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Abstract

The purpose of this work is to investigate continuous dependence on
parameters for generalized linear differential equations in a Banach space-
valued setting. More precisely, we establish a theorem inspired by the clas-
sical continuous dependence result due to Z. Opial. In addition, our second
outcome extends, to Banach spaces, the result proved by M. Ashordia in the
framework of finite dimensional generalized linear differential equations.
Roughly speaking, the continuous dependence derives from assumptions of
uniform convergence of the functions in the right-hand side of the equations,
together with the uniform boundedness of variation of the linear terms Fur-
thermore, applications of these results to dynamic equations on time scales

and also to functional differential equations are proposed.

Besides these results on continuous dependence, we complete the theory
of abstract Kurzweil-Stieltjes integration so that it is well applicable for our
purposes in generalized linear differential equations. In view of this, our
contributions are related not only to differential equations but also to the

abstract Kurzweil-Stieltjes integration theory itself.

The new results presented in this work are contained in the papers [26]

and [27], both accepted for publication.






Resumo

O objetivo deste trabalho € investigar a dependéncia continua de solucdes
em relacdo a parametros para equacdes diferenciais lineares generalizadas no
contexto de espacos de Banach. Mais precisamente, apresentamos um teo-
rema inspirado no resultado classico de dependéncia continua obtido por
Z. Opial. Nosso segundo resultado estende, para espagos de Banach, o
provado por M. Ashordia no contexto de equagdes diferenciais lineares gen-
eralizadas em dimensao finita. Em linhas gerais, a dependéncia continua
decorre da convergéncia uniforme das funcdes a direita das equacdes, junta-
mente com a limitacao uniforme da variacdo dos termos lineares. No mais,
sdo propostas aplicacdes desses resultados em equagdes dinamicas em es-

calas temporais e também em equacgdes diferenciais funcionais.

Além dos resultados em dependéncia continua, completamos a teoria de
integracdo abstrata de Kurzweil-Stieltjes de modo que esta se adeque aos
nossos propositos em equagdes diferenciais lineares generalizadas. Assim,
nossas contribui¢des dizem respeito nao apenas a equacoes diferenciais, mas

também a teoria de integracdo abstrata de Kurzweil-Stieltjes em si.

Os resultados originais apresentados neste trabalho estdo contidos nos

artigos [26] e [27], ambos aceitos para publicacao.
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Introduction

The theory of generalized ordinary differential equations (generalized ODEs) has its roots in
the work of the Czech mathematician Jaroslav Kurzweil, see [24] and [25]. In particular, it was a
problem on continuous dependence on parameters which inspired J. Kurzweil to define such notion

of equations in 1957.

After Jaroslav Kurzweil, the problem of continuous dependence on a parameter for generalized
ODEs has been investigated by several authors as, for instance, S. Schwabik [32], M. Ashordia [3],
D. Frankova [12], M. Tvrdy [43], Z. Halas and M. Tvrdy [18]. Although, it seems that, up to now,

only in [1] the problem was treated for infinite dimensional spaces.

The theory of generalized ODEs in a general Banach space setting enables the investigation
of continuous and discrete systems from a common understanding. Indeed, the existence of cer-
tain correspondence between generalized ODEs and other types of differential systems, such as,
functional differential equations, equations with impulses, dynamic equations on time scales, are
well-known facts. See, for instance, [10], [23], [29], [32] or [39]. All these together represent good
reasons for revisiting the problem of continuous dependence on parameters for generalized ODEs,
once the existing correspondences may allow us to translate the obtained results for other theories

of differential equations.



12 Introduction

In the present work, we deal with integral equations of the form

£(t) =T+ / dA()] 2(s) + F(t) — f(a), t€[ab], 0

where —0o0 < a < b < 00, X is a Banach space, 7 € X, A: [a,b] — X is a function of bounded vari-
ation on [a, b], f:[a,b] — X is regulated on [a, b] and the integral is understood in the Kurzweil-

Stieltjes’ sense.

The equation (I) is a special case of generalized ODEs, namely a linear equation, in its in-
tegral form. Concerning this type of equations for functions with values in a Banach space, the

contributions by S. Schwabik in [33] and [34] are essential.

Our aim in this work is to present new results on continuous dependence on parameters which

are valid in a very general Banach space setting, for generalized ODEs of the type (I).

In order to do that, a better knowledge of abstract Kurzweil-Stieltjes-type of integral is needed.
This is the content of Chapter 1, where, together with the basic theory of such integral, we present
also some new results which will be important throughout the development of the thesis. We

mention that the new results contained in this chapter are described in the paper [26], to appear.

In the second chapter, we study equation (I). Some well-known properties of solutions of gene-
ralized linear differential equation are given in the first section. In the remaining of the chapter, we
establish two new results on continuous dependence on parameters. In summary, such results gen-
eralizes in some aspects the work by M. Ashordia, Z. Opial, S. Schwabik, Z. Halas and M. Tvrdy,
in their respective papers [3], [30], [32] and [18]. Indeed, our Theorem 2.4, treating homogeneous
equations, was inspired in the result given Z. Opial for linear ordinary differential equation (cf. [30,
Theorem 1]). In addition, our main theorem in Section 2.3 has general assumptions in comparison
with the continuous dependence result found in [32]. This fact is pointed out in Propositions 2.11

and 2.12. The new results described in this chapter are contained in the paper [27], to appear.

The following two chapters are devoted to applications of the results obtained in Chapter 2 to
other differential equations theories. In Chapter 3, we obtain new results on continuous dependence
on parameters for linear dynamic equations on time scales via generalized ODEs. Concerning the
results presented in this chapter, let us mention that, Theorems 14 and 16 from [39], when restricted

to the linear case, follow as a consequence of our Theorem 3.3.



Introduction 13

The Chapter 4 concerns functional differential equations. At first, we show that, under an
assumption of Lipschitz-type, the existence of solution of the linear problem in functional diffe-
rential equation is guaranteed by existence of solution of the corresponding generalized linear
differential equation. Such procedure is a particular case of the one described by M. Federson and
S. Schwabik in [10]. We conclude the chapter using the established correspondence to derive new
continuous dependence results for linear functional differential equations. It is worth highlighting
that our Theorem 4.4, provide a more general result than previous one, such as [10, Theorem 4.1]

and [11, Theorem 3.4] when restricted to linear equations with no impulses.






