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Abstract

The main objects of the present work are the quantum Navier—Stokes and quantum Euler
systems; for the first one, in particular, we will consider constant viscosity coefficients. We
deal with the concept of dissipative solutions, for which we will first prove the weak-strong
uniqueness principle and afterwards, we will show the global existence for any finite energy
initial data. Finally, we will prove that both systems admit a semiflow selection in the class

of dissipative solutions.
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1 Introduction

At temperatures close to absolute zero, quantum effects appear relevant in the motion of some
fluids: instead of individual atoms bouncing around, the particles move like one single body
and, as a consequence of the vanishing viscosity, the fluid start to “creep” along the surfaces of
its container, coming out of it if the latter is not properly sealed. This bizarre phenomena is just

one of the many applications that motivate the study of quantum fluid dynamics: it provides
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useful tools for understanding not only the behaviour of atomic Bose—FEinstein condensates
and the transition of the aforementioned fluids into zero-viscosity ones (superfluids) [39], but
also the mechanics of quantum semiconductors [26] and the trajectories arising from the de
Broglie-Bohm theory [45].

1.1 The system

Motivated by the Thomas—Fermi-Dirac—Weizsécker density functional theory [46], the motion
of a quantum fluid can be modelled starting from the classical systems describing viscous or

inviscid fluids and adding an extra term containing the Bohm quantum potential [41]

Ay
Q(0,V0,V20) = g \/\5/57 (1.1)

where o denotes the density of the fluid. More precisely, we are going to consider the following

two models.

e The compressible quantum Navier—Stokes system, whenever we are dealing with viscous

fluids:

0o + divy(ou) = 0, (1.2)

e The compressible quantum Euler system, in case of inviscid fluids:
0o+ div, J =0, (1.4)

. (@]
9, J + div, (Q> + Vap(o) = 0V2Q(0, Va0, Vio). (1.5)

In both systems, the unknown variables are the density o = o(t, z), the velocity u = u(t, x)
and the momentum J = (pu)(¢, x) of the fluid, while p = p(p) denotes the barotropic pressure,
S = S(V,u) the viscous stress tensor and Q = Q(o, V.0, V2p) the quantum potential defined

n (1.1). More precisely, we will consider the standard isentropic pressure

p(o) = ag” (1.6)

with a a positive constant and v > % the adiabatic exponent, while the viscous stress tensor

will be a linear function of the velocity gradient

2
S(Vzu) =p (qu +Viu— &(divx u)]I) + A(divzy u)l (1.7)
where p > 0 and A > 0 denote the shear and bulk viscosities, respectively. Notice that we can
write
oV Q(0, V0, Vie) = div, K(o, Va0, Vo)
with

h

2



We will study both systems on the set (0,00) x Q, where Q € R%, d = 2,3, is a bounded
domain of class C?, on the boundary of which we impose the homogeneous Neumann condition

for the density and the no-slip condition for the velocity
thg : n‘BQ = 07 u|8Q = 07 (]‘8)

when considering system (1.2)—(1.3), while we replace the boundary condition for the velocity

with the one for the momentum
V:EQ . n|6ﬂ = Oa J- n|8Q = 07 (19)

when considering system (1.4)—(1.5).
The last ingredient we need to formally close the systems is the energy. Introducing the

pressure potential P = P(p) as a solution of

oP'(0) — P(0) = p(0), (1.10)

which we will consider as
a

P(o) = i
(o) 17"

the total energy balance associated to the quantum Navier-Stokes system (1.2)—(1.3) with the

boundary conditions (1.8) is
d . 1 2 h 2
T E(t)dz+ | S(Vgu):Vyudr =0 with E(t) = §Q|u] + P(o) + §|Vz\@| , (1.11)
Q Q

and similarly, the total energy balance associated to the quantum Euler system (1.4)—(1.5) with
the boundary conditions (1.9) reads
113

d _ . _ h 2
dt/QE(t) de =0 with E(t) = 5 + P(o) + 2|Vx\/§| . (1.12)

See Section A.2 for more details.

We finally point out that the quantum potential Q = Q(p, V.0, V2p) can be rewritten as

1
Qo V20, V3i0) = K(0)Aso + S K'(0)|Vrel?, (1.13)

choosing the function K = K (p) such that

h

K(Q):ZQ'

Systems (1.2), (1.3) and (1.4), (1.5) with the quantum potential replaced by the more general
expression appearing on the right-hand side of (1.13) are called Navier—Stokes—Korteweg and

Euler—Korteweg systems, respectively; usually, K : (0,00) — (0,00) is a smooth function.



1.2 State of the art

Given their importance in many applications, quantum fluid systems were widely studied in
the last years. However, in literature we may typically encounter density-dependent instead
of constant viscosity coefficients in the definition of the viscous stress tensor (1.7), leading
to more mathematical difficulties due to the possible presence of vacuum. This alternative
formulation is a consequence of a different derivation of the model, based on a Chapman—
Enskog expansion of the Wigner function [11]. For the quantum Navier—-Stokes system with
non-constant viscosity coefficients, the existence of global-in-time weak solutions with special
test function p¢ instead of classical test function ¢ on the d-dimensional torus, d = 2,3, was
shown by Jiingel [34] with the constraint v > 3 for d = 3 and the viscosity constant smaller
than the scaled Plank constant; his result was later improved by Dong [19] and by Jiang [32],
including the cases when the viscosity constant is equal and bigger, respectively, to the scaled
Plank constant. Subsequently, the existence of global-in-time weak solutions with the standard
test function ¢ was achieved with the help of extra terms in the equations that could guarantee
the velocity to be well-defined even in the vacuum region: for instance, Gisclon and Lacroix-
Violet [30] considered a cold pressure term, while Vasseur and Yu [43] added a damping term
in the balance of momentum. Inspired by Li and Xin [38], Antonelli and Spirito [3] proved the
global-in-time existence result for weak solutions without any extra terms, but requiring the
viscosity and capillarity constants to be comparable. Recently, this assumption was removed by
the same authors in [4], and by Lacroix-Violet and Vasseur [36]. Stability, i.e. the continuous
dependence of solutions on initial data, was studied by Giesselmann, Lattanzio and Tzavaras
[29] via a relative energy approach. Recently, Bresch, Gisclon and Lacroix-Violet [10] proved
the existence of global-in-time dissipative solutions on the d-dimensional torus, d = 2,3, of
the quantum Navier—Stokes system with a linear density-dependent shear viscosity and zero
bulk viscosity. Moreover, taking the vanishing viscosity limit, they obtained the existence of
global-in-time dissipative solutions to the quantum Euler system (1.4), (1.5). For the latter,
there are several results concerning well-posedness in the class of weak solutions. Donatelli,
Feireisl and Marcati [16] showed that the system is ill-posed as uniqueness fails to be verified:
for sufficiently smooth initial data, the system admits infinitely many weak solutions, even
considering only the class of those satisfying the energy inequality. Later on, Antonelli and
Marcati [2] proved the existence of global-in-time irrotational weak solutions by converting the
Euler system into the non-linear Schrodinger one, while Audiard and Haspot [6] showed global
well-posedness for small irrotational data in dimension d > 3. Last but not least, let us stress
that important progresses have been made on singular limits and other topics for quantum fluid
models [5, 12, 15, 17, 18, 33, 37].

Even though there is a wide range of significant results concerning well-posedness of quantum
systems, we emphasize that there aren’t any regarding the existence of global-in-time weak
solutions for the quantum Navier—Stokes system (1.2), (1.3) with constant viscosity coefficients,
even in dimension d = 2, and for the quantum Euler system (1.4), (1.5) for large initial data,

as pointed out by Bresch et al. [10]. Therefore, the latter are important and interesting issues.



