - curl, V)dadt.
Combining (8.9) with (8.10), some new cancellations give that
1
/ (pu-V)(7,-)dz + = / (pw - curl, V) (7, -)dz
B 2/B
1
- / (pu)os - V(0,)dz — = / (pw)o,s - curl, V' (0, -)dx
B 2/B
1 /(7 1 (7 1
- = (V—-u) -nV - -n)dodt — — ((zewrl,V —w) - ncurl, V - n)dodt
€Jo Jr, 2¢ Jo Jr, 2 (8.11)

T 1 1
= / / (pu -0V + JPw: Oeurl, V + plu®@u) : V,V + §p(u ®w) : Vyeurl,V
0o JB
+ p(p)div,V + 6pPdiv,V — o, Vau : V,V — (Ao + pi)divyudiv, V

1 1
— i(ca,w + caw)Vew : Vyeurl,V — §(C0,w + Cdw — Caw)divywdivgeurl, V)dadt.
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We put (8.7) and (8.11) together to get a modified energy inequality as follows

1 1)
2 24 o B .
/( plul” + plwl po VA )(T, )da
/ / w + pw)( dlvmu)2 + NW|vmu|2

+(cow + Cdw — Ca w)(dlvmw)Q + (Cow + cd,w)|Vgc'w|2 + &ol2w — curl$u|2] dzdt

1
//[u— n|2+(w—cur1xV)-n|2} dodt
0 Iy 2

1 1)
< 9 B
/B(prﬂ(lm)oﬂ Hlpw)oal?) 4 L3+ 50l ) do

1
+ /B(pu -V)(r,)dx + 3 /B(p'w -curl, V)(r,)dz

(8.12)

- / (pw)os - V(0, )dz — / (pw)os - cwrl, V0, -)dz
B 2 Jp

- /OT /B(pu SOV + %pw cOrcurl,V 4+ p(u®@u) : V.,V + %p(u ® w) : Vyeurl,V

+ p(p)div, V + 6p°div, V — puVau : VoV — (A + i )diveudiv, V

— %(cayw + caw)Vew : Vycurl, V — %(Cﬂ,w + Cdw — Caw)divgwdivgeurl, V)dadt.

Based on the regularity of V', Holder’s and Young’s inequalities, (8.8), then simple calculation gives
the following estimates

1
/B (pu-V)(7,-)dz < [[V]| e ) /B p2p*lulde < OV + 5 /B pluf*dz,

1

1 1 ].
3 /B(pw ~eurl, V)(r, )dz < ||cur1mV||Loo(B) /Bp5p§|w|dx < CHVxVHiQC(B) + 1 /B plw|?dz,

/ /\pu OV |dadt + = / /\pw Oeurl, V]dadt

< ||atv||LM(OJ;LM(B))/0 /Bp5p5|u\dxdt+5H@tcurleHLM(OJ;LN(B))/0 /Bp%p%|w|dxdt

< OHVtHQLoo(o,T;Loo(B)) +O||vxvt||i°°(0,'r;L°°(B)) +/0 /Bp|“|2d$dt+/0 /Bp‘w|2d$dt’

T 1
/ / (plluu): V. V|+ ip\(u ®w) : Vyeurl, V|)dzdt
o JB

SC(HV:EVHL‘”(O,T;L"O(B))+HV2VHL°"(O,T;L°°(B)))(/O /BP|U|2d$dt+/0 /Bﬂ|w|2d$dt)7

/ / (Ip(p)div, V| + |6p°div, V|)dzdt

<CHV||L°°07-L°°(B // p) + 6pP)dxdt,



31

/ / (| Vau : Vo V] 4+ (A + ) |divyudiv, V|
o JB

1 1
+ §(ca7w + ciw)|Vew : Vyewr, V] + §(COM + Cdw — Caw)|divgwdivgeurl, V|)dadt

1 T
S 5/ / [()\w + ,uw)(dlvx’u,)Q + Mw|vzu‘2 + (Ca,w + cd,w)(diVmUJ)2
0 B

(0w + Cdw — Caw)|Vaw]?] dedt + C(||VzVHiQ(O,T;L2(B)) + ||V3V||iz(o,r;L2(B)))'

Plugging above estimates into (8.12), and using Grénwall’s inequality, we derive that

sup (|03 ul| ) + [[P20] 12g) < C,
te(0,T)

Y s B < C’

tes(%PT)(HpHL’Y(B) + HpHLﬁ(B)) <
T

/ / [+ 1) (divar)® + puo| Vouf*] daedt < €,
o JB

T (8.13)
/ / [(caw + Ca)(divew)? + (cow + Cau — caw)|Vaw]?] dadt < C,
0 B

T
/ / £o|2w — curl,ul?dedt < C,
o JB

/OT /Ft <|(U ~ V) n*+|(w— %curle) '"|2) < eC.

Notice that the above constant C' is independent of parameters ¢, 6 and w, so we call above estimates
as uniform bounds which play a crucial role in singular limits.