CHAPTER

1

Kurzweil-Stieltjes integration theory in

Banach space

The extension to Banach space-valued functions of integrals which are based on Riemann type
sums, such as the Kurzweil-Henstock and the McShane integrals, have been studied by many
authors. Among other contributions it is worth highlighting the monograph by S. Schwabik and
G. Ye [37] which studies these type of integrals and their connections with the classic integrals
due to Bochner and Pettis. Concerning integrals of Stieltjes-type, C. S. Honig presented a quite

complete study in [22] dealing with the interior integral, also known as Dushnik integral.

In this work, we deal with integral equations in the framework of Kurzweil-Stieltjes integral for
Banach space valued-functions, also called abstract Perron-Stieltjes integral. This chapter is de-
voted to the study of these integral. We collect some known results (see [33]) and we complete the
theory in such a way that the results we obtain are used in the following chapters. In particular, we

establish an Integration by Parts result under assumptions covered neither by S. Schwabik [36] nor

15



16 Chapter 1 — Kurzweil-Stieltjes integration theory in Banach space

by K. M. Naralenkov [28]. Enclosing this chapter, two Substitution theorems, which complement

those treated by M. Federson in [7], are presented.

1.1 Preliminaries

In this section, we introduce the basic notions related to the abstract Kurzweil-Stieltjes integral.

The main references for this section are [22] and [33].
Let N = {1,2,...} and R be the set of real numbers.

Throughout this work, X is a Banach space and L(X) is the Banach space of bounded linear
operators on X. By || - || x and || - [1(x) we denote the norm in X and the usual operator norm in
L(X) respectively. In particular, if X = R™, for some fixed m € N, the norm will be denoted by

single bars, | - |.

Assuming —oco <a<b< + 00, [a,b] stands for the closed interval, (a,b) is its interior and

(a,b], [a,b) are the corresponding half-closed intervals.

A division of [a, b] is any finite set D = {ao, v, ..., a,py} With
a=ap<a;<...<ayp)=b.

The set of all divisions of [a, b] is denoted by Da, b].

Wessay f:[a,b] — X is afinite step function on [a, b, if there is a division D = {«v, .. ., a(p) }

of [a,b] such that f is constant on (a;_1, j), foreach j=1,2,...,v(D).
For an arbitrary function f: [a,b] — X,

v(D)
var, f =sup QY |lf(;) = f(a-1)llx ;s D € Dla, b]
j=1
denotes the variation of f on [a,b]. When var’ f < oo, the function f is of bounded variation
on la,b]. By BV ([a,b], X) we denote the Banach space of all X-valued functions of bounded

variation on [a, b], equipped with the norm || f|| gy = || f(a)||x + var’ f.
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Assume B = (L(X), X, X) is the bilinear triple obtained using the bilinear form
B:L(X)xX —X, B(Az)=Are X, forAe L(X)andz € X.

With respect to this bilinear triple B, we will now present general notions of bounded variation and

regulated functions.

Given F' [a,b] — L(X), f : [a,b]—X and a division D = {«, a1, ..., oy (p)} of the interval
[a,b], consider

v(D)
VAF,D) =sw 1 || YIF(ay) ~ Flaj )]y

Jj=1

W EX llyllx =1
and
(D)
WD) =sup | D2 Fylf(ay) = flag-)l| 5 By € L0, 1Bl <1
j=1

We define the B-variation of F on |a,b] as
(B)var’ F = sup{V(F,D); D € Dla,b]}

(also known as semi-variation of F', cf. [22]). Analogously, we define the B-variation of [ on
la,b] as

(B) vary f = sup{vg(f, D); D € Dla,b]}.

The notation (B) BV ([a,b], L(X)) stands for the set of all functions F': [a,b] — L(X) of

bounded B-variation on [a, b], that is, (B) var? (F') < oo, in which we consider the norm
|F|lsv = ||F(a)||rx) + (B) var) F.

It is worth highlighting that, in the finite dimensional case, the concepts of bounded variation and

bounded B-variation are equivalent.

Now, let us recall that a function f:[a,b] — X is regulated on [a,b], if the one-sided limits

f(t=) = lim f(s) and f(t+) = lim f(s)

s—t+
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—) = f(a) and f(b+) = f(b)). Fort € [a,b],
we put ATf(t) = f(t+) — f(t) and AT f(H)=f(t)—f(t—).

By G([a,b], X') we denote the set of all regulated functions f:[a,b] — X, which is a Banach

exist at every point of ¢ € [a,b] (by convention f(a

space when endowed with the usual supremum norm

[ flloo = sup{ [lf (t)]lx ; ¢ € [a, b]}.

Clearly, C([a,b], X) C G([a,b], X), where C(]a,b], X) is the Banach space of all continuous

functions from [a, b] to X.

A function F': [a,b] — L(X) is B-regulated on [a,b] (or weakly regulated on |a,b], cf. [22]),
if for every z € X, with ||z||x < 1, the function t € [a,b] — F(t) x is regulated. Similarly,
f :la,b] — X is B-regulated on [a,b], if the function ¢ € [a,b] — T f(t) is regulated for all
T € L(X) with || T x) < 1.

The set of all B-regulated operator valued functions is denoted by (B)G([a,b], L(X)).

The next proposition presents some interesting properties of the classes of functions described

before.

Proposition 1.1. The following assertions hold:

(i) [22, Theorem 1.3.1] Every regulated function f : [a,b| — X is the uniform limit of finite step

Jfunctions.

(ii) [22, Corollary 1.3.2.b] The set of all discontinuities of a regulated function f :[a,b] — X is

at most countable.
(iv) [21, Theorem 1.2.7] BV ([a,b], L(X)) € G([a,b], L(X)).
(v) [33, Proposition 11 If F € BV ([a,b], L(X)), then F € (B)BV ([a,b], L(X)) and
(B)var’ F < var’ F'.

(vi) [33, Proposition 3] G([a,b], L(X)) C (B)G([a,b], L(X)).