1.3 Structure of the paper

In the present study, we are interested in well-posedness of the aforementioned quantum systems;
specifically, we are concerned with existence and uniqueness of global-in-time solutions for
any finite energy initial data. Inspired by the work of Abbatiello, Feireisl and Novotny [1],
we will consider dissipative solutions, i.e. solutions satisfying the equations and the energy
inequality in the distributional sense but with extra “defect terms”, which we may call Reynolds
stresses, collecting the possible oscillations and/or concentrations arising from the convective,
pressure and quantum terms, cf. Definitions 2.1 and 2.2. This notion of solution can be seen
as a generalization of the concept of dissipative measure-valued solution, developed by Feireisl,
Gwiazda, Swierczewska-Gwiazda and Wiedemann [22], implying in particular that they can be
taken into account in the analysis of convergence of certain numerical schemes and, therefore,
they can be identified as strong limits of finite element—finite volume schemes in the spirit of
Feireisl and Lukécova-Medvidova [24]. We point out that our definition of dissipative solution
differs from the one considered in [10], as the latter is based on a relative energy inequality. A
natural question is whether strong solutions are uniquely determined in the class of dissipative
solutions; in order to give a positive answer, we will prove the weak-strong uniqueness principle:
if the system admits a sufficiently regular solution in the classical sense then it must coincide
with the dissipative solution emanating from the same initial data, c¢f. Theorems 3.1 and 3.2.
As the name suggests, this technique was first developed by Prodi [40] considering weak/strong
solutions for the incompressible Navier—Stokes equations, and later adapted for compressible
systems (see e.g. [21], [23], [25], [28], [31], [44]). Our next goal is the existence of dissipative
solutions. More precisely, we will first prove the existence result for the quantum Navier—Stokes
system (1.2), (1.3) applying the classical fixed point argument in the spirit of [20], cf. Theorem
4.1, and afterwards, we will obtain the existence result for the quantum Euler system (1.4),
(1.5) as a vanishing viscosity limit of the Navier—Stokes equations, cf. Theorem 4.2. Finally,
to handle the problem of uniqueness, especially in view of the “negative” result stated in [16]
for the quantum Euler system, we may look for that particular dissipative solution in the
class of the ones emanating from the same initial data satisfying the semigroup or semiflow
property: if we let the system run from time 0 to time ¢, we restart it and let it run for a time
interval of amplitude t2, the trajectory described by the selected solution will be the same as
we have run the system directly from time 0 to time t; + to. We will refer to the process of
finding such particular solution as semiflow selection, cf. Definition 5.1. Clearly, if uniqueness
holds, the semigroup property is verified by any solution and the semiflow selection is simply
the map associating to any admissible data that one unique solution emanating from it. The
construction of a semiflow selection was originally a stochastic tool, first developed by Krylov
[35] to study well-posedness of certain systems and later adapted by Flandoli and Romito [27],
Breit, Feireisl and Hofmanové [8] for the incompressible and compressible, respectively, Navier—
Stokes systems. Inspired by deterministic adaptation of Cardona and Kapitanski [13], we will
prove the existence of a semiflow selection for the quantum Navier—Stokes and quantum Euler

systems in the class of dissipative solutions, cf. Theorems 5.2 and 5.3. We will essentially follow



the same strategy developed by Breit, Feireisl and Hofmanové [9] for the compressible Euler
system in the class of measure—valued solutions. However, there will be a slightly difference
in the choice of the trajectory space: instead of the space of continuous functions as in [13] or
the space of integrable functions as in [9], we will work with the Skorokhod space of caglad (a
French acronym for “left-continuous and having right-hand limits”) functions. The advantages
of this choice is that on the one hand we are able to consider the energy, which is typically
a non-increasing quantity with possible jumps, as a third state variable, while on the other
hand we will get the existence of well-defined semiflow selections at any time. We point out
that, thanks to the weak-strong uniqueness principle, solutions in the classical sense are always

contained in the selected semiflow as long as they exist.

2 Dissipative solutions

In this section, we provide the definition of dissipative solution for both the quantum Navier—
Stokes and quantum Euler systems. We will refer to the measure JR appearing in the weak
formulations of the balance of momentum and energy inequality as Reynolds stress. For the

definition of all the involved spaces see Section A.1.

Definition 2.1 (Dissipative solution of the quantum Navier—Stokes system). The pair of func-
tions [, u] with total energy E constitutes a dissipative solution to problem (1.2)—(1.3) with
the isentropic pressure (1.6), the viscous stress tensor (1.7), the boundary conditions (1.8) and
the initial data

[Q(Oa ')7 (Qu)(oa ‘)7 E(O_)] = [007 J07 EO] € L’Y(Q) X L%(Q7 Rd) X [07 OO)
if the following holds:

(i) regularity class: o > 0 in (0,00) x  and

0 € Cueatctoe ([0, 00); L7(€2)) N L% (0, 00; W77 (Q2)) (2.1)
2y 4vd

- L9(Q: RY - 2.2

ou € Cweak,loc([oyoo)7 ( 3 ))7 q max{’y—i-l’ (Sd—z)’y—i—d}’ ( )

u € L, (0, 00; Wy 2 (4 RY)), (2.3)

E € 9([0,00)); (2.4)

(ii) weak formulation of the continuity equation: the integral identity

[ /Q 0p(t, ") dx]i;: /O /Q [0Drp + ou - Vo] derdt 25)

holds for any 7 > 0 and any ¢ € C1([0,0) x Q);
(iii) weak formulation of the balance of momentum: there exists

R € L0, T; MT(Q; REXDY)

sym



such that the integral identity

t=1 T
[/ ou-p(t,-) dw} = / / [ou- Orp + (ou®u) : Vo + p(p) divy ] dadt
Q t=0 0 JQ

h T
+ 4/ / [Veo-divy V¢ +4(Ve /0 ® Vay/0) : Vagp] dadt
0 Q

—/ / S(Vzu) : Vo dxdt—i—/ /chp :dR dt
0 Q 0 Q

holds for any 7 > 0 and any ¢ € CL([0, 00); C%(Q;R%)), ¢|aq = 0;

(2.6)

(iv) energy inequality: there exists a constant A > 0 such that

[ [3et + P+ 59| () a5 [ amiin) = £

for a.e. 7 > 0, and the energy inequality

o 2 2

[E(t)q/)(t)]i: 2 — / Evy dt +/ q,z)/ S(Vzu) : Vyu dzdt <0 (2.7)
=N T1 5! Q

holds for any 0 < 71 < 79 and any ¥ € C}([0,0)), ¥ > 0.

Definition 2.2 (Dissipative solution of the quantum Euler system). The pair of functions [, J]
with total energy E constitutes a dissipative solution to problem (1.4)—(1.5) with the isentropic

pressure (1.6), the boundary conditions (1.9) and the initial data
[0(0,),3(0,-), E(0—)] = [00,J0, Eo] € L(€) x L3#1 (2 RY) x [0, 0)
if the following holds:
(i) regularity class: o > 0 in (0,00) x £ and

o€ Cweak,loc<[07 OO); LN WL% (Q))

2 4~vd
Je Cweak,loc([ov OO); LQ(Q; Rd))a q = max { 7 7 } )

Y+ 1 (3d—2)y+d
E € 9([0,00));

(ii) weak formulation of the continuity equation: the integral identity

{/ﬂ op(t, ) dx] :; _ /OT/Q[QQN; +3J -V, dadt 2.8)

holds for any 7 > 0 and any ¢ € C1([0,00) x Q);
(iii) weak formulation of the balance of momentum: there exists

R e L0, T; M+ (Q; RE9))

sym



such that the integral identity

[/QJ it ] / / { 8t‘P+<§J-Vx<P +p(o) div, ¢ | dzdt

+ 4/ / [Vio-divy V¢ +4(Va /o ® Vo) : Vap] dadt
0 Q

+/ /chp:d%dt
0o JO

holds for any 7 > 0 and any ¢ € CL([0, 00); C2(;RY)), ¢|aq = 0,;

(2.9)

(iv) energy inequality: there exists a constant A > 0 such that

/QB‘JQ'Q +Plo) + \Vmﬂ?]( da?—i—;/dTr[iﬁ](T):E(T)

for a.e. 7 > 0, and the energy inequality

[E)y ()]~ 7 / Ey/ dt <0 (2.10)

t=T1,

holds for any 0 < 71 < 79 and any ¥ € C}([0,0)), ¥ > 0.

3 Weak—strong uniqueness

In this section, our goal is to prove the weak—strong uniqueness principle: if the quantum
Navier—Stokes (or quantum Euler) system admits a sufficiently regular classical solution, then
it must coincide with the dissipative solution emanating from the same initial data. Hereafter,
let

: y 2dy
P mm{vl’ (d+2)7d}
. 2d~y 2dry
e min G )
. dy 2d~y
b ;:mm{%_d, (6—d>fy—d}‘

Theorem 3.1 (Weak—strong uniqueness for the quantum Navier—Stokes system). Let [0, u]
with ¢ > 0 and

g€ L0, 00; LY N WHTTT(Q), -
i € L52(0, 003 L2 (5 RY) + L, (0, 00 W2 (4 RY)),

be a strong solution of system (1.2)—(1.3), satisfying the constitutive relations (1.6)—(1.7) and
the boundary conditions (1.8), where in addition the density ¢ is such that



8tP,(§) € Llloc(oa (OO e (Q))7
V. P'(3) € L},,(0, 00; LP2(Q; RY)) + L, (0, 00; L1 (Q; RY)),

loc
o 2y . (3.2)
0 Vzlogo € Li,.(0,00; L7=1(Q;RY)),

2d
V210g 5 € Li,(0, 003 L4 (4 R)) + L, (0, 003 L (9 R,

the velocity 1 is such that
B € Lipo(0,00; LP? (9 RY)) + Liye (0, 00; L?P1 (;RY)),
V€ L0, 00; LP* (Q; RY)) + L2 (0, 00; L3 (Q; R¥*4))
+ Lioe(0,00; L2 (;R™Y)), (3.3)
divy U € Ly (0, 00; L7(92)),
divy VI € LL (0, 00; L3-1 (2 RY)),

and SV
2d
VaW) ¢ p2 (0, 00; L3 (Q; RT*4)).
0

loc

Let [p,u] be a dissipative solution of the same system with dissipation defect R in the sense
of Definition 2.1. If