8.3. Pressure estimates. We use Bogovskii operator B to improve the estimates of the density.
Firstly, we present some properties borrowed from [13].
B - {f c Lp(f()} — Wy P(K) is a bounded linear operator, and satisfies ||B|:f]||W01,p(I~() <

Cfllpo(i) for any 1 < p < +oo. Moreover, if f € LP(K) can be written in the form f = div,g

for a certain g € L"(K), g nlyz = 0, then it holds that |B[f]l| . z) < C(")llgllp-z)-

Lemma 8.1. There is a constant C (3, K), independent of €, such that

// (P + 6P hdedt < C(6, K). (8.14)
K

Proof. We choose ¢ € D(0,T),m = ﬁ [z pdz and ¢(t, z) = ¥ (t)B(p — ), then take ¢(t,x) as a
test function for (7.4) to obtain
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/ /K B + 697+ dadt
—m / /K D) (57 + 6p)dadt + (1o + M) / /K () pdivyudadt

_//Kwt(t)pu-B[p—m]dxdtJruw//sz(t)vzu.VIB[p_m]dxdt

8.15
—//Kw(t)pu®u~VIB[p—m]]d:rdt—i—//Kz/J(t)pu-B[divz(pu)]dxdt (8:15)

_ Ew//K Y(t)curlw : curl,Blp — m|dzdt + 2¢, / /K b(t)w - curl,Blp — m]dadt

8
= anm
i=1

for any compact K = I x K C [0,T] x B such that K N (Urepo,m({7} x T7)) = 0.
By using the same method in [13], we can estimate terms Z?:l Ji. To avoid tedious calculations,

the details are omitted.
For term [J7, it holds that

|T7| < €l (D)l Lo (nylleurlewll 2p 2 gy learleBlp — m] || 21,2 ())
< Cllp@®) Lo (vl L2 mr (rp ol L2025 (8.16)
<C.

The term Jg has following estimate

|Ts| < EullbO)lLoe (Wl p2rr2 g I1Ble — Ml L2102 (7))
< C”w(t)”Lw(I)HUHLQ(I;LQ(K))HPHLZ(I;L%(I-()) (8.17)
<C.

Obviously, we sum up above estimates to get the estimate (8.14).

8.4. Singular limits. We perform sucessively the singular limits ¢ -+ 0, w — 0 and § — 0.

e Penalization limit (¢ — 0).

When parameters w and § remain fixed, we consider the limit ¢ — 0. {p., u.,w.} are the
corresponding weak solutions to the perturbed problem obtained in the Section 8. We use estimates
(8.13),, (8.13),, (8.13), and continuity equation (8.4) to get

pe = p in Cuear([0,T]; L7(B)), (8.18)
ue —u weakly in L2([0,T];Wy*(B)), (8.19)

and
w, —w weakly in L*([0,T);W"%(B)). (8.20)

Moverover, we use (8.13)4 to derive that

(u=V)-n(r,)[r, =0,

1 (8.21)
(w— Ecurle) -n(r,)|r. =0, for aa. T€][0,T].
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Then, (8.13),, (8.13), and the compact embedding L7 (B) << W~12(B) give that
Pete = pu weakly — (x) in LOO(O,T;L%(B)),

" (8.22)
pewe — pw  weakly — (x) in  L%(0,T; L>+1(B)),
together with the embedding Wy'?(B) — L5(B),
Pette @ue — pu@u  weakly in  L*(0,T; L%(B))7 (8.23)
pew. @u. — pwDu weakly in L*(0,T; L%(B)) .
The momentum equations (8.5) and micro-rotation velocity equations (8.6) give that
2y
pette = puin Cyear([T1, T2]; L7771 (0)),
([T, T3] 27( ) (8.24)
PeWe — pW m Cweak([Tla TQ], L1 (O))a
for any
(T1,T2) x O C [0,T] x B, [T1,T2] x ON (Urep ({7} xT)) = 0. (8.25)
Lastly, with L%(B) —<— W~12(B) in hand, we obtain that
U R U= pu R u,
(8.26)

prwRu=pwRu, aa n (0,T)x B.
By the same method in [9], we can establish following identity

ps(P)Tk(p) — ps(p) T(p) = (A + 2p0) (T (p)diveu — Tio(p)divew), (8.27)

where ps(p) = p(p) + 5p” and Ti(p) = min{p, k}. Precisely, (8.27) holds on compact set K C
[0,T] x B satisfying K N (Urepo, ({7} x 7)) = 0.
Furthermore, with the oscillations defect measure defined in [13]

osc,[p. = () = sup (1imsup [ (72(p.) = Tip)aaat). (5.28)
k>0 e—=0JK

we use (8.27) to derive that
0SC41[pe = pl(K) < C(w) < +o0, (8.29)
where the consant C(w) is independent of K. So it holds that

0scyy1[pe = p]([0,T] x B) < C(w) < 400, (8.30)
together with the same procedure in [8], we get
pe —p aa. in (0,T)x B. (8.31)
Passing to the limit in (8.4), we get
Lot s [ pmsoo.de= [ [ oo+ pu- Vao)duat (832
B B 0o JB