The next lemma presents an estimate which is well-known in the finite dimensional case for

Banach space-valued functions.
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Lemma 1.2. If g € BV ([a,b], X), then Z 1A g(t)]|x + Z AT g(t)||x <varl g.

t€la,b) te(a,b]
Proof. By Proposition 1.1 (ii), the set of discontinuties of g in the interval (a, b) can be written
as {t;, € X ; k€ N}. We can assume, without loss of generality, that ¢, < t;,1, k € N. For each
n € N, define

Sn=1A%g(a)llx +[A7g®)x + D [IAg(t) x + 1A g(t)llx] -
Let ¢ > 0 and n €N be given. Since g € G([a, b, X) (see Proposition 1.1 (iv)), for each
k=1,2,...,n,choose d; > 0in such a way that

5 £
4 (n+1)’ 4 (n+1)

and [ty — Ok, t + 0] N {t1,ta,. .., t,} = {tx} . Analogously, let 6, > 0 be such that

gtk + k) — g(trt)llx < [g(tk — k) — g(te—)llx <

lga+d0) = glat)lx <. la(b-) = g(b—d0)x<.

and also a+dg < t; and b—9y > t,, . It follows that
Sn < (||g<a+> — gla+30)lx + llg(a+do) - g(a)]|x)

+ Z lg(tet) — g(ti + )l x + Z lg(te + k) — g(te) || x
k=1

+ZHQ tr—) — g(tk — ok) HXJrZHSJ b — o) — g(te) ||l x

k=1

+ (ug<b> —g(b=0)l1x + lg(b— ) —g<b—>|rx)

n

+ > llgltetar) — g(te)llx
k=1

9
< %+ llgla+do) — g(a)lx +

g
+ Z lg(t) = g(te—0i)llx + llg(0) = g(b=do)[x + ;

that is, foreach n € N,

S < 2+ (llgla+d0) = g(@)llx+ Y llgltu+31) — g(ta)]lx)

k=1

(32 ottt +I90) - 00 -l )
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Hence S,, < var’g, for all n € N. Since

S atgnlx+ Y 1A g@llx = lim S,
)

tela,b te(a,b)

the expected estimate holds. U

1.2 Kurzweil-Stieltjes integral

Concerning Kurzweil-Stieltjes integral for functions taking values in a Banach space, the con-
tribuitions of M. Federson in [7] and also S. Schwabik in [33] and [36] are essential. In this section,

we collect and extend some of these results.

Let us recall the definition of the Kurzweil-Stieltjes integral.

As usual, a partition of a interval [a,b] is a tagged division, P = (£, D), where D € Dla, b],
with D={ap, a1,..., aypyand &; € (o1, 5], 7 = 1,2,...,v(D) . Alternatively, we can write

P = (&, [oj—1, j]) instead of P = (&, D).
A gauge on [a, b] is any positive function d:[a, b|—(0, 0o). Further, given a gauge 0 on [a,b],
a partition P = (§;, [aj_1, a;]) is called J-fine, if
[aj1, 5] C (& = 6(&5),& +6(&5)), for j=1,2,...,0(P).

Given an arbitrary gauge ¢ on [a, b, there exists at least one d-fine partition of [a, b]. This result is

known as Cousin’s Lemma, see [19, Theorem 4.1], for instance.

Definition 1.3. Let F':[a,b] — L(X) and g:[a,b] — X be given.

(i) The Kurzweil-Stieltjes integral (or shortly K S-integral) of F' with respect to g on [a, b | exists,

if there is I € X satisfying: for every € > 0, there exists a gauge 0 on |a,b| such that

HS(F, dg, P) — [HX < e for all d-fine partitions P of [a,b],

v(P)
where S(F,dg, P) = f F(&) [g(a;) — glay—)), for P = (&, [j_1, o). In this case, we

J=1

b
write | :/ Fd[g].
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b
(ii) Similarly, J € X is the K S-integral of g with respect to F on [a,b], we write J:/ d[Flg,

if for every € > 0, there exists a gauge § on [a, b] such that

HS(dF,g, P) — JH <& forall §-fine partitions P of [a,b],
X

v(P)
where S(dF, g, P) = »_ [F(a;) — F(a;-1)] (&), for P = (&, [aj-1, a]).

=1

Let us mention that, when restricted to Euclidian spaces, the integral defined above corresponds

to a particular case of the generalized Perron integral extensively studied in [32].

A typical situation arises when X is the set real numbers and F, g : [a,b] — R. Taking
g(t)=t, forallt € [a,b], we have

v(P)
S(F,dg, P) = Z F(&) (a; — aj—q), for all partitions P of [a,b],

j=1
which corresponds to the usual Riemann sum. In this case, the integral from Definition 1.3 (i) is

actually the Kurzweil-Henstock integral (see [14, Definition 9.3]).

Another important relation to be pointed out concerns the Bochner-Stieltjes integral for Banach
space-valued functions. It is known that the set of Bochner integrable functions is strictly contained
in the set of Henstock integrable ones (cf. [8]). Clearly, then, every Bochner-Stieltjes integrable
function is K S-integrable (see [31]).

Furthermore, the K S-integral extends the Riemann-Stieltjes integral defined in the Banach

space setting (see [21]). More precisely:

b b
If the Riemann-Stieltjes integral (RS / F d|g] exists, then the K S-integral / Fd|g]

a
also exists and both integrals coincide.

Regarding the K S-integral given by Definition 1.3, the properties of linearity and additivity
with respect to adjacent intervals hold in this abstract context (cf. [33]). Some further results are

summarized in the next proposition.

Proposition 1.4. Let F':[a,b] — L(X)and g:|a,b] — X.
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b
(i) [33, Proposition 10] If F' € (B)BV ([a,b], L(X)) and g are such that the integral / d[F]g
exists, then ‘

Hl%wwks«mm@ﬂwm. (L

(i) [33, Proposition 11] Let F € (B)BV ([a,b], L(X)) and gy:[a,b] — X be such that the in-
b b
tegral / d[F] g,, exists for all n € N and lim ||g, — gl|oo =0. Then the integral / d[F]g
n—oo a

a
exists and

/ d[F]g = lim d[F] gy -

(iii) [33, Proposition 15]If F' € (B)BV ([a,b], L(X))N(B)G([a,b], L(X)) and g € G([a,b], X),
b
then the integral / d[F] g exists.

(iv) [36, Theorem 13]If F' € (B)BV ([a,b], L(X))NG([a,b], L(X)) and g € BV ([a,b], X), then
b b
both integrals / Fd[g] and / d[F] g exist, the sum

a

> ATF(r - Y AF(r)Ag(r) (1.2)

a<t<b a<t<b

converges in X and we have

[ raus [ag -

= F(b) g(b) — F(a) g(a)= > ATF(t) Atg(t)+ > A F(t) A g(t)

a<t<b a<t<b
Remark 1.5. In the particular case when F' € BV ([a, b, L(X)), the estimate (1.1) in Proposition

1.4 has a special form, namely,
b b
| [ arrs], < [ abaFy gl < vaF gl

Besides the convergence result stated in Proposition 1.4 (ii), the next assertion provides another
criteria which will be needed later. Since it corresponds to an obvious extension of Lemma 2.2 of

[18] to Banach space-valued functions the proof was omitted.