80, 2), (1)(0,2)] = [0(0,2), (ou)(0,2)] for a.c. v € (3.4)
then R =0 and
[o(t,z),u(t,z)] = [o(t,x),u(t,x)] for a.e. (t,z) € (0,00) x Q. (3.5)
Theorem 3.2 (Weak—strong uniqueness for the quantum Euler system). Let [g, u] with

g€ L0, 00; LY N WETT(Q), 56
€ L>(0,00; L' (O RY)),

be a strong solution of system (1.4)—(1.5) satisfying the constitutive relation (1.6), where in

addition the density o > 0 and the velocity u are such that u-n|gg = 0 and
0eP'(0) € Lioc(0, 00; L' (2)),
div,u € L (0, 00; L®(Q)),
VaP'(0), Volslogd, ¢l € Lige(0, 00; L' (4 RY)), (3.7)
~ . T~ - 71 2 d
0Vglogo, divy Vyu € Ly (0,00; L7=1(Q;RY)),
V2logd, Vi € Li.(0,00; L(Q; R¥)).



Let [0,J] be a dissipative solution of the same system with dissipation defect R in the sense of
Definition 2.2. If

[0(0,x), (ou)(0,x)] = [0(0,2),J(0,z)] for a.e. z € Q
then R =0 and
[0(t,x), (ou)(t, x)] = [o(t,x),I(t,x)] for a.e. (t,x) € (0,00) x Q.

The proofs are based on showing that a slightly modified version of the energy, known as

relative energy, and the Reynolds stress vanish almost everywhere.

3.1 Proof of Theorem 3.1
We introduce the relative energy functional:
2

—~— o~ ~ 1 ~ h =

To simplify notation, we introduce the drift velocities

ve Yol g Va/0 (3.8)

VvV =

Ve Ve

and therefore the relative energy functional can be rewritten as

1 ~ h _
E(o,u,v | g,u,v) = §Q|u—U\2+P(9) — P'(0)(0—0) —P(@+§Q|V—V!2-

Step 1. First of all, proving Theorem 3.1 is equivalent in showing that
R=0, FE(o,u,v|oguv)=0 ae. in (0,00) x Q. (3.9)

Indeed, since the pressure o — p(p) is strictly increasing in (0,00), the pressure potential
0 — P(p) is strictly convex. For a differentiable function, this is equivalent in saying that the

function lies above all of its tangents,

P(o) > P'(8)(e - ) + P(9) (3.10)

for all g, o € (0,00). Therefore, we can deduce that

B(ou,v | 8.8, >0 (3.11)

Moreover, the equality in (3.10) holds if and only if ¢ = g and consequently the equality in
(3.11) holds if and only if (3.5) holds.

10



Step 2. We will now show that any dissipative solution satisfies an extended version of
the energy inequality, whenever [g,u] are smooth and compactly supported functions. Let us

suppose that

g € C([0,00) x Q),
€ C°([0,00) x 4 RY);

then, we can take ¢ = $[0|?, P'(3), 2[v|%, hdiv, V as test functions in the weak formulation

of the continuity equation (2.5) to get

qt=1 T
1 [/ olu*(t,-) dz :/ / ou- (0u+ Vyu-u) dadt, (3.12)
2 /o li=o Jo Ja
qt=1 T
[/ oP'(0)(t,) dx —/ /[g@tP’(@ + ou- V. P'(9)] dadt, (3.13)
Q Jt=0 0 JQ
h o 17 T _
= olv|*(t,-) dz =h oV - (0v + Vv - u) dadt, (3.14)
2 lJa Jt=0 0 Ja
t=1 T
h [/ ov-v(t,:) do = h/ / [gv~ (aﬁ + Vv u) + oVzu: V;ﬁ] dxdt, (3.15)
Q Jt=0 0 JQ

where we recall identity (A.6), and ¢ = u as test function in the weak formulation of the balance

of momentum (2.6) to get
t=1 T
[/ ou-u(t,-) dx] = / / [Qu- (8tﬁ +V,u- u) + p(o) divy ﬁ] dadt
Q t=0 0 JQ
T N N
+ h/ / |:2QV - divy V;,ru 4+ ov-Vu- V] dzdt (3.16)
0 Q

—/ /S(Vmu):vxﬁ dxdt+/ /Vxﬁ:di)% dt.
0 Q 0 Q

Next, if we sum the integral identities (3.12), (3.14) and subtract (3.13), (3.15), (3.16) from the
energy inequality (2.7), keeping in mind that

[/Q [aP'(2) — P(2)](t.-) dx} Z; = /OT/Q;[EP’(@ — P(p)] dadt = /07/9513”(@@5 dadt,
we obtain
[/Q E(o,u,v | 0,u,v)(t,) da:} :; + % /QdTr[i)‘i](T) + /(]T/Qg(vxu) . V,(u— @) dadt
< [ otu=) @ Va4 Vi (0 ) dnt

—/ /p(g) div, u dzdt
0 JQ

—h/ /g(v—V)-[6ﬁ+Vﬁ-ﬁ+vmv-(u—ﬁ)] dzdt
0 Q

—/ /Vxﬁ:di)%dt—/ A) dt—h/ By(t) dt,
0 Q 0 0

11



with
Fi(t) = /ﬂg '(0) (80 +u-V0)(t,-) do — / P (2)0:0(t, ) da
Fy(t) = / 0 (; v - divy, V;,rﬁ +v-Vua-v+ %Vzu : Vgﬁ> (t,-) de,
0

recalling that p’(g) = oP”(0). Now, we can sum and subtract the following integrals

/ / u—u) [V P'(N)— dlvx S(Vzu) — lem K(p, V;ﬁ)} dzdt, (3.17)

/0 ' /Q P (@(e - 2) + p(@)] div, T dadt, (3.18)

h/ /3 (v — %) - div, (3V] 1) dadt (3.19)
2Jo Jao

from the previous inequality to get

t=1

{/ E(eu,v | 389, dx]tzo —i—i/ﬂdTr[iR](T)
// (u—1)) : Volu— @) dadt
- / / ofu — i) - [atﬁ VT4 VL P(3) ;divxS(Vmﬁ) _ }édivxK@, v, | dedt
o(u— ) V,ii- (u— 1) dadt
[p(e) — 1'(2)(e — @) — p(2)] divy & dadt,
T/Q <Q - 1) (u— 1) - div, S(V,1) dadt
— h/OT /Q o(v—v)- {aﬁ + V.V U+ ;Edivx (EVIG)} dzdt

/ o(v—=v)-V,v:(u—u) dedt

—/ /Vxﬁ:diﬁdt—/ Fi(t) dt—h/ Fy(t) dt,
0 JQ 0 0

Fi(t) = Fi(t) —

with
0 4 ~ : 3 / i ou
| 2@ V.g - div, @) t) do - [ p(@div, @) do
0 Q
— / @ _ 0 +div,(ou ) dz
_/ﬂp(@ (5 1> [0r0 + div.(ou)](t, ) dz,

and
Fy(t) = Fa(t) + ;li/gf) (u—nu)-div, K(p, V,v) doz — ;/Qg (v—v)-div, (¢V, 1) dz
:—/Q(V—V) Vv - (u—ﬁ)dw—l—/Q(V—V)-Vzﬁ-(v—V)dx
Q Q

12



We have finally obtained the relative energy inequality:

UQE(Q,u,v |GV, ) dx]t:T—i—i/dTr[%](r)

t=0 Q

+/OT/QS(VI(u—ﬁ))  Va(u— 1) dedt

oy

/ o[(u—1)® (u—1u)] : V,u dadt

1 1
o(u— ) - [atﬁ + Vol Vo P(2) — = dive S(V,0) — = dive K(Z, V¥) | dadt

=)
2

[ p0)~ ¥ @0~ D)~ p(@) div, & duat

'(2) (g — 1> [0¢0 + div,(ou)] dzdt,

p
_/OT/Q <§—1) (u— 1) - div, S(V,1) dedt

T _ _ o 1 _
- h/ / o(v =) |0V + VoV - u+ s=div, (oV, u) | dzdt
0 JQ 20

—h/OT/Q[(v—v)@(v—v)} LV, dedt

(3.20)

Step 3. The class of functions [p, u] satisfying the relative energy inequality (3.20) can be

extended by a density argument as long as integrals (3.12)—(3.19) remain well-defined. After a

careful analysis, we recover the regularity class given by (3.1)—(3.3). Notice that we have used
the Sobolev embedding

2vd

2y *
whas L7 (Q ith "= —"—— 3.21
implying in particular that
S Cweak,loc([07 OO); LP<Q))7 p = max {77 7*} (322)

and the fact that v* > ~ as long as {d = 2} or {d = 3, d/2 < v < d} to get the optimal

regularity for the density ¢ and the momentum pu.