V7 €10,T],V¢ € C=([0,T] x R3).
Passing to the limit in (8.6), we obtain

/B (pw - m)(r, )z — / (pw)os - 1(0, )

B

= /T/ (pw - Om+ plu @ w) : Von — 46w - n (8.33)
0 B

— (ca + ca)Vaw : Von — (co + cq — ¢q)divywdiv,n + 26, curl,w - n)dadt,
V7 €[0,T),Vn € C=([0,T] x R3).
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With only local estimate (8.14) in hand, we shall choose a specific class of test functions which
were construted in [11] as follows

@ € CH([0,T); Wy ™ (B)), supp|div,e(r, )] N Ty = 0, ¢ - n|p. = 0,7 € [0,T], (8.34)

then the limit of the momentum equations holds that

/B (pu- @)(r, )z — /B (Pu)oss - (0, )da

B / / (pu - Dpp + plu @ w) : Vo + p(p)divae + 0p divep (8:35)
0 B

— puVaeu : Ve — (A + py)diveudivep — Eyeurl,u : curl, ¢ + 2€,w - curl, )dadt.

Additionally, the limit solution (p,u) also satisfies the renormalized equation (7.3).

To get rid of the density-dependent terms in (8.33) and (8.35) supported by the “solid” part
((0,T) x B)\Qr, we shall choose a specific intial data pys as Lemma 4.1 in [11]. We emphasize
that Lemma 4.1 allows us to get rid the terms with the density on the part B\, and the complete
Lemma 4.1 is presented in the Appendix. We mention that test functions in (8.34) could also be
extended by the density argument, for details see Section 4.3.1, [11].

Finally, (8.33) and (8.35) reduce to

/ (pw - m)(r, )bz — / (pw)os - (0, )dz

// (pw-Om+plu@w): Von — 44w - n
Q¢

(ca +ca)Vaw : Von — (co + cq — ¢q)divywdiv,n + 26, curl,u - n)dzdt

+ / / (—4é,w M — (co + ca)Vaw : Von — (co + cq — ¢o)divywdiv,n + 2€,curl,w - n)dzdt,
B\

(8.36)
vr € [0,7],vm € C=(0,T] x R?),
and

/ (pu- @)(7, )z — /Q (u)os - 0(0, )dz

-

= / / (pu - O0rp + p(u @ w) : Vo + p(p)divaep + 5p div,ep
0 Qs

— pVaeu : Ve — (A + py)diveudivep — Eycurl,u : curl, ¢ + 26,w - curl, )dadt

+ / / (Ve : Ve — (A + pw)diveudivee — &, curl,u @ curl, @ + 2€,w - curl, p)dxdt,
B\Q;

(8.37)
V1 € [0,T), Ve € C([0,T] x R?).
e Vanishing viscosity limit (w — 0).
To get rid of the last integral terms in (8.47) and (8.46), we choose the viscosity coefficients

u = constant >0, in Qr,

= _ (8.38)
to — 0, aa. in ((0,T) x B\Qr,
X = constant, in Qr,

M = , (8.39)
Ao =0, a.a. in ((0,T) x B\Qr,
& = constant >0, in Qr,

6 = _ (8.40)
o — 0, a.a. in ((0,T)x B)\Qr,
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co = constant, in Qr, Sl
0w = {CO,w =0, aa. in ((0,T)x B\Qr, (8.41)
cq = constant >0, in Qr,
Caw = _ (8.42)
’ Cow =0, aa. in ((0,T) x B\Qr,
cq = constant >0, in Qr, 813
Cdw = {cdw =0, aa. in ((0,T)x B\Qr. (8.43)
According to (8.13),, (8.13),, and (8.13),, we derive that
T
/ / [+ ) (divew)? + | Voul?] dedt < C,
o Ja,
T
/ / [(ca + ca)(divew)® + (co + cq — ¢4)|Vow]?] dzdt < C, (8.44)
0o Jo,
T
/ £)2w — curl,u|*dzdt < C,
o Ja,
and
T
/ / [N + peo)(divaw)? + po|Veul?] dzdt < C,
0o JB\Q
T
/ / [(ca’w + cd’w)(divzw)2 + (cow + Caw — ca,w)|Vmw|2} dzdt < C, (8.45)
0 JB\Q

T
/ / 2w — curl,ul?dzdt < C.
o JB\

With above estimates (8.45) and (8.40) in hand, we can obtain that

7/ / 2¢, (2w — curlu) - pdxdt
0 JB\@

T 3 T 3
<C / / 2w — curl,u|?dadt / / EomPdadt
0o JB\Q 0 JB\Q

—0, as w—0.

By the same spirit, it holds that

— / / ((Caw + Caw)Vaw : Von + (cow + Ciw — Cow)divgwdivyn)dedt -0, as w —0,
o JB\Q

- / / (1wVaeu : Voo + (Ao + py)divyudivyp)dzdt — 0, as w — 0.
o JB\Q.