Proposition 1.6. Let g, g, € G([a,b], X ) and F, F,, € BV ([a,b], L(X)) for all n € N. Assume

lim [|gn — gllee =0, lim ||[F, = Fllo =0 and o :=sup var’ F, < occ.
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Then

¢ ¢
li_)m (sup H/ d[Fn]gn—/ d[F]gH > =0.
n=o0 \teab] a a X

In the sequel, we prove some auxiliary properties of the K S-integral which are well-known in
the finite dimensional case (cf. e.g. [43]), but are not available in the literature when involving the
B-variation of functions with values in a Banach space. Since the proofs are not straightforward

adaptations from the results in finite dimension, we include them here.

Lemma 1.7. Let F':[a,b] — L(X)and g:|a,b] — X.

(i) Let F € (B)BV([a,b], L(X)) and g € G([a,b], X). Then, for each partition P of |a,b], we
have
IS(F, dg, P)llx < 2[[F'llsv llgll - (1.4)

b
Moreover, if the integral / F d[g] exists, then

| /:Fd[ngX <2|Fllsv llgloe - 03

(ii) Let F € G([a,b], L(X)) and g € (B)BV ([a,b], X). Then, for each partition P of [a,b], we
have
1S(dF, g, P)|lx < 2[[Flle ll9llsv - (1.6)

b
Moreover, if the integral / d[F] g exists, then

| / bd[F]ng < 2| Fll lgllsv - an

Proof. We will prove (i). The inequalities in (ii) can be obtained in a similar way.
Consider an arbitrary partition P = (§;, [aj_1, a;]) of [a, b] with v(P) = m. Note that
S(F,dg, P)
= F(&) [9(ar) —g(a)] + F(&) [9(az) — g(an)] + ... + F(&m) [9(b) — g(am-1)]
= F(b) g(b) = Fa)g (a)



24 Chapter 1 — Kurzweil-Stieltjes integration theory in Banach space

where {y = a and &,,, ;1 = b. Consequently, by the fact that F' € (B)BV ([a,b], L(X)),
IS(F, dg, P)|lx < (IIF( )|z + [1FO)lrex) g/l

| S - ) s Tt

g<||F<a>||L<X>+||F<b>||L<X>+HZ[F<fj+1>— ||g H )ngnm

< (IF@llcx) + 1F®) 1) + (B) vaibF) lglloo < 21 F sy llgle
and (1.4) holds.

b
Now, assuming that the integral / F d[g] exists, given £ > 0, there is a gauge ¢ on [a, b] such
that , ‘
HS(F, dg, P) — / F d[g] H <&, whenever P is ¢-fine partition of [a, b].
" X

Fixing a J-fine partition P. of [a,b], by (1.4), we have

| [ ], < | [ Fa- st

<e+2[|Fllsv llgllo

+[IS(F, dg, F.)lx

Since € > 0 is arbitrary, inequality (1.5) is true. U

Lemma 1.8. Let F' : [a,b] — L(X) be a finite step function. Then for any g : [a,b] — X the
b b

integral [ d[F| g exists. Symmetrically, if g : [a,b] — X is a finite step function, then / F d[g]
exists for gmy F:la,b] = L(X).

a

Proof. We will only prove the case when F is a finite step function and ¢ : [a,b] — X is an

arbitrary function. The second possibility can be shown similarly.

Notice that, F' can be written as

m

F = ZX(%‘*%%’) Tj + Z Xla;) F (),

J=1 J=0

for some division D={ayg, a1, ..., a,} of [a,b] and fj € L(X),7 =1,...,m. Hence, by the

linearity of the integral, it is sufficient to prove the existence of the integral for functions of the
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form

XeayT and xS, with ¢,d € [a,b], T, S € L(X).
Assume F' = X (cq) T. Given ¢ > 0, define

£, if t=cor t=d

Lmin{ |t —c|, |t —d|}, if t € [a,b]\{c,d}

2

5(t) =

For any d-fine partition P of [a, b], ¢ and d are necessarily tags and S(dF, g, P) = T [g(c) — g(d)].
Thus

The proof for the case F' = x(q) S is analogous. U

Besides the Bolzano-Cauchy criteria for existence of the K S-integral (see [33, Proposition 7]),
S. Schwabik provided, in the same paper, another condition under which such integral exists (see

Proposition 1.4 (ii1)). The next theorem is our first outcome and supplements Schwabik’s result.

Theorem 1.9. Let F':[a,b] — L(X)and g:[a,b] — X.

b
() If FeG([a,b], L(X)) and g € (B)BV ([a,b], X), then the integral/d[F]g exists.

a

b
(i) If F € (B)BV ([a,b], L(X)) and g € G(|a,b], X), then the integral/ F d[g] exists.

Proof. We will prove assertion (i). The second assertion can be proved with similar arguments.

By Proposition 1.1 (i), there exists a sequence of finite step functions F),:[a,b|—L(X), n €N,
such that lim ||F, — F|| = 0.
n— o0

By Lemma 1.8, the integral fab d[F},] g exists, for each n € N. Moreover, these integrals define
a Cauchy sequence in the Banach space X. Indeed, given ¢ > 0, there is ny € N such that

|F, — F||loo < €, for n > ng. Thus, using (1.7), we obtain

b
H/ d[F, — Fm]gHX <2||Fy — Fulloo llgllsv < 4¢|lgllsv, forall m,n > no.
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Let I € X be such that / = lim fab d[F},] g. Hence, there is N € N, with N > ng, such that

n—oo
b
H/ d[FN]g—IH <
a X

Assume 0 is a gauge on [a, b] such that
b
HS(dFN, g, P)— / d[Fi| g” < e, whenever P is a 0-fine partition of [a,b].
a b

Having this in mind together with (1.6), let us show that I is the K S-integral of g with respect to
F on [a,b]. For an arbitrary ¢-fine partition P of [a, ], we get

HS(dF,g,P) _ IHX

< ||s(aF.g, P) - S(dFy.g.P)|| _+]|S(aFv. g, P) - /ab arygl

b
| [ aevio- ]
a X
<2||F = Fylloo llgllsv + 2 < 2 ([|gllsv + 1),

which concludes the proof of assertion (i). ]

A direct consequence of Theorem 1.9 combined with Lemma 1.7 follows next.