Step 4. Let us now suppose that the couple [p, u] is a strong solution of problem (1.2)—(1.3),

meaning that

0 + div,.(g1) = 0,

- . 1 - o~
ou+V,u-u+ VP (g) = Edivx [S(V.u) +K(2, Vav)],

v+ Vv-u= —21,§diVx (@V;crﬁ)v
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where the last one was deduced taking the gradient in the continuity equation (1.2). Then, the
relative energy inequality (3.20) reduces to

t=1

[ Eeuyizavea] e g fampue [ 890 w) a0 asa

t=0
g_/o /Qg[(u_ﬁ)@(u_ﬁ)+h(v_v)®(v_v)];vmﬁdxdt

- /0 ' /Q p(0) — ') (0 — B) — p(@)] div & dedt,

—/ /<€—1> (u—ﬁ)'divxS(Vxﬁ) d:cdt—/ /Vxﬁ:di)%dt.
0o Jo \©@ 0o JQ

On the one hand, we have

/(]T/Qs(vx(u—ﬁ)) : Ve(u—1) dxdtzu/OT/QWx(u—ﬁ)]z dadt;

on the other hand, we have

(3.23)

Jo(u — 1) © (u— W) < e1y Trlo(u — ) @ (u— )] = c1 golu — l*
Hlo(v —9)@ (v—9)| < er Tlo(v —9) @ (v = 9)] = ex v — 9P
p(e) —1'(2)(e —2) —p(2) = (v — 1) [P(e) — P'(2)(¢ — 0) — P(2)],
R| < %Tr[%].
Moreover, it is easy to see that
(0—20)* if@€[§2ﬂ

(14 07) otherwise,

P(o) — P'(2)(e —2) — P(2) = c(2)

and therefore, it is possible to show that

Il

for any 6 > 0 (see for instance [23], Section 4.1.1). Therefore, from the Poincaré inequality and

3—1’ - dxdt<c(5)/ /E(g,u\z),ﬁ) dxdt+5/ /yu—ﬁ|2 dzdt
o 0 JQ 0 JQ

hypothesis (3.4), we can rewrite (3.23) as
~ ~ 1 4 ~
/ E(o,u,v | g,a,v)(r,-) de + / d Tr[R](7) + (1 — 5)/ / lu— 1|? dadt
Q AJa 0 JQ

~ ~ T ~ o~ ~ 1
< ¢(6, 0, Vzu,divg S(Vmu))/ (/ E(o,u,v | 0,u,v)(t,) dz + X /dTr[?ﬁ](t)) dt.
0 Q Q
Applying Gronwall’s lemma, we can recover that

-~ ~ 1
/QE(Q,u,V | 0,a,v)(T,") dx—l—)\/QdTr[SR](T) <0,

but since the quantity on the left-hand side is non-negative, this is possible if and only if (3.9)
holds.
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3.2 Proof of Theorem 3.2

We repeat the same passages performed before. Notice that in this case the relative energy

functional is
S ~ h -
E(o,J,v | 0,u,v) = *Q\J —oul* + P(0) — P'(9)(e — 0) — P(0) + 5QIV—V|2,

and therefore the relative energy associated to the Euelr-Korteweg system (1.4)—(1.5) reads

t=1

UEQ,J v a9 )dx] O+i/gdﬂ[%](7)
- /0 /Q (3 — oti) - [atﬁ+vxﬁ-ﬁ+vxp'@_;divxK@,Vﬁ) dadt

‘/T/Qi[“— ou) @ (J — ou)] : V,u dadt
/ / 0)(¢ — 0) — p(0)] divy u dzdt

/0 /Qp ( - 1) 0,0 + div,(gu)] dadt

1
—ﬁ/ /Q(V—V)- [aﬁjLVﬁ-ﬁJrgdivx (oV,a)| dadt
0 Q
—h

/OT /Q o[(v=¥)® (v —¥)] : V,u dedt

—/ /Vxﬁ:di)%dt.
0 JQ

If we suppose that the couple [g, 1] is a strong solution then the previous inequality simplifies

t=

as
t=1

[/EQ,J v 3.4, )dx]t0+}\/§2dTT[9ﬂ(7)

// J—ou)® (J —ou) : Vyu dadt
- [ [ t) @0~ 2 - p@) v, i dnat,
—h/o Ag(v—e)®(v—v)]:vxﬁdxdt
—/OT/vaﬁzdmdt,

and therefore it is enough to proceed as before.

4 Existence

In this section, we aim to prove the existence of dissipative solutions for both the quantum
Navier—Stokes and quantum Euler systems. More precisely, we will focus on the following two

results.
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Theorem 4.1 (Existence of dissipative solutions for the quatum Navier—Stokes system). For

any arbitrarily large T > 0 and any fized initial data
2
00, Jo. Bo] € L7(€) x L7 (% RY) x [0, 00)

such that

1(Jpl? h
00 > 0, / *QJFP(QO)JF* IVav/ool* | dz < Ey,
al2 oo 2

the quantum Navier—Stokes system (1.2)—(1.3) with constitutive relations (1.6)—(1.7) and bound-

ary conditions (1.8) admits a dissipative solution in the sense of Definition 2.1.

Theorem 4.2 (Existence of dissipative solutions for the quantum Euler system). For any

arbitrarily large T > 0 and any fized initial data
2
00, 3o, Eo] € L7() x L7¥1 (R) x [0, 00)
such that

2 00

the quantum Euler system (1.4)—(1.5) with the isentropic pressure (1.6) and boundary conditions

1Jo|? h 2
00 > 0, 0 *7+P(Qo)+§ |Vzy/00]” | dz < Ej,

(1.9) admits a dissipative solution in the sense of Definition 2.2.

The first theorem will be proved by employing a two-level approximation scheme based on
addition of artificial viscosity terms, in order to convert the hyperbolic system into a parabolic
one, and approximation via the Faedo-Galerkin technique. The second theorem will be obtained
by letting the viscosity to go to zero in the quantum Navier—Stokes equations.

4.1 Proof of Theorem 4.1

From now one, let the time T' > 0 be fixed arbitrarily large. We start by choosing a family
{ X} nen of finite-dimensional spaces X,, C L?(€; R?), such that

X 1= span{w;| w; € C(GRY), i=1,...,n),

where w; are orthonormal with respect to the standard scalar product in L?(Q;R%). Now, for

each € > 0 and n € N fixed, we consider the following system

ath,n + diVx(Qs,nue,n) = EAmgs,m (4'1)
8t(9€,nue,n) + diVm(Qs,nus,n X ue,n) + vzp(ga,n) + 5vzu€,n : V$Q€,n (4~2)
== lex (S(Vzua‘,n) + K(QEJM VZ‘QE,TH v?gQS,n))

on (0,7) x Q, where we look for approximated velocities
u., € C([0,7]; X,).

Moreover, we impose the homogeneous Neumann and no-slip boundary conditions for the den-

sity and velocity, respectively
V:ﬁ@s,n : n‘aﬂ =0, ue,n’@ﬂ =0, (4'3)
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and we fix the initial conditions

Qs,n(oa ) = 00,n; (Qe,nus,n)(07 ) =Jp on Q,

where the initial densities {00, }neny € WH2(Q), 0 < 0, < 00n <0, < 00, are chosen in such a
way that
00,n — 00 in LY(Q) as n — oo,

with the couple (gp,Jp) as in the hypotheses of Theorem 4.1. Solvability of the approximated

problem will be discussed in the following sections.