Let w — 0, we repeat the arguments of the previous section. We derive that the continuity
equation still satisfies (8.32). The micro-rotation velocity equations satisfy the following integral
form,

/Q ()t e - / (pw)o.s - (0, e

Qo

= / / (pw-In+plu®w): Vyn —4w - n (8.46)
0o Jo,

— (eq + ca)Vow : Von — (co + cq — ¢q)divywdiv,n + 28curl,uw - n)dadt,
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V7 € [0,T],Vn € C([0,T] x R3).
The momentum equations satisfy the following integral equation

/ (pu - @)(7, )z — / (pwos - (0, )de
Q, Q0

— / / (pu -at<P+P(U®u) : Vzgo—i—p(p)divm(‘o_,_(;pﬂdivch (8.47)
Q

— uVau: Ve — (A + p)diveudiveye — Ecurl,uw @ curl, ¢ 4+ 28w - curl, ¢)dadt,

V1 €[0,T],Ve € C([0,T] x R3).

e Vanishing artificial pressure limit (6 — 0)

(We state that the method used here is the same as the way in [8].)

In this part, we pursue the final limit procedure § — 0 to get rid of the artificial term §p” in the
weak form of the momentum equations (8.47). The critical step is to establish the strong convergence
of density. This idea in the existence theory of finite energy weak solutions to compressible Navier-
Stoke equations is standard, and we can follow the same procedures in [8]. Eventually, we can
proceed in the same steps to establish Theorem 1.2.

9. WEAK-STRONG UNIQUENESS

9.1. Relative energy inequality. In this subsection we construct the relative energy inequality
to system (1.1). Firstly, we define relative energy £(p, u, w|r,U, W) as

1 1
g(p7ua w|r, U7 W) = /{; |:2p|u - U|2 + §p|’UJ - W|2 + — p’y - ’Wﬁ'y_l(p - T) - Tﬁy) dl‘,

— (
(9.1)
where (p, u, w) is a weak solution to system (1.1) and (r,U, W) is a test function.
Then we derive the following lemma.

Lemma 9.1. Assume that (p,u,w) is a weak solution to the system (1.1), and for any test functions
(r,U,W) satisfying (r >0, U, W) € C*(Qr) withU -n=V -n, W.n= %curle -m on Ty for
t € [0,T]. Then the relative energy inequality for (p,u,w) is established as follows

E(p, w, wlr, U, W)()
/ / Veu—V,U): (Vou—V,U) + (A p)(divyu — div, U)(div,u — div,U)
+(ca +2;)(vww —V.W): (Vow =V, W)+ (cy + cg — ¢o)(divyw — div, W) (div,w — div, W)
+£((2w — curlu) — (2W — curl,U))?] dzdt
<&(p,u,w|r,U,W)(1) + /OT Re(t)dt,

(9.2)
where the remainder term Re is defined by

Re :/ (U +pu-V,U) - (U —u)+pV U : (VU — Vau) + (A + p)div,U(div, U — divgw)
Q¢

+ (pWi+pu -V, W) (W —w) + (¢, + cq) VW : (V. W — V,w)
+ (co + cq — ¢4)div, W (div, W — div,w)
+E2W — curl,lU) - ((2W — curl,U) — 2w — curl,u))| dz

+ / (v(r — p)r?2ry + div,U(r? — p7) + 47 2(rU — pu) - V,r)dz.
Q¢
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Proof. We choose ¢ =U — V as a test function in (7.4) to derive that

/Q (pu- (U — V))(r,)dz - / (pu- (U~ V))(0, )dx

Qo
= [ w0 = V) gl w) s T = V) ploiiv, (U - V) 0.4

—uVau: Ve (U-V)— A+ p)divyudiv, (U — V) — Eeurl,u : curl, (U — V)
+ 2éw - curl, (U — V))dadt.

Then we choose n = W — Lcurl, V in (7.5) to obtain that

1 1
/ (pw - (W — —curl, V))(r,)dx — / (pw - (W — —curl, V))(0,-)dx
Q, 2 Q0 2
= / / (pw - OL(W — %curle) +p(u@w) : V(W — %curle) — 4w - (W — %curlIV)
o Ja,
1 1
— (e +ca)Vow : Vi (W — icurle) — (o + cq — ¢q)divywdiv, (W — icurle)

+ 2¢curl u(W — %curle))dxdt.

(9.5)
We subtract (9.4) and (9.5) from the energy inequality (8.7) to get
/ 1\u|2—|—1|w\2—|— ! Y —pu-U—pw-W | (1, )dz
L 27 5P po T p T,
1 1

[ (o ol + 1))+~ =)o Uo — (pulo - W ) d

Qo \200 v—1
+ / / [(A+ p)(divyw)(diveu — div,U) + p(Veu) « (Veu — V,U)

0o Ja, (9.6)

+ (co + cq — ¢o)(divyw)(divyw — divy, W) + (cq + cq) (Vw) : (Vow — VW)
+£(2w — curlu) - (2w — curlu — 2W + curl, U)] dzdt

§—//(pu-BtU—i—pw-atW—i—p(u@u):VIU
0o Jo

+ p(u @ w) : Vo, W + p(p)div,U)dzdt.