Corollary 1.10. The following assertions hold:

(i) Let F, F, € G(la,b],L(X)), n€N, be such that lim ||F,, — F|« =0. Then, for any
n—oo
g€ (B)BV([a,b], X), the integrals

b b
/ d[Flg and / d[F,] g, n €N,

exist and ,

lim [ d[F,]g= / d[F]g.

n—oo a

(i) Let g, g, € G([a,b],X), n€N, be such that lim ||g, — gllc = 0. Then, for any function
n— o0
Fe(B)BV([a,b], L(X)), the integrals

b b
/Fd[g] and /Fd[gn], neN,
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exist and ,

b
lim Fdg, :/ Fdg.

n—0o0 a

Using Corollary 1.10, we are now able to present a general form of the integration by parts
theorem proposed by S. Schwabik in [36]. Nevertheless, we need an auxiliar estimate to the series

in (1.2).

Lemma 1.11. Let F':[a,b] — L(X) and g:[a,b] — X.

() If F € (B)BV([a,b], L(X)) N G([a,b], L(X)) and g € G([a,b], X), then

| 3 atrwatg| +| X A Fwa g0| <1 (BvalF) oo, 08)

tela,b) te(a,b]

(i) IfF € G(|a,b],L(X))and g € (B)BV ([a,b], X) N G([a,b], X), then

| 3= atrmarg)| +| X aFma o) < 417 (B)vats).

te(a,b) te(a,b]
Proof.  Assuming F' € (B)BV ([a,b], L(X)) N G([a,b], L(X)) and g € G([a,b], X), by [36,

Lemma 11], the series in (1.8) converge. Let us prove that

> ATFBAT()| < 2((B)varhF) g (1.9)

t€la,b)

Consider {t; € X;k € N} the set of common points of discontinuity of the functions F' and
g on (a,b), which by Proposition 1.1 (ii) is at most countable. Without loss of generality, we may

assume 1y < tp.1, for every k € N.

For each n € N, define

S, = ATF(a) ATg(a) + i ATE(ty) AT g(ty) .

Given ¢ > 0 and n € N, since F' is regulated, for each k = 1,2, ..., n, choose ¢ > 0 in such
a way that
€
| F(tet) = F(ti +0k) = ||l ox) < 57— and [ty — Ok, e+ 0k N {t1, o, ..t} = {ti}-

8 (n+1) [|glloo
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Analogously, let 6y > 0 be such that b — 9y > t,, and also

| F(a+) — F(a+d0)|lLix) < and a+dy <t

9
8119l

Using these inequalities and since ||A*g(t)||x <2||¢||c0, for ¢ € [a, b), we obtain

I8ullx < 2llglloo (I1F(at) = Fla+ 6o)lsox +Z||Ftk+ F(t+6) ) )

3

+ || [F(a+00) = F@)] A% g(a) + 3 [Fltn+6) = F(t)] A gt)||

k=1
<1 +4(n+1)
bt e - 580 - 52
Therefore
1Sullx < 2+2lgll || [Fla+d) - F(a)] ?H% £ [Pl + 60 - (1) Azn?ﬁio)

<e+2|g|lo ((B) var’ F).

Since € > 0 is arbitrary, we get

1Sallx < 21lgllo ((B) var, F)
which, together with the fact that
> ATF(t) Atg(t) = lim S,
tela,b) e

lead to (1.9). Analogously, we can estimate the sum »_  A~F(t)A~g(t), which concludes the
te(a,b]
proof of (i).
In case F' € G([a,b], L(X)) and g € (B)BV([a,b], X) N G([a,b], X), we can proceed simi-
larly. U
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Corollary 1.12 (Integration by Parts). If F'€ (B)BV ([a,b], L(X))NG([a,b], L(X)) and g €
G(la,b], X) or F€G([a,b], L(X)) and g € (B)BV ([a,b], X) N G([a,b], X), then both integrals

/ade[g] and /abd[F]g

exist and (1.3) holds, that is,

b b
[ P+ [ arg
— F(b) g(b) — Fla)gla)— S AYF() Atg(t)+ 3 A“F(1) A g(t).
a<t<b a<t<b
Proof. Suppose F' € (B)BV ([a,b], L(X)) N G([a,b], L(X)) and g € G([a,b], X). By Proposi-
tion 1.1 (i), there is a sequence {g, } of finite step functions on [a, b] which tends uniformly to g

on [a,b]. Since g, € BV ([a,b], X), for each n € N, by Proposition 1.4 (iv), we have

b b

/Fd[gn]+/ d[F] gn

. . 1.10
= F(b) gn(b) — Fla) gn(a)— Y ATF(t) ATg,(t)+ Y A F(t) A gy(t) (10

a<t<b a<t<b
Using (1.8), we get

| > atrm at(o(t) - ga(t) = 3 AFO A (9(t) - 9a(0)|

a<t<b a<t<b

<4((B)varh F) [|lg — gulloo

X

and consequently, by the fact that lim ||g,, — g||cc = 0, we obtain
n—0o0

lim (Z ATF(t) Atgu(t)— Y ATF(t) A-gn(t))

n—oo
a<t<b a<t<b

= ) ATF(t)Atg(t)- Y ATF(t) A g(t).

a<t<b a<t<b

On the other hand, we have

i (| Pl + / dlF o — F(0) u(8) + Fla) )

n—oo

— [ Pdigl+ [ dlFlg- FO)90)+ Fa) g(a).
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In summary, letting n — oo in (1.10), we obtain (1.3).

The second possibility, when F' € G([a,b], L(X)) and g € (B)BV ([a,b], X) N G([a,b], X),

can be proved in a similar way. U

In [28], results on Integration by Parts for some generalizations of the Riemman-Stieltjes
integral are discussed. In particular, using a different approach than the one presented here,
K. M. Naralenkov gives necessary and sufficient conditions for such type of results for the so-

called Henstock-Stieltjes integral in a Banach space-valued setting.

We will close this section by formulating results on integration by substitution for the K.S-
integral. Substitution formulas for vector integrals were the object of the Master Dissertation
of M. Federson [6] (see also [7]). Among the results of such study, it is worth mentioning the

following one.

Proposition 1.13.