4.1.1 On the approximated continuity equation

For any fixed € > 0, n € N and given u.,, € C([0,7]; X,), let us focus on finding that unique
weak solution o., = p[u.,] of equation (4.1). Before stating the existence result for the
approximated continuity equation, notice that since X, is finite-dimensional, all the norms on

X, induced by W¥*P-norms, with k¥ € N and 1 < p < 00, are equivalent; thus, we deduce that
u., € L0, T; W (Q; RY)),

and there exist two constants 0 < n <71 < 0o, depending solely on the dimension n of X,,, such
that for any ¢t € [0, 7]

nffuc n(t, ) llwioe) < lluen(t, )llx, <Alluen(t)llwee(q)- (4.4)

Lemma 4.3. Let Q C R? be a bounded domain of class C? and let € > 0, n € N be fized. For

any given u.,, € C([0,T]; Xy,), there ezists a unique solution
0=n € L((0,T); W22(Q)) N WH2(0, T3 L*(9))
of equation (4.1) with 0z ,(0,-) = 00,n. Moreover,
(1) (bound from above - maximum principle) the weak solution o, ., satisfies
[ 0c,nll oo ((0,7)x2) < O €xP (7] dive Uen || Lo ((0,1)%02)) » (4.5)

for any T € [0,T], with
Op = MAX 0,n; (4.6)

(i1) (bound from below) the weak solution os, satisfies

inf snta Z - di x Ye,n || L ) 4.7
(070 % (t,2) 2 o, exp (7] dive Uenll o 0.1y <) (4.7)

for any T € [0,T], with
o, = Hlﬂiﬂ 00,n} (4.8)
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(iii) let ui,uy € C([0,7T7; X,,) be such that
max [Wil| oo (0,100 (may) < K

with K € (0,00), and let o; = o[w;], i = 1,2 be the weak solutions of the approximated

continuity equation (4.1)sharing the same initial data oo . Then, for any T € [0,T],
[(e1 = 02)(7: )l z2(0) < erllur — el Lo (o 7100 (RA)) (4.9)
with ¢ = ¢1(e, 00, T, K).
Proof. The proof is a straightforward consequence of Lemma 4.3 in [14]. O

4.1.2 On the approximated balance of momentum

Let us now turn our attention to the approximated balance of momentum (4.2). The approxi-

mate velocities u. , € C([0,T]; X;,) are looked for to satisfy the integral identity

|:/ Oe,nUg n( ) P da{| . = / / [(Qs,nus,n & us,n) Ve + p(Qe,n) div, 'lp] dxdt
Q t=0 0 Q

ho[T
+ Z / / [V:z:gz-:,n - divy v;l;—"ab + 4(vx\/ Oen & vx\/ Qs,n) : V:v'lpb] dzdt <4'10)
0 Q

/ / S(Vauep) : Vyrp dadt — 5/ / Va0en - Ve p - dzdt
0o Ja o Ja

for any test function ¢ € X,, and all 7 € [0,T], with (0-nu:»)(0,:) = Jo. Now, the integral
identity (4.10) can be rephrased for any 7 € [0,7] as

(Mo (N0 (7)) = (35,98) 4 | Nloe ()51 ds )
with
Mg Xy X, (lgvow) = [ ovewda,
X @ [0
Nl € X, (Nlovl ) 1= [ [(u@ ) Vop +plo) div 4] do

h

+4/ [Vaio - dive Vi +4(Ve/0® Vay/0) : Vatp| da
Q

— / S(Vgzu) : Vyp do —5/ Vzo-Vzu-1 do.
Q Q
We are now ready to apply the following lemma.

Lemma 4.4. Let

B(0,nkK) := {V e C([0,T(n)}; Xn)| sup |[lv(t,-)]x, < nK} :
t€[0,7(n)]
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with n defined as in (4.4). For K > 0 sufficiently large and T'(n) sufficiently small, the map
F:B(0,nK) — C([0,T(n)]; Xn)

such that

T l(7 ) = M 7] (354 [ Mo (ovh (o] 05

is a contraction mapping from the closed ball B(0,nK) onto itself and therefore it admits a
unique fized point u., € C([0,T(n)]; Xy).

Proof. The lemma is a straightforward consequence of the Banach-Cacciopoli fixed point the-
orem. Notice in particular that o., = p[u. ] is the weak solution of equation (4.1) uniquely
determined by u. , and thus by Lemma 4.3 we can deduce that 0 < QnefKt < 0en(t,z) < 7,51
for any ¢t € [0,T(n)] whenever u., € B(0,nK), where g,, ¢ are defined as in (4.6), (4.8) re-
spectively. Therefore, the operator M is invertible and from (4.9) it is also easy to show that F

is a contraction mapping, see e.g. [14], Section 4.3.2 for more details. ]

So far, we have found the velocity u. , solving the integral identity (4.10) on the time interval
[0,T(n)]. However, the previous procedure can be repeated a finite number of times until we
reach T' = T'(n), as long as we have a bound on u., independent of T'(n); in other words, we

need some energy estimates. We have that
/Qat<96,nu6,n) P de = /Q [(0e e @ Uen) : Varp + p(0e,n) divy o] da
—/Q [K(0sn, Va0eins Vaoes) +S(Vatle )] : Vop da (4.11)
— 8/9 VauOen - Vale - do

holds on (0,7'(n)) for any @ € X,,, with o, = g[u.,|. We can then take ¥ = u. (¢, ")

d 1
a 0 59&,71‘112771’2 dz = _/Q

S(Vauep) : Voue, do + / P(0e,n) divy e, do
Q
- / K(Qa,n; Vm@a,n; V?g@&,n) : vzua,n dx
Q
1 9 .
- §|u€,n| (ath,n + lez(Qs,nue,n) - EA:rQs,n)d$a
Q

where the last line vanishes due to (4.1). Multiplying (4.1) by P’(0) we recover that in this
context the pressure potential P = P(p) satisfies the following identity

p(Qa,n) div, Uepn = _8tP(Qa,n) - divx(P(Qa,n)ua,n) + 5P/(Q£,n)AxQ5,n~

Therefore, the previous integral identity can be rewritten as

d 1
-, <Qe,n’ue,n 2 + P(Qs,n)) dz = — / S(qus,n) : qus,n dx — 5/ P”(Qs,n)’vmgs,n‘g dx
dt Jo \ 2 Q Q

- / K(Q&,navxgs,navigs,n) : vxus,n dz.
Q
(4.12)
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Moreover, we have

_/QK(Qs,na vas,m vi@s,n) : vmus,n dr = /QdiVx [K(Qs,na vas,m vi@s,n)] *Ugn dx
h Ax\/ n h Ax\/ n
=3 /Q Qe,nvx <Q€7) *Ugn dx = 5 /Q i diVm(Qs,nus,n) dx

X Veen Veen
h 1
= Z /Q (MAg;Qa,n - 2 2 ’Vacgs n| > (&gge,n — ‘C:Awga,n) dx

d [ h h
-3/ 5| Veyeeal® do - 84/995,71 V2 (log ocn)|? du,

where we used formulas

Asf(0) = f'(QAso + f"(0)|Vael,
V2 H) = 5ATuf 0 ~ Ve (o) Ve (o),

to write

1 1 1
/ <AacQ - 2’va2> Azodz = / Ay(log o) Azo dz + / |V (log Q)|2 Azodzx
a\e 20 0 2 Ja

1
= [ o(-V2uliog0) - Tullo o) + AV g o)) do
=/ 0 |Vi(log o)|* da.
Q

We have finally obtained

d

1 h
dt ( Qan‘uan’ +P(Qen) §’vx Oen

2> dx

h
ve [ (Pleanlaanvnl + 0 V008 2.0 ) a2 =0,
Q

+/ S(Vaue ) : Vayue, do
Q

Integrating the previous expression over (0, 7), we get the following energy inequality

| [3emnlucnl + Plocw) + 5 92za?] ()

/ /SV u. ) Vyue, daedt

B (4.13)
+ 8/ / (P//(Qa,n”vaanP —+ ZQ‘E’" |Vi(10g Qa,n)P) dadt
0 Q

1|Jo[? h 2
< 0 N +P(90,n) + 5 ‘V:r\/QO,n‘ d.%’,

2 00,n

for any time 7 € [0, 7(n)]. In particular, if we suppose that

1|Jol? h
/Q [|0‘ + P(QO,n) + 5 ’v.T\/ QO,n’2:| dz S EO (4'14)

2 00,n

20



where the constant Fy is independent of n > 0, the term on the left-hand side of (4.13) is
bounded. Consequently, it is not difficult to show that the functions u. (¢, ) remain bounded
in X, for any ¢t independently of T'(n) < T. Thus we are allowed to iterate the previous local
existence result to construct a solution defined on the whole time interval [0,77], see e.g. the
last part of Section 7.3.4 in [20] for more details.

Summarizing, so far we proved the following result.

Lemma 4.5. For every fized ¢ > 0, n € N, and any 00, € W12(Q) such that

1|Jol? h
/ |:‘0| + P(QO,n) + = ‘vx\/ QO,n|2 dx < EO:
Q 2 00,n 2

where the constant Eqg is independent of n, there exist

e € L2((0,7); W32(Q)) N WH2(0, T L*(2)),
Uespn © C([O, T]; Xn)a

such that
(i) the integral identity
t=71 T
[/ 0e,np(t, ) dx} = / / (0en0tp + 0emUen - Vo —eVg0en - Vo) dedt  (4.15)
Q t=0 0 JQ
holds for any T € [0,T] and any ¢ € C1([0,T] x Q), with 0 ,(0,") = 0o.n;

(ii) the integral identity

t=1
|:/ OenUen * (,D(t, ) dx:|
Q t=0

-
= / / [Qe,nua,n : at‘P + (Qa,nua,n ® ue,n) : vxSO + p(@e,n) div, ‘P] daxdt
0 Q

h T
+ 4 / / [vzgf,n -divy VI‘P + 4<v:c\/ Oen ® Vi Ocm) V;ULP] dxdt
0 JQ

—/ / S(Vauep) : Vo dadt — 6/ / Va0en - Ve - dadt
0 Q 0 Q

(4.16)
holds for any T € [0,T] and any ¢ € C1([0,T]; X,,), with (0znu:1)(0,) = Jo;
(iii) the integral inequality
1 2 h 2
0 §Qe,n|us,n +P(Qs,n) + 5 |vx\/ Oe,n (7—7') dz
+/ /S(qua,n) : Vaue , dadt
0 I (4.17)

’ h
+ 6/ /Q (P//(Qe,n)‘vxgs,nP + Zga’n ’Vi(log Qe,n)’Q) daedt
0

< 5 + P(Qo,n) + 5 |vx\/ QO,n’ dz,
Q

2 00,n
holds for any time T € [0,T].
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4.1.3 Limit e —0

In order to perform the limit € — 0, we need the following result.