When we choose ¢ = 5(|U[* + [W|?) and ¢ = -23777" as test functions in (7.2), it gives that

| 3oUR+ WR) e = [ Spo(UF + W), )da

T 0
g (9.7)
:/ /(pU~8tU+pu~VIU-U-l—pW-@tW—i—pu-VmW-W)dxdt,
0 Q

and

v y—1 Y v—1
——pr’ de —/ porg  dz
/m -1 07 —17"7

-
:/ / (vor" " 2ry +ypr? 2w - Vyr)dadt.
0o Ja,
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We combine (9.6) with (9.7), then subtract (9.8) from the resulting equation to get

1 1 1 Y -
- U2+ Z _ 24 - gy -l Ad
/QT (Qplu UI" + 5plw - W] b e L (7,-)dz

-, (55 10— 0. + liwho = oW (09 + s~ g0 ) d
+ /0 /Q t (A + p)(divew)(diveu — div,U) + p(Veu) @ (Veu — V,U)

+ (co + ¢q — ¢q)(divyw) (divew — diva W) + (¢q + ca)(Vow) : (Vaw — V, W) (9.9)
+£(2w — curlyu) - (2w — curl,u — 2W + curl, U)| dadt

g/o /Qt<<patU+pu~va) (U~ )
+ (pOW + pu - VW) - (W —w) — p(p)div,U)dxdt

—/ / (yor" ™21y + ypr? 2w - Vr)dadt.
o Ja,

Due to the fact that [ th Op(r)dzdt = [ th ~rY " lrdzdt, we add this equality on the both
sides in (9.9) to get

1 1 1
/ (p|u—U2+pw—W2+p”—
o, \2 2 Y=

. o 1r7_1p) (1,-)dz

1 1 2 -1
— —(|(pw)o — poU(0,)> + |(pw)o — poW (0, -)[?) + ——pJ — ——1] )dx
/ﬂo (2,00('('0 Jo — polU (0, )] |(pw)o — poW (0, -)[7) 7—1p0 N 10 Po

+ / ’ / [+ 0)(divaw)(divau — dival) + (Vo) : (Vaouw — Vo)
0 Q
+ (co + cq — ¢o)(divyw)(divew — divy W) 4 (¢q + ¢q)(Vew) : (Vew — VW) (9.10)

+£(2w — curl,u) - (2w — curl,u — 2W + curl, U)| dadt + / O¢p(r)dzdt
o Jo
< / / ((poU + pu -V, U) - (U —u) + (pOW + pu - V,W) - (W —w))dadt
0o Ja,

+ / / ((r = p)r"2r; — p(p)div,U + vpr" 2w - V,r)dzdt.
o Jo,
The boundary condition U - n = V - n and integration by parts give that

/ p(r)divadxdt:/ p(r)divz(UfV)dxdt+/ p(r)div, Vdzdt
Q, Q Qy

=- U - V,p(r)dzdt + / div, (Vp(r))dzdt (9.11)
Qy Q

= —/ U -V rdadt +/ div, (Vp(r))dzdt.
Q4 Q

The standard transport theorem gives that

(9.12)
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We put (9.10) and (9.11) together to get

1 1 1 Y
Z —_U?P+Z WP+ — 7y L -l Ad
/ (2p|u l —|—2p|'w | + lp 5 1r p (77) x

-

- 1 — 2 — 2y, L 4 Y 4
[ (oo = U0 + = W (0. + 5 = =g 0 )

+ / / [(A 4+ p)(divyw)(divew — div,U) + pu(Veu) + (Veu — V,U)
o Jo,
+ (co + cq — co)(divew)(divyw — dive W) + (cq + ¢q)(Vew) 0 (Vew — VW)

+£(2w — curl,u) - 2w — curl,u — 2W + curl,U)] dzdt + / (Owp(r) + divy(Vp(r)))dadt
0o Jo

g// (pOU + pu - VoU) - (U — u) + (p0W + pu- Vo W) - (W — w))dadt
Q¢

+ /T /Q,((T — )2+ (p(r) — p(p))div,U + 47" 2(rU — pu) - Vr)dadt,

(9.13)
then we use (9.12) to finish the proof of (9.2). O

9.2. Proof of Theorem 1.3. For strong solution (p, @, w) to system (1.1), we substitute (r,U, W)
with (p, u,w) in (9.2) to get

E(p;u, w|p, u, w)(7)

/ / L) (Veu — V) + (A + p)(diveu — diveu)(diveu — div,u)
Q4

+(ca + ca)(Vow — Vow) : (Vow — Vaw) + (o + cq — ¢o)(divyw — div,w)(divew — div,w)
+£((2w — curl,u) — (2@ — curl,w))?] dadt

< / / [(pu + pu - V) - (u—u) + uVu: (Vou — Veu) + (A + p)diveu(diveu — divyu)
Q

+ (pwi + pu - V,w) - (w0 —w) 4+ @' Vow : (Vew — Vew) + (N + pf)div,w(divew — divyw)
+£(2w — curl,u) - ((2w — curl,u) — (2w — curl,u))] dadt