(i) [7, Theorem 11] Let F' : [a,b] — L(X) and g : [a,b] — X be such that the integral
b
/ F d[g] exists. Given H € (B)BV ([a,b], L(X)), if at least one of the integrals

/abH(t)dt[/ath[g]}, /abHFd[g]

exists, then the other one also exists and

/abH(t)dt[/ath[g]] :/abHFd[g}.

b
(ii) [7, Theorem 12] Let F, H : [a,b] — L(X) be such that the integral / d[F] H exists.
Given ge BV ([a,b], X), if at least one of the integrals ’

/abdt[/atd[F]H}g(t), /abd[F]Hg

exists, then the other one also exists and

/abdt[/atd[F]H] g(t)zfabd[F}Hg.
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In the next theorem we give a substituion formula for the case when an integral of the type

fab H d[F] g appears. The proof follows closely the ideas presented by M. Federson in [7].

Theorem 1.14 (Substitution Theorem). Let F: [a,b] — L(X) and g: [a,b] — X be such that the
b
integral / d[F] g exists. Given a function HE(B)BV ([a,b], L(X)), if at least one of the integrals

/abH(t)dt[/atd[F]g}, /abHd[F]g

exists, then the other one also exists and
b t b
/ H(t) dt[/ d[F]g] :/ Hd[F]g. (1.11)

b
Proof. Let us assume that the integral / H d[F] g exists.
Given € > 0, let 6; and d, be gauges on [a, b] such that

< e forall 0;-fine partitions P of [a,b] (1.12)

b
ﬂHﬁRQP%l/HﬂWM
a X

and

< ¢ forall d,-fine partitions P of [a,b].
X

kwﬂmm—L%wm

The Saks-Henstock Lemma (see [33, Lemma 16]) states that, for any d,-fine partition of [a, b],

P=(¢&;, a1, ;]), we have

v(P) o
Z[F(ak)—F(ozk_l)]g(fk)—/ dFg| <c for j=1,2,.. w(P). (113
k=j Q-1

X

t
Define K (t) = / d[F]g, fortea,b].

If P = (,[aj_1,])is a d-fine partition of [a, b], where 6(¢) = min{d;(¢), d2(t)}, t€la,b],
then by (1.12), we get

HS(H,dK,P)—/abHd[F]gHX

b
< |IS(H, dK, P) — S(H dF, g, P)||x + HS(H, dF, g, P) —/ Hd[F]gHX

v(P)

< ZH(fj) (/% d[F]g_[F(aj)_F(aj—l)}g(gj)> +e



32 Chapter 1 — Kurzweil-Stieltjes integration theory in Banach space

As noticed in the proof of Theorem 11 in [7], the following equality holds

ZA xJ:ZA —Aj (Zxk) + Ap (Zxk>
forall A; € L(X) and all x; € X. Taking m = v(P) and also
—H(G), A= H(@), = [Play) - Flaw-lg&) - [ diFlg

forj =1,...v(P), by (1.13), we obtain

HS(H, dK, P) —/abHd[F]gHX

v(P) v(P)

<o | SimE) — g (X )

j=1 k=j X

+ ‘H(a) (Z[F(Oék) — Fog-1)] 9(&) — /“k d[F] 9)

k=1 k—

v(P) v(P) ..
<e+te Z[H(Sj) —H(§ )] —/—— 2

3
X

v(P) o

IH@ oo | S 1F(ow) = Flax )] g(&) / d[F) g

k=1 k=1

<e(1+(B) var’ H + |1H (a)||x)-

X

b
Hence the integral / H d[K] exists and (1.11) holds.

The other implication can be shown in a similar way. U

The last result of this chapter provides a different substitution formula not covered by previous
theorem, by assuming H € G([a,b|, L(X)) instead of H € (B)BV ([a,b], L(X)). On the other

hand, stronger conditions over /' and g are imposed.

Unlike Theorem 1.14, the proof of the our second substitution theorem does not rely on the
Saks-Henstock Lemma, but on a convergence argument. To this aim, the following assertion will

be needed.
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Proposition 1.15. Let '€ BV ([a,b], L(X)), H,:[a,b] = L(X) and g:[a,b] — X be such that
b
the integral / H,, d[F] g exists for all n € N. If g is a bounded function and lim ||H,—H || =0,
a n—oo

b
then the integral / H d[F] g exists and

lim H/aand[F]g—/abHd[F]gHX:0.

n—0o0

Proof. It follows from the same argument used in [33, Proposition 11]. O

Theorem 1.16 (Second Substitution Theorem). Let F' € BV ([a,b], L(X)) and g: [a,b]— X, boun-
b

ded, be such that the integral / d[F] g exists. Then, for each H € G([a,b], L(X)), both integrals
in (1.11) exist and equality (1.1a1) holds.

Proof. Step 1. At first, we show that (1.11) holds when H : [a, b]— L(X) is a finite step function,

which means that H can be written as linear combination of functions of the form

Xjar] (1) Hi, Xiop)(t) Hay X1a(t) Hs, xp(t) Ha,

where 7, o € (a,b) and H, € L(X) i = 1,2,3,4. By the linearity of the integral, it is enough to

prove (1.11) for such functions.

t
Assume H = x,, H, for 7€ (a,b), H<€ L(X), and put K(t) = / d[F]g, for t €[a,b].
Obviously, ‘

/aTHd[F]QZ/aTHd[K]fo/aTd[F]g. (1.14)

Given € > 0, let
g, if t=r1,
o(t) =
slr—t], if T<t<b.
Then, for any d-fine partition P of [1,b], with D = {«g, aq,..., ap} and & = (&1,& ..., &n)s

we have &, = ap = 7, ay <7 + ¢, and moreover

S(H,dF, g, P) = H[F(ay) — F(r)] g(r) and S(H,dK,P)= H[K(a) - K(7)].
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As a consequence of the Hake’s Theorem for the K S-integral (see [33, Corollary 24]), we get
/ Hd[F)g=HAYF(r)g(r) and / Hd[K] = HATK(t) = HATF(7) g(7),

that is,
b b
/ Hd[F]g - / HA[K] = H A F(r) g(r).
This together with (1.14) yield (1.11).
The remaining cases H = X[ ) H , H = Xq Hand H = X[p] H have similar proofs.

Step2.Let H € G([a,b], L(X)) and consider the sequence H,, : [a,b]—L(X), n € N, of finite step

functions such that lim,, .« || H,, — H||sc =0.

t
Put, again, K (t) = / d[F] g, fort € [a,b]. By step 1 and Proposition 1.15, we have

b
lim | H,d[K]= lim H d[F /Hd

n—o0 a n—o0

On the other hand, noticing that K € BV ([a, b], L(X)), by Proposition 1.4 (ii), it follows that

iy i d[K /Hd ]:/abH(t)dt[/:d[F]g},

which leads to (1.11). ]



CHAPTER

2

Generalized linear differential

equations in Banach space

In the present chapter, we introduce the main object of our studies, namely, linear integral

equations of the form

:E(t):f+/td[A]x+f(t)—f(a), t€la,b].

with respect to the Kurzweil-Stieltjes integral for Banach space-valued functions.