Lemma 4.6. Let n € N be fized and let {0z, Ucn}e>0 be as in Lemma 4.5. Then, passing to

suitable subsequences as the case may be, the following convergences hold as € — 0.

Oen — On i L((0,T) x Q) (4.18)
Ue, —u, in L0, T; WH°(Q; RY)), (4.19)
0cnUcy — opu, in L®((0,T) x Q;RY), (4.20)
OcnUsp & Ug X oopup, @u,  in L>=((0,T) x Q; RdXd) (4.21)
Vi0en — Veon in L2(0,T; L3 (), (4.22)
p(0en) = plon) in L°°(0,T; M(Q)), (4.23)
V:ch/ Oen @ vz\/ Oen A V:v\/ on @ Vaz/on in LOO(O T; M(Q RdXd)) (4'24)
VE Vaten — Ve Vaon in L2((0,T) x Q;RY), (4.25)
VE Vatem - Valeyn = VE Vion - Vou, in L*((0,T) x Q;RY). (4.26)
Proof. From (4.17) it is easy to deduce the following uniform bounds
1 P(0en)ll oo (0,501 (02)) < e(E) (4.27)
IVar/0enll Lo 0,122 (re)) < ¢(E) (4.28)
IVatte nll 20, xraxay < c(E) (4.29)
Estimate (4.29) combined with the Poincaré inequality provides
e nll L2 0. wr2 ey < €1
for some positive constant ¢; independent of € > 0. Applying Lemma 4.3, we get
e_cngn < 0en(t,x) < e Ty, forall (t,x) € [0,T] x Q. (4.30)

which yields to convergence (4.18). From the fact that u., belongs to C([0,T]; X,,), it is easy

to deduce

sup |[[te n(t, ) lyt.00 ey < 2, (4.31)
t€[0,T)
from which convergence (4.19) follows. Combining (4.30) and (4.31), we can recover
OemUen = Opti,  in L((0,T) x Q;RY).
Now, notice that (4.18) can be strengthened to

Oen = On 1N Clyeax ([0, T); LP(2)) foralll <p < oo
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as € — 0, so that, relaying on the compact Sobolev embedding
LP(Q) —— W Q) forall p > 1,

we obtain

e — 0 in C([0,T]; W)

as € — 0. The last convergence combined with (4.19), implies
OnU, = opu, a.e. in (0,7) x Q,

and thus, we get (4.20). Similarly, from (4.19) and (4.20) we can deduce (4.21). Noticing that

Va0em = 24/0en Var/Oem, (4.32)

convergence (4.22) can be deduced combining (4.28) and (4.30). From (4.27) and (4.28), we
can deduce that the sequences {p(0ecn)}te>0, {Viy/0en @ Viy/0ente>0 are uniformly bounded
in L°°(0,T; L' (2)). However, since the L!-space cannot be identified as the dual space of any
separable space and therefore it is not possible to apply the Banach-Alaoglu theorem, a suitable
idea consists in the embedding of L'(£) in the space of measures M(Q), which, on the contrary,
is the dual space of C(Q); we get convergences (4.23), (4.24). Finally, from (4.30) and the energy
inequality (4.17), we have

/ /|nggn\ dzdt < e c(o / /P" Qen)lvx‘gmﬂ da:dt<c(g ,T).
In this way we get (4.25) and, in view of (4.31), (4.26). O

We are now ready to let € — 0 in the weak formulations (4.15), (4.16); notice in particular
that, in view of (4.25) and (4.26), for any 7 € [0,7], any ¢ € C([0,7] x ) and any ¢ €
CH([0, T]; X»)

5/ / Vi0en - Vo dzdt = \/g/ / Ve Vz0en - Vap dzdt — 0,

0 Q 0 Q

5/ / Viz0en - Valey, - @ dadt = \@/ / VE Vi0en - Ve sy - dzdt — 0
0 Q 0 Q

as ¢ — 0. We therefore obtain that the weak formulations of the continuity equation (2.5)
and balance of momentum (1.3) hold for any 7 € [0,7] and any ¢ € CY([0,T] x Q), ¢ €
CY([0,T); X,,), respectively, with the Reynolds stresses

R, € L0, T; M(Q;RED))

Sym

such that

dR,, = (p(on) — plon))l dz + h (Vay/0n @ Var/0n — Va/on @ Viy/on) dz.

We claim that R, are positive measure, meaning that

R, € L0, T; MT(; RED)); (4.33)

Sym
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more precisely, we have to show that for any &€ € R? and any bounded open set B C
R,: (€& >0 inD'((0,T) x B).

We have

Ry - (5@5) = (@*p(gn)ﬂfp +h (vx@®vz On — Vx@®vx Qn) : (€®€)7

on the one hand, the first term on the right-hand side is non-negative due to the convexity of

the function ¢ — p(p) and therefore p(o,) < p(on) (see e.g. [21], Theorem 2.1.1); on the other

hand, we have

(Vav/on @ Var/0n — Vay/0n @ Var/on) 1 (@ €)

=1
e—0
:;%‘Vz\/Qe,n'£|2_|va: Qn'€’2:lvx Qn'£|2_|vx Qn'&’z

in D'((0,7) x B), where it is interesting to notice that the derivatives of the function ¢
fe(o) = |Vm\/§-£|2 are such that

L k!

) = (-1) i Jelo) forany k€N,

in particular, f¢ is convex for any fixed & € R? and therefore fe(0,) < fe(0n). We get (4.33).
Similarly, we can pass to the limit in (4.17) to get

1 h
| [3entuanl + Plow + 5 19ov/EP | () a

—l—/d@n(T)—i—/ /S(qun) : Vauy, dzdt (4.34)
Q 0 Q
1[Jol? h
S / |:‘0’ + P(QO,n) + - |vx\/ QO,n|2:| dZL‘,

QL2 oon 2
with

€, € L0, T; M1 (Q))
such that

e, = (m _ P(gn)) dz + g (|vm/97\2 - \vx\/gjﬁ) de.

Furthermore, introducing A = A(d,~y) = max{d(y — 1), 2}, we obtain

Te{R] = d (p(ea) — plen) + i (1 Te{Va /G2 © Va/zn] = Te[Var/2n & Var/2a) )

=d(y = 1) (Plea) = Plen) + b (IVav/ea = [Vav/edl?) < A€,

and therefore, the energy inequality (4.34) will still hold replacing &, with A~! Tr[R,,].
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Lemma 4.7. For every fivzed n € N, and any 0o, € C(Q) such that

1|Jol? h )
0 *7+P(Qo,n)+§ |Vay/00n|"| dov < Eo,

2 00,n

where the constant Ey is independent of n, there exist

On € LOO(O7T§ LOO(Q))v
u, € C([0,T]; X,,),

with
e o <ou(t,x) <eTa,,  forall (t,z) € [0,T] x Q,

for a positive constant c, such that

(i) the integral identity

U onp(t, - } / / (0n01p + ontn, - Vi) da (4.35)

holds for any T € [0, T] and any ¢ € C1([0,T] x Q), with 0,(0,-) = 00.n;

(ii) there exists
R, € L0, T; MT(; RED))

sym

such that the integral identity

t= T
|:/ OnUp * 90(75, ) d$:| - / / [Qnun : at‘P + (Qnun ® un) : v:r:‘P +p(9n) div, ‘P] dxdt
Q 0 Q

h T
t32 / / [Viaon - dive Vi@ + 4(Var/0n © Var/0n) : Vagp|dadt
0 JQ

—/ / S(Vzuy) : Ve dxdt—i—/ /chp :dR, dt
0 JQ 0 JQ

holds for any T € [0,T] and any ¢ € C1([0,T]; X,,), with (0,u,)(0,-) = Jo;

(4.36)

(iii) there exists a positive constant X = \(d,~y) such that the integral inequality
1 2 h 2
§Qn|un| + P(Qn) + = |vx\/ Qn| (7—, ) dz
Q

+§ /Q dTr[R,, / / . V,u, dzdt (4.37)

</ 1"]0’2"'JD(QOn)_'_f ‘Vac QOn2 dx
o Q 290,71 ’ 2 ’ ’

holds for a.e. 7 € (0,T).
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4.1.4 Limit n —

In order to perform the last limit, we need the following result.