/ / (r— 2+ divea(r? — p7) + 7 2 (ra — pu) - Vr)dadt.
Q
(9.14)
Thanks to the strong solution (p, 4, w) of (1.1), it holds that
~ .1 PN . —2e -
du+u-Vyu= 5[(“ + AU+ (p+ N — &V, div,a + 26curl, @] — vp" 2V ,.p, (9.15)
PN 1
ow+u-Vyw = 5[(% + ca) AsW + (co + cq — ¢q)Vodiv,w + 2€curl,w — 46w, (9.16)
and
VP 20 AP - Vap = —p) " Hdiv,a. (9.17)
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We use integration by parts and combine (9.14), (9.15), (9.16) and (9.17) to derive that
E(p,u, wlp, @, @) ()

/ / Vot — Vadh) : (Voth — Vi) + (A + 1) (divats — divydi)(divaw — div, )
Q

+(ca + ca)(Vow — Vo) : (Vaw — VW) + (o + g — ¢o)(divyw — divyw)(divyw — divyw)
+£((2w — curl,u) — (2@ — curl,w))?] dadt

//Q (u—@) - Vi - (i — ) + plw — B) - Vi - (0 — w)

—div,u(p” —vp"  (p —p) — p7)]dadt

//Qt< )
LG

3
= ZIk.
k=1

(p—
1) [(p+EAzu+ (u+ A — &)V, diveu + 28curl,w] - (u — w)dzdt

-1

b)\b b)\b

Ca + Ca) AW + (co + cqg — o) Vdivyw + 28curl,w — 46w] - (w — w)dzdt

(9.18)
Firstly, for £ < p < 2p, we deduce that
1 ¥ 1
v =1, _ 5 _ 57 > C() (o — 2)2.
pom Vo L4 (p—p) o (P)(p—p)
For p < g and p > 2p, we have that
1 ol 1
L 5 - ——— 57 > (D) (1 Y
pop U (p—p) poe (P)(L+p7),

then it is easy to deduce that

I < O/O (Vo] oo ) + Vo] o 0, € (s 1, w] B, 2, W) (2)dt.

We divide Z, into three parts, and the standard Holder’s inequality leads to
/A (f - 1) [(p+ 6 AU+ (u+ X — 6)V,dived + 2curl, @] - (B — u)dz
{5<p<2p}

~ 2 12 2 I
< =l + Gl o V28 Ve, (o
< | Vo = Voul|fa g, + cuﬁ|\imml|<Via,vmuig(msm w, wlp, @, @)(1),

and

/ R (6 — 1) [(p+ A u+ (p+ A= & Vdivyu + 26curl,w] - (U — u)dz

{o<p<E} \P

=< / e+ OAG A (p+ X = ) Vdivet + 26curl, @] - (U — u)|de
{0<p< 5}

< e”u uHLG(Qf —i—CH (V2a, V,w) HiS(Qt)/A 1dz
{§<p<2p}

2 PP
< €||Vou—V u||L2(Q ) +C||(Viu, V,w) ]|L3(Qt)5(p,u,w|p7u,w)(t).
Moreover, we treat the integration on the set {x|p > 2p}.
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When v < 2, it holds that
/ ('g — 1) [(p+ AU+ (u+ A= &V, divyu + 28curl,w] - (u — u)dz
p>2p}

< / |£[(/J +OAu+ (p+ A= &V, diveu + 28curl, ] - (uw — uw)|dx
{p>2p} P

2
3

< =l + o 92850y ()

<¢€||Vou - I“HLZ(Q,) +C AHL(X,(Q )H (V24,V,w)| isglﬁ(ﬂt)é’(p, w, w|p,a, w)(t)>
When v > 2, it gives that
/ (ﬂ - 1) [(p+ A a4+ (n+ A — &)V diveu + 28curl,w] - (u — u)dx
{r>2p}
2
< / 12 (4 AT+ (1 + N — €)Vodive + 26curl, @] - (@ — u)|dz
{p>2p} P
~ 2 2
<=l N3 28 ()
< |Vt - Voul[}. g, c||?||Lm V28, V.@) 72, (0w, w15, T, @) (1).

By the same spirit, we can derive that

I3 = 6/ ||V‘E{I) - vﬂ’711}||2L2(Qt)dt +/ h(t)g(pauvw‘ﬁaaaﬁ])(t)dt7
0 0

where h(t) € L'(0,7) depends on HAHLOC(Q, (Viw, Vi, VZ'LTJ;L’[J)HLS(Q ) and [|(Viw, V2, V,w, w)|

6~
L3756 (Q)
for v > 2.

Putting above estimates together and using Gronwall’s inequality, we conclude the proof of The-
orem 1.3.