This chapter is divided into three sections. The first one presents some basic results on linear
generalized ODEs (c.f. [35] and [36]) and adds some auxiliar assertions which are well-known in
the finite dimensional case (see [43]). The second section brings up our theorem on continuous
dependence of solutions on a parameter which was inspired by the classical Z. Opial’s result (see
[30]). In addition, using an assumption of uniformly bounded variation, in the third section, we

present a result on continuous dependence on a parameter for linear nonhomogeneous equations.

35
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2.1 Basic results

Let Ae BV([a,b], L(X)), f € G(]a,b], X) and 7 € X, where X is a fixed Banach space. Con-

sider the nonhomogeneous integral equation

x(t) :5+/td[A]x+f(t) — fla), tela,b], (NH)

where the Stieltjes-type integral is in the sense of Kurzweil (see Chapter 1).

The equation (NH) is called here generalized linear integral equation. In case X 1is the Eu-
clidean space, a complete theory can be found, for instance, in the monographs by S. Schwabik [32]

and by S. Schwabik, M. Tvrdy and O. Vejvoda [38].

It is worth mentioning that, using the symbolical notation introduced by J. Kurzweil in [24],

the linear problem (NH) corresponds to the generalized ordinary differential equation

% — DA+ f(),  x(a) =7, @1

whose definition is given by the solutions of (NH). Indeed, a function z : [a,b] — X is a solution

of (2.1) on [a, b], if the K S-integral fab d[A] z exists and x satisfies the equality (NH) for each

t € la,b]. Clearly z(a) = ¥ whenever z is a solution of (NH).

Fundamental results on the existence and uniqueness of a solution of (NH) were established
by S. Schwabik in [34]. In particular, taking into account the closing remark in [34], the following

result is a special case of Proposition 2.8 from [34].
Proposition 2.1. Let A€ BV ([a,b], L(X)) be such that
[[—AA@W)] ' € L(X), forall t € (a,b]. (E)

Then, for every T € X and every f € G([a,b], X), the equation (NH) has a unique solution x on
la,b] and v € G([a,b], X).

On the solutions of (NH) the following assertions are true.
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Lemma 2.2. Let A€ BV ([a,b], L(X)) satisfy (E), f € G([a,b], X ) and T € X. If x is the corre-

sponding solution of (NH) on [a, b], we have

Atx(t) = ATA@) x(t) + AT f(t) fortela,b), (2.2)

A7z(t) = ATA(t) z(t) + A f(t) forte(a,b], (2.3)

(z— f)eBV([a,b],X) with var’ (z—f) < (var’ A) [|2] o, (2.4)
ca = sup{ [|[[[ — AA®)] " rx) < o0t t€(a,0]}, (2.5)

lz(®)llx < ca (1Z]lx + 1/ (@)llx + [[flloo) exp (cavarg A)  for t € [a,b]. (2.6)

Proof. The equalities (2.2) and (2.3) follow from [34, Proposition 2.3].

For any division D = {ag, o1, ..., a,py} of [a,b], by Remark 1.5, we have

ZHSC a;) — flay) — x(ay_1) + faj HX

:Z” /a(f:dws)]mu <z vary | A) ]loo] = (varA) |-

Then, taking the supremum over all divisions of [a, b], we obtain (2.4).

When t € [a,b] is such that [|A™A(t) L(x) < 3, it is known that

1
I — A A < 2
I O oo < T a0 <

(cf. e.g. [40, Lemma 4.1-C]). On the other hand, since the set

{tela, bl [A"A®) ) > 5}

is finite (cf. [22, Corollary 1.3.2.a]), we have clearly ¢4 < oo.

Let B : [a,b] — L(X) be defined by B(a) = A(a) and B(t) = A(t—) for t € (a,b].

[34, Corollary 2.6] and [34, Proposition 2.7], we get
A—BeBV([a,b], L(X)), var’B <var’A

and

A(t) — B(t) = A~ A1), /t d[A - Blz = A~ A(t)z(t) forte (a,b].

By



38 Chapter 2 — Generalized linear differential equations in Banach space

Hence,
[I—ATA)]z(t) =7 + / d[B(s)|z(s) + f(t) — f(a) forte (a,b],
or equivalently,
o) = (1= & A0] (74 [ dBG)a(s) + 10) - £(0)).
Taking into account (2.5) and Remark 1.5, we obtain

lz()llx < K +K2/ d{a(s)l[lx(s)llx  for t€]a,b],

where K = ca (||Z||x + 2||fllc)s K2 = ca and h(s) = var:B, s € [a,b]. Noticing that h is
nondecreasing and left-continuous on (a, b], the relation (2.6) can be derived by applying the ge-

neralized Gronwall inequality (see e.g. [32, Corollary 1.43] or [38, Lemma 1.4.30].) U

Lemma 2.3. Let A, A, € BV ([a,b], L(X)),n €N, be such that (E) and

lim ||A, — Al =0 2.7)
n—oo
are satisfied. Then
[[—AA,(0)] " € L(X), te (a,b], (2.8)

for n € N sufficiently large. Moreover, there is 1* € (0, 00) such that
ca, = sup{ [l = A7 A ()] Hlpex) s t€(a,b]} <pf (2.9)

for n € N sufficiently large.

Proof. Notice that, by (2.7), lim [|[A™ A, — A~ A||.. = 0. Hence, there is ny € N such that
n—oo
A A, () — A”A(t) || (x) < 3 min{1, é}, for t € (a,b] and n > ny, (2.10)

where c4 is given by (2.5).

Consider the finite set D :={t € (a,b]; || A~ A(¢)||,(x) = 1} (see [22, Corollary 1.3.2.a]). Then,
fort € [a,b]\D and n > ny, we have

AT A, (1) ixy < AT A () —AT AW nix) + |ATAW) | ix) < 3
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which, by [40, Lemma 4.1-C], implies that I — A~ A,,(t) is invertible and

1T — A A()] o) <2, for tefa,b]\ D and n > ng.

On the other hand, given ¢t € D and n > ny, write
I—-A"A(t) = - A‘A(t))(] — Tn(t)), (2.11)

where T),(t) = [[-A~A(t)] 7' (A~ A, (t)—A~A(t)). Thus, in order to prove that I — A~A,(t) is

invertible, it is sufficient to show that [I — T},(¢)] ! exists.