Lemma 4.8. Let {on, upn, Ry }nen be as in Lemma 4.7. Then, passing to suitable subsequences

as the case may be, the following convergences hold as n — oo.

on = 0 in Cyeax([0, T]; L7(€2)) (4.38)
onttn = ou in Cuear ([0, T); L9(RY)), (4.39)
u, —u in L20,T; WH(Q;RY)), (4.40)
onll, ®u, — gu®@u in L2(0,T; L (R, > 1, (4.41)
on 20 in L®(0,00; W' AT (Q)), (4.42)
pen) = plo) in L(0,T; M(9)), (4.43)
Var/0n @ Var/on = Ve /o ® Vay/o i L(0,T; M(Q)), (4.44)
N, SR in L0, T; ML RED)), (4.45)
where the exponent q is defined as in (2.2).
Proof. From the energy inequality (4.37) we can recover the following uniform bounds:
Ivenull L (o7 12(0ray) < ¢(E), (4.46)
||Vz@||Lw(0TL2(Q Rd)) < C(E) (4.47)
1P (0n)ll o= (0.7, L1(2)) < €(E), (4.48)
| Tr[R ]HLOO(OTLl (F), (4.49)
IVatnl L2 (0,7)x0raxa) S o(E). (4.50)
From (4.48), it is easy to deduce that, passing to a suitable subsequence,
on — 0 in L(0,T; L7(Q)); (4.51)

this convergence can be strengthened to (4.38) as a consequence of the Arzela-Ascoli theorem.
Convergence (4.38) combined with identity (4.32), the uniform bound (4.47) and the fact that

v > % imply (4.42). Convergence (4.40) can be recovered from (4.50), while from (4.46),

(4.51), (4.42), the Sobolev embedding (3.21) and the fact that for a.e. ¢ € [0, 7], as a consequence
of Holder inequality,

[(enun)(t, ) La@ray < [I(Ven)(t; )l 2 ray Vet )l Lze ),
with ¢ and p defined as in (2.2) and (3.22), respectively, we get

opu, = gu in L>(0,T; LY(Q;RY)). (4.52)
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Now, from the compact Sobolev embedding L7(Q2) << W~12(Q), we get the strong conver-
gence of the densities in C([0, T]; W~12(Q2)) and therefore

ou=opu ae. on (0,7)x Q.

Once again, convergence (4.52) can be strengthened to (4.39). Next, convergences (4.39), (4.40)
combined with the Sobolev embedding LI(Q2) << W~12(Q) imply (4.41), where the exponent

r must satisfy
1 1 d-2

roq 2d

Finally, convergences (4.43) and (4.44) can be deduced from (4.47) and (4.48) respectively,
repeating the same passages performed in the proof of Lemma 4.6, while convergence (4.45)
follows from (4.49). O

We are now ready to let n — oco. Once again, we get that the weak formulations of the
continuity equation (2.5) and balance of momentum (1.3) hold for any 7 € [0,7] and any
o € CY[0,T] x ), ¢ € CL([0,T); X,,), respectively, with the Reynolds stress

M € L0, T; MT(Q; REXD))

Sym

such that

d% = dR + (p(0) — plo) ) L de + 1 (Ve /0@ Va8 — Va/0® Vn/B) da

Choosing a caglad function F = E(7) such that

B0) = [ [elP + @)+ 5 1VaveP| () a5 [ ampir)

for a.e. 7 € (0,7T), the integral inequality

! 1|Jol? A
E(T)+/ /S(qu):vzu dxdtg/ ['0‘+P(@o)+ !vx\@F] dz,
0 JQ al2 eo 2

holds for a.e. 7 € (0,7). Finally, notice that the spaces X,, can be chosen in such a way that
the validity of (2.6) can be extended to any ¢ € C([0,T]; C?(£;R?)) by a density argument.
Given

@ € CH([0,T); C*(LRY)), @lag =0,

we can construct a sequence {@n }nen C CH([0,T]; C2(92;R?)) such that
{@n}nen is uniformly bounded in WH(0, T; W2 (Q; RY))
and, for any (¢t,z) € (0,7) x Q

QOn(t,ﬂf) - QO(t,fL‘), at(Pn(t,ﬂf) — atso(tux)v
Van(t,z) = Vap(t, z), V?g‘Pn(ta x) = Vi(p(t,m).

This concludes the proof of Theorem 4.1.

27



4.2 Proof of Theorem 4.2

Let {[0s,us]}s>0 be a family of dissipative solutions of the quantum Navier—Stokes system

Oros + divy(gsus) = 0, (4.53)
O (0sus) + divy (osus @ ug) + Vup(os5) = 6 divy S(Veus) + dive K(os, Vaos, V20s),  (4.54)

with correspondent Reynolds stress QRy, pressure (1.6), viscous stress tensor (1.7), boundary
conditions (1.8) and initial conditions [gg,Jo] as in the hypotheses of Theorem (4.2). For
each fixed § > 0, the existence of a dissipative solution [gs,us] in the sense of Definition 2.1
was proven in Theorem (4.1). Similarly to what was done in the previous section, passing to

suitable subsequences as the case may be, we have the following convergences as § — 0.

05 = 0 I Cyeax([0,77; L7(92)) (4.55)
osus — J in Cyear([0, T]; LI(Q; RY)), (4.56)
0s 0 in L0, T; W31 (Q)), (4.57)
p(os) = plo) in L=(0,T; M(Q)), (4.58)
« JRJ —
o5us ®us f in L°(0, T; M(0; RE)), (4.59)
V05 @ Va/0s — Vi/o® Vo in L0, T; M(Q; Rg;rg))’ (4.60)
N SR in L0, T; M(%RED)), (4.61)
Vi S(Veus) = V6E'S in L2((0,T) x Q; R¥>*4), (4.62)

with ¢ defined as in (2.2).
We are now ready to let § — 0 in (2.5)—(2.7). Notice that the term with the J-dependent

viscous stress tensor vanishes due to convergence (4.62); indeed,

5/ / S(Vgus) : Vap dedt = \6/ / V6 S(V,uyz) : Ve dadt — 0.
0 Ja 0o Ja

We get the weak formulations of the continuity equation (2.8), of the balance of momentum

(2.9) and of the energy inequality (2.10) for the quantum Euler system, with

M e L0, T; MT(Q; REXD))

sym
such that

AR = AR + (@—p(g))ﬂdx+ (‘mi‘]—‘m?]) da

+h (m Ve /o ® Vm\/é) da.

Indeed, proceeding as in the previous section, we can write for any & € R% and any bounded
open set B C Q)

(22222 e = |28

i\J-s
0 Y 0

" i D'((0,T) x B),
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where the non-negativity of the right-hand side quantity will follow from the convexity of the

2
lower semi-continuous function [g, J] — ’J—Q&‘ . This concludes the proof of Theorem 4.2.

5 Semiflow selection

We start by fixing a proper setting. We let

H:=Wr2(Q) x Wk2(Q;RY) x R with k > g + 1 fixed; notice that with this particular

choice of the constant k we can guarantee

LP(Q) —— W r2(Q) for any p > 1; (5.1)

D denote the space of initial data associated to the quantum Navier—Stokes or quantum

Euler systems; in both cases, it can be chosen as
D= {[QO,JO,EO] € H: ope LYQ), g0 >0, Jg € L' (Q;RY) satisfying (5.2)}
where )
1|J h
5505+ pan + 5192 vl ao < B 52)
Ql2 o 2
T =9(]0,00); H) represents the trajectory space;

U : D — 27 represents the set-valued mapping that associate to every [00,J0, Ep] € D the
family of dissipative solutions in the sense of Definition 2.1 or 2.2 if we are considering the
quantum Navier—Stokes or quantum Euler system, respectively, arising from the initial

data [go, Jo, Ep]. More precisely, for every [oo, Jo, Eo] € D

Uloo, Jo, Eo] =
{le,J,E] € T : [o,J, E] is a dissipative solution with initial data [go, Jo, Eo]}-
Notice that also in the context of the quantum Navier—Stokes system, we consider the

momentum J = pu as a state variable along with the density ¢ instead of the velocity u

because it is at least weakly continuous in time.

We are now ready to give the following definition.

Definition 5.1 (Semiflow selection). A semiflow selection in the class of dissipative solutions

is a Borel measurable map U : D — 7 such that

Uloo,Jo, Eo] € U[oo,Jo, Eo] for every [0o,Jo, Eo] € D

satisfying the semigroup property: for any [go, Jo, Fo] € D and any t1,t2 > 0

Uleo, Jo, Eol(t1 + t2) = Ulo(t1),J(t1), E(t1)](t2)

where [Q7J7E} = U[QO?']();EO]'
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The goal of this section is to prove the following two results.