10. APPENDIX

Proof of Lemma 4.2 and Lemma 5.2. We observe that the stress tension for the velocity is coupled
with micro-rotational velocity, however, the stress tension of angular-rotational velocity is decoupled.
Hence, we should first construct the micro-rotational velocity, then we use it to construct the velocity
of fluids. We look for the extension of the boundary data satisfying the following conditions:

For w®, it should hold that

w(t,y) - nly) =(b(t,y) — seuly V) - (nly) — n(X ()

+ (VY D)V, A V] n(X (1))
] (10.1)
(t,9) - ™) =(@(t,9) — sewd, V) - (H(y) — (X (1,1)
+ 572X —DV,) A V] (),
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and
[(ca + ca) Vyw(t,y) + (ca — ca) Vow®] ny) - ¥ (y)
= [(ca+ ca)Vy@(t,y) (I = VoY) + (ca = ca) (1= VIY) Vo] (X (t,9)) - 7 (X (1,9))

_ T . (10.2)
+ [(ca + ca)Vyw(t,y) + (ca — ca) Vyw] (t,y) [(n(y) — n(X (t,y))) - 7 (X (t,y))
+n(y) - (t"(y) — (X (t,p)))] -
For u?, it should hold that
uP(t,y) n(y) =(@—V)(t,y) - (nly) - n(X(t,y)))
+ (V£ (X (ty) — V(ty) - n(X(ty)),
b k R 7 k k (10.3)
w’(t,y) - 7(y) =(a - V)(t,y) (7" (y) — 7"(X(t,9)))
+ (V(t (X (ty) = V(ty) T (X(ty)),
and
(1 +Vyu’(t,y) + (n— )V u’ — 26A(w”)| n(y) - 7%(y)
=[(p+OVyalt,y) ([ - V.Y) + (u— I - VYV a] n(X(t,y) - 7(X (¢, y)) (10.4)

+ [+ OVyalt,y) + (u— Vi — 26A(w)] (t,y) [(n(y) — n(X(t,y))) - T*(X (t,y))
+n(y) - (5 (y) — TH(X (L)) -

Firstly, we flatten the boundary and choose a proper smooth cut-off function which enjoy the
regularity of the boundary. The detail can be found in [25]. Therefore, we can choose

n(ylayQ,O) = (ana 1)7 Tl<y17y270) = (1707())7 T2(y1ay270) = (Oa 170)

Then we construct @’ and @’ satisfying (10.3) and (10.1), respectively. Moreover, in the following

step we use it to define w®. Lastly, with w® in hand, we define u®.

The construction of @ is directly borrowed from Appendix A in [25]. We list the result as follows
@[l 220.7:L2(20)) < B+ [[(@ = V)il 2 0.1:0200)) + 18 = Viwreomizz o). (10.5)
Now, we consider @®. Precisely, for any (y1,y2,y3) € Qo, we define
on(t,y) = n(t, (y1,y2,0)) — n(X (¢, (y1,y2,0)))-

Moreover, the normal component of @’ can be defined as

1 ~ 1 _
' n=(w-— icurlyV)(t,y) -on(t,y) + 5[((VmY -DVy) AV]-n(X(t,y)). (10.6)
For the first term of right-hand side in (10.6), we have

_ 1 ~
[(w - icurlyv)(t, y) : 5n(t7 y)}tt
co L L (10.7)
=(w — icurlyV)tt -on 4+ 2(w — icurlyV)t S(on)y + (w — gcurlyV)(t,y) - (dn)y.

Thanks to (1.6), we get
T
5m ~ / V. (0n)~V, (Gn)u~Vi (10.8)
0

We only estimate the first term of right-hand side in (10.7), the rest terms can be done in the same
way,

1 - 1 N
(@ = Sewrly V)udnl| 2 0,m;2200) SN0 Lo 0,;25 (o)) (@ — Seurly Vel 20,722 0))

- B 1 ~
STV | Lo (0,110 ) (W0 — §CUﬂyV)tt||L2(0,T;L2(Qo))~
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Finally, we get

.1 ~
(@ = Sewly V) - dn(t, y)lull 2222
- 5 1 ~
C(T +VT)||[V [lw.o (0.7:1 (20 [ll (@ — SeurlyVeell 20,7502 (00)) (10.9)

@ — Seurly V) s oz
For the second term of right-hand side in (10.6), we denote EY = V,Y — I, then it holds that
[(BEYV,) AV) (X (t,y))]ee
=((EYuV)AV) - n+2((EY V) AV, -n+ (EY:V,)AV) - n
+((EYV)AVy) - n+2((EYV,) AVy) -1+ (EY'V,) A ) Ny
It is easy to observe that
IEY (| (0,7:2(00)) < E(T), [[(EY+, EY t1)|| Lo (0,715 (020)) < C, (10.10)

where E is continuous, E(0) = 0. Hence, we have

I((BY'Vy) AV) - (X (8, 9))]ee | 2201522 0))

. . (10.11)
SE(T)([[VyVlwree,m;02(00) + 1Vy Vil L20,7502(00)))-
Combining (10.9) and (10.11), we obtain
|| (w” - 1)l 20,1502 (20))
T T (10.12)
SE(t)[l + ||(’UJ — §CurlyV)ttHLZ(O_’T;L2(QO)) =+ ||(w — icurlyV)||W1,oo(0,T;L2(QO))}.
The tangential parts have similar bounds.
Now we construct w® and rewrite (10.1) in a compact form
W’ = Bt + E?, (10.13)

where E' and E? are sufficiently regular matrix and vector functions. Meanwhile, we rewrite (10.2)

as
3
Z Bilj <t7 x)wi,yw

4,J=1

(ca + cd)wfl’)y3 + (cqa — ca)wg,y1
(10.14)

b b 1 ~
(Ca + cd)wQ,y3 + (Cd - Ca)wg’yQ = Z C” (t, .’L')U)Z'}yj.
i,j=1
First, we take w} = w4. Next we construct w?, since w} can be constructed in the same way. In
particular,
3 3
»Y1 Z E37/w17y1 + Z E3’L Y1 w; + E3 Y1t (1015)

i=1 i=1
Substituting the above identity into (10.14), we have

b
W34y = w3

3 3
(ca + cd)wl{,y3 = Z B (t, x)w;y, — (Ca — Ca) Z E3w; y, — (ca — ca) ZEéi,ylwi —(ca— ca)Eiy1

3,7=1 =1

= Z B (t, 2)wiy, — (ca — ca) Z E§2y1w1 —(ca— ca)E;yl.

1,j=1

(10.16)
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Then we divide w® into two parts such that w} = wb! + wb? where

3
(ca + ca)ui (y) = (Z Efw; + E12> (y) + QZ Biljwi((y17y2a 0) + yse;)

=1 ] (1017)
~ Y
~2 3 Bl (51,92,0) + Ley).
3,7

here
Rl _ pl .
By =By 573 (10.18)
BL =B —El, i=1,23.

Applying 9y, to (10.17), we get

(Ca +Cd wl yg ZElzwl y's +ZE11 y3 +E1 Y3 +ZB j Wi y](y)

i (10.19)
= ZB Wi, +ZEuy3wz B e
So, subtracting (10.19) from (10.16) gives that
1
wlf?ys - CCat Cd (Z Elltw”“ + (¢4 = ca) ZEéi,ylwi + (ca — C“)E§,y1 + Ei%) = Pu(y).
(10.20)
Hence, we can define wb? as follows

Y3

wh? = / P, (y1,y2, 8)ds. (10.21)
0

Finally, w} = wb' +w’? is constructed as required relations. With w® in hand, we can construct u®

in the same way Wthh depends on w®. We also rewrite (10.3) in a compact way
a’ = E*u + E*, (10.22)
where E2 and E* are regular matrix and vector functions. And, (10.4) gives that

(M+£)ul{,y3 (:U‘ 5)“3 Y1 +’lU2 Z B t x)uly +D ( )

i,j=1

5 (10.23)
(1 )ud gy + (1= E)us y, —wh = Y CF(t,2)ibiy, + D*(w).
ij=1
Also, we take u} = @4, then
(:u’+§u1y5 ZB tzull} (Mff)ag,yliwg#»Dl(ﬁ))

3,j=1

3 3 3
= Z B (t,x) sy, — (0 —€) (Z Esitiy, + Z B3 4, Ui + E§7y1> — wh + D' (w)
ij=1 = i=1

3
=Y B(t.a)i,, — (n— sZEsm (b —&E;,, —wh+ D'(w).
i,j=1

(10.24)



45

We define u} = u4! + u4? where

(1 + &u (Z Efi; + Ei‘) (v) +2> Bjii((y1,2,0) + yse;)
b (10.25)
- Y
- 22312]”1 ((y17y270) + §GJ> )
%]
where

52 _ P2 .

Bij :Bi_ja J 7é 3,

~ o 5 ) (10.26)

B3 :BZ3 E127 i1=1,2,3.

Hence, we have

1 N . -
== e (B By 0 O 5 Bt - 058, 400
=P, (y).
(10.27)
Finally, we can define u4? as follows

up? = / Pu(y1,y2,s)ds. (10.28)

We notice that u® = ul + ub? satisfies (10.3) and (10.4).
Note that B, B;, C}; and C7; are made of 7(y) — 7(X(y)), n(y) — n(X(y)) and V,Y — L.

Thanks to (10.8) and (10. 10) we obtam the estimate for w8 and u4'. When estimates comes to
b2 and u42?, we use the fact

T
vyE%/ v,V, i=1,234.
0

Therefore, repeating all the argument as before, we can derive the bound for |u?, | £2(0,7322(00)) and
lw? || £2(0,7:12(0))- Other components in Y(T') are obtained in a similar way, we omit the details.

Lemma 4.1. [11] Let p € L>(0,T; L*(B)), p > 0, u € L*(0,T; W, *(B;R3)) be a weak solution of
the equation of continuity,
sepcifically

/B (p(7,)6(7,) — pod(0, )z = / /B (b + pru Vo)

for any 7 € [0,T] and any test function ¢ € C1([0,T] x R3).
In addition, assume that (u—V)(r,-)-n|r, =0 for a.a.m € (0,T), and that py € L*(R3), po > 0,
p0|B\QO =0. Then

p(7,-)|lB\oo =0, V7 €0,7].
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