Theorem 5.2 (Semiflow selection for the quantum Navier—Stokes system). The quantum Navier—
Stokes system (1.2)—(1.3) with constitutive relations (1.6)—~(1.7) and boundary conditions (1.8)

admits a semiflow selection in the sense of Definition 5.1.

Theorem 5.3 (Semiflow selection for the quantum Euler system). The quantum Euler system

(1.4)—~(1.5) with the isentropic pressure (1.6) and boundary conditions (1.9) admits a semiflow

selection in the sense of Definition 5.1.

Both Theorems 5.2 and (5.3) are a direct consequence of Theorem 3.2 in [7] once we have

verified that the set—valued map U verifies the following five properties.

(P1)
(P2)
(P3)

(P4)

Non-emptiness: Uloo, Jo, Ep| is a non-empty subset of T for any [0g,Jo, Eo| € D.
Compactness: U[oo, Jo, Eo] is a compact subset of 7 for every [og, Jo, Eo] € D.
Measurability: U : D — 27 is Borel measurable.

Shift invariance: introducing the positive shift operator Spo® for every T'> 0and ® € T
as
Sro®(t)=®(T +1t), forallt>0,

then, for any T' > 0, 00, Jo, Eo] € D and [p,J, E] € U0o, Jo, Eo], we have

St oo, d, E] € U([o(T), J(T), E(T-)]).

Continuation: introducing the continuation operator ®; Uy ®o for every T > 0 and
P,P5 € T as

D (t) for 0 <t <T,
¢ Up @2(t> = forall t > 0,
Oyt —T) fort>T,

then, for any T > 0, [go, Jo, Fo] € D,

[01,d1, E1] € Upo, Jo, Eo],
[Q27J27E2] € u[@l(T)le(T)a El(T_)L

we have
(01,1, E1] Ut [02,J2, E2] € Upo, Jo, Eo].

To this end, we have the following facts.

e Property (P1) is equivalent in showing the existence of a dissipative solution in the sense

of Definitions 2.1 and 2.2 for any fixed initial data [gg, Jo, Eo] € D. This has already been

achieved in Theorems 4.1 and 4.2.
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e Properties (P2) and (P3) hold true if we manage to prove the weak sequential stability
of the solution set U[gg, Jo, Ep] for every [oo,Jo, Fo] € D fixed, since it will in particular
imply compactness and the closed-graph property of the mapping

D 3 [0, Jo, Eo] — Uleo. Jo, Eo) € 27,
and thus the Borel-measurality of U, cf. Lemma 12.1.8 in [42].

e Properties (P4) and (P5) can be easily checked for both systems following the same

arguments done in [9], Lemma 4.2 and 4.3.

Therefore, the proofs of Theorems 5.2 and 5.3 reduce to the proof of the weak sequential

stability results.

Proposition 5.4 (Weak sequential stability for the quantum Navier—Stokes system). Let
{[0n, un]tnen be a family of dissipative solutions of the quantum Navier—Stokes system (1.2),
(1.3) with the corresponding total energies {Ep}tnen and initial data {[00n,J0n, Eonl}tnen in
the sense of Definition 2.1. If

[00,n: Jo,ns Eon] = [00, J0, Eo] in H,
then, at least for suitable subsequences,
[on,Jn = onun, En] — [0,J = ou, E] in D([0,00); H), (5.3)
where [o,u] is another dissipative solution of the same problem with total energy E.

Proposition 5.5 (Weak sequential stability for the quantum system). Let {[on,Jn]|}nen be a
family of dissipative solutions of the quantum Euler system (1.4), (1.5) with the corresponding
total energies {Ep tnen and initial data {[00n, Jon: Eon|}tnen in the sense of Definition 2.2. If

[00,n: Jo,ns Eon] = [00,J0, Eo] in H,
then, at least for suitable subsequences,
[on, In, En] — [0,J, E] in ©([0,00); H), (5.4)
where [0,J] is another dissipative solution of the same problem with total energy E.

We are not going to show the two aforementioned propositions in details since the proofs
would be essentially a repetition of what was done in Sections 4.1.4 and 4.2. We just point out

that the convergences
(o 3n] = [0, 9] i Cuveakloc([0, 00); LP(€2) x LI(;RY))
can be strengthened to
[0n, Jn] = [0,F]  in Cloe([0, 00); WF2(Q) x WH2(Q; RY))
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thanks to the compact embedding (5.1), implying in particular that,
[on: Tn] = [0, 9] in D([0,00); WH2(Q) x WH(RY)),

as for continuous functions, the convergence in the Skorokhod space coincides with the uniform
one, cf. condition (ii) of Proposition 2.1 in [7]. Moreover, the energies {E,}nen are non-
increasing functions, locally of bounded variation; therefore, from Helly’s selection theorem,

there exists a subsequence converging pointwise
E,(t) — E(t) for allt e [0,00),

implying in particular that
E, — E in ©(]0,00)),

as for monotone functions, the convergence in the Skorokhod space coincides with the almost

everywhere one, cf. condition (i) of Proposition 2.1 in [7].

A Appendix

A.1 Function spaces
Let @ C RN, N > 1, be an open set, X a Banach space and M > 1. We denote with

o Cyeax(Q; X) the space of functions defined on @ and ranging in X which are continuous
with respect to the weak topology. If @ is bounded, we say that f,, — f in Cyear(Q; X)
as n — oo if for all g € X*

SUEKg;fn(y) - f(y)>X*X| — 0 asn — oo;
yeQ

e C*(Q; X), with k a non-negative integer, the space of k-times continuously differentiable
functions on @ and C*(Q; X) = e, C*(Q; X);

e D(Q; X) =C(Q; X) the space of functions belonging to C*°(Q; X) and having compact
support in Q;

e D'(Q;RM) = [C°(Q; RM)]* the space of distributions;

o M(Q;RM) = [C’C(Q;RM)”'HOO]* the space of vector-valued Radon measures. If Q ¢ RV
is a bounded domain, then M(Q) = [C(Q)]*.

e M™T(Q) the space of positive Radon measures;

o MT(Q;RN*N) the space of tensor-valued Radon measures % such that R : (£ ® £) €

Sym

MF(Q) for all £ € R, and with components Ri; =R,
o [P(Q;X), with 1 < p < oo, the Lebesgue space defined on @ and ranging in X;

o WFP(Q;RM), with 1 < p < oo and k a positive integer, the Sobolev space defined on Q;
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o WFP(Q;R™), with p’ the conjugate exponent of 1 < p < oo and k a positive integer,
the dual space of Wg’p(Q;Rm) = [WH'”W]‘*P(Q;RM)]*;

e 9([0,00); H) the Skorokhod space of caglad functions defined on [0, c0) taking values in a
Hilbert space H. More precisely, ® belongs to the space © ([0, 00); H) if it is left—continuous
and has right—hand limits:

(i) for t >0, ®(t—) = limgpy P(s) exists and P(t—) = ®(t);
(ii) for t >0, ®(t+) = lim,s P(s) exists.

A.2 Energy

In this section, we will show how to deduce the total energy balances (1.11) and (1.12). First
of all, introducing the drift velocity v = v(o, V;0) such that

v”‘@, (A1)
Vo

and taking the gradient in the continuity equations (1.2), (1.4), we get extra equations for v:

A (ov) + divy(ov ®u) + % div, (oV u) =0, (A2)
when considering system (1.2)—(1.3), and
or(ov) + %divm v,)J=0, (A.3)
when considering system (1.4)—(1.5). Furthermore, notice that we can write
K(o, Vav) = ggvmv.

Supposing that all the quantities in question are smooth, we can multiply the balance of
momentum (1.3) of the quantum Navier—Stokes system by u and, using the continuity equation

(1.2), we can deduce

1 1 h
O <2g|u|2> + div, ([29|u]2 + p(g)] u> —p(o)divy u+ S(Vzu) : Vyu+ §Qva :Vu

=div, (S(Vzu) -u+K(p,Vyv) -u).

(A4)
Similarly, we multiply (A.2) by v to get
1, (1 1 1 -
Oy §Q|V| + div, §Q|v\ u) — §vau Vv = ) div, (oV,u-v), (A.5)
where we used the fact that
Viu:V,v=V,u:V/v=vV,u:V,v (A.6)

33



since Vv is symmetric. Multiplying (A.5) by & and summing the obtained identity to (A.4)

we get
Oy §Q\u| + §Q|V\ + div, §Q\u| +p(o) + §]v| u) —p(o)divyu+S(Vzu) : Vyu
= div, (S(Vmu) u+K(o,Vyv) -u— gQVIu : v) .

Recalling that the pressure potential P = P(p) is characterized by (1.10), from the continuity
equation (1.2) we obtain the following identity

—p(o) div, u = 9,P(p) + div,[P(0)u].

Now, it is enough to integrate over €2 and use the boundary conditions to get the desired

expressions.
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