Due to (2.5) and (2.10), we have
IOl < I = ATAG]  leeo IATAu (@) =A7AW) 1) < §-

Thus, by [40, Lemma 4.1-C], I — T}, (t) is invertible with ||[/ — T},(¢)]!||(x) < 2 which, together
with (2.11), leads to

1[I = A A, ()] rex) <2ca  forteDandn > no.

In summary, (2.8) and (2.9) hold for n > ng and p* := 2 max{1, c4}. O

2.2 Continuous dependence on a parameter: variations

bounded by a weight

In this section, we deal with the homogeneous linear integral equation
t
x(t):ff—i-/ d[Alz, te€a,b], (H)

where 7 € X and A € BV ([a,b], L(X)).

The main result of this section is provided by the next theorem. It generalizes, in some sense,
Theorem 1 from [30] due to Z. Opial, which is stated for the case when X is the Euclidean space

and the operator-valued functions A, A,, n € N, are absolutely continuous on [a, b].
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Theorem 2.4. Let A, A, € BV ([a,b], L(X)) and Z, Z,, € X for all n € N. Let A satisfy (E) and x

be the solution of (H) on [a,b]. Further, assume
lim ||A, — Alle (1+var? A,) =0, (2.12)
n—oo

and

lim |7, — %x =0. (2.13)
n—oo
Then, for n € N sufficiently large, the equation
¢
a(t) = 3 + / d[A,] 2, telab] (2.14)
has a unique solution x,, on [a,b] and

lm |2, — ]l = 0. (2.15)

k—o00
Proof. At first, notice that, since
|4, — Alloo <||An — Ao (14 vary A,) forall n€N,

(2.12) implies (2.7). Therefore, by Lemma 2.3, there is ng € N such that (2.8) holds for each

n > ng, which ensures the existence of a solution of (2.14) (cf. Proposition 2.1).

Assume n > ng and let x and x,, be the solutions on [a,b] of (H) and (2.14) respectively.

Consider the equation
t
ro(t) —z(t) =2, — E—F/ d[A] (x, — x) + hy(t) — hp(a) for t€a,b],

where

t
hn(t):/ d[A, — Alz, for tela,b]. (2.16)

By Lemma 2.2, we have
|2 — |loo < ca ([|Zn—2||x + [|Pn]lco) €xp (ca Varg A). 2.17)

In view of this inequality and regarding the assumption (2.13), to complete the proof it is enough

to show that lim,, oo [|fn]|ec = 0.
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Applying the Integration by Parts theorem (cf. Corollary 1.12) to the right-hand side of (2.16)

and using the Substitution formula (cf. Theorem 1.14), we get
hn(t) = [An(t) = A(t)] 20(t) = [An(a) = A(a)] 'fn—/ (An—A) dfan] = Ay (A=A, )
= [An<t>_A(t)] xn(t) - [An(a)_A(a)] %n_/ (An—A) d[An] Tp — AZ(An_Aa xn)
fort € [a,b], where

AL(AnA wn) =) [AT(Au(s)=A(s)) A wa(s)] =) [A7(Au(s)—A(s)) Awa(s)].

a<s<t a<s<t

Inserting the relations (2.2) and (2.3) (with f = 0) in the equality above, we get

AN (A, —A, )
= D [AT(A(8)=A(s) AT Au(s)aa(s)] = D [A7(Au(s)=Als) A Ap(s)an(s)]

a<s<t a<s<t

from where, by Lemma 1.2, it follows that
||AZ(An—A, To)llx < 2||An—A] (varfL Ap) |en]|eo fort € la,b].

Moreover, using arguments analogous to those found in the proof of [33, Proposition 10], one can

prove that the estimate

H / (A, A) A5,

LS A= Al varh Ay |||

holds. Therefore, ||h,||c0 < @y ||Tn]| 00, Where

= ||An—AHOO<2—|—3varZAn> with  lim ay, = 0. (2.18)
n—oo
Note that, ||z, ||, 7 > no, defines a bounded sequence in R. Indeed, by (2.17)
Hxn”oo < Hxn - $||oo + H:BHoo <ca (H*%n - %HX +an||xn||0<>> exp (CA Varz A) + ||a7||oo )

or equivalently,

(1—caan exp(cavars A)) [|za]loo < ca [T — F|| x exp (cavar A) + ||z .
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By (2.13) and (2.18), there is n; > ng such that
|Z, —Z||x <1 and caa, exp(cavar, A) <% for n > n;.

Thus,

T oo <2 (cA exp (cavar’ A) + ||| ) for n > n; which, together with (2.18), proves that

lim,, ;o0 ||hn]lec = 0 and, consequently, the theorem holds. O

In [30], Z. Opial notes that his main theorem can be extended to nonhomogeneous equations
treating them as special homogeneous problems. Using such procedure, well-known in classical
theory of ordinary differential equations, it is possible to see that Theorem 2.4 is also true for

nonhomogeneous problems when X is the Euclidean space R™, for some m € N.

To make it clear, let us recall that given A : [a,b] — L(R™) and f : [a,b] — R™, we can
define a (m+1) x (m+1)—matrix valued function B: [a,b] — L(R™!) by

At t
B(t) = ® 1) for tea,b].
0 0
. L : (t) : ,
It is easy to check that if x is a solution to (NH) and y(t) = , then y is a solution to the
1
homogeneous equation
¢ z
y(t) =79+ / dBly, with y= ) (2.19)

Conversely, if y 1s a solution of (2.19) and x 1s formed by its first m components then x is a solution

to (NH), where = € R™ is formed by the first m components of y.
Similarly, we define
t
B,(t) = for t€la,b] and neN.
where A, : [a,b] — L(R™) and f, : [a,b] — R™, n € N. And again, for each n € N, we have
the correspondence between the solutions of
Tn

t
yn(t) = gn + / d[Bn] Yn, te [a, b], with gn = 5
a 1
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and

t
x,(t) =Ty +/ dlA,] z, + fu(t) — fula), t € [a,b]. (2.20)
In view of these remarks, the next assertion is a direct consequence of Theorem 2.4.

Corollary 2.5. Let meN, A, A, € BV (|a,b], L(R™)), f, fn € BV([a,b],R™), and Z,T, € R™
forn € N. Assume (E), (2.13) and

. b b _
Tim (HAn — Alloo (1 4 vart 4, + Varafn)> ~0 2.21)
le <||fn — fll (1 + varZAn + vargfn)> =0 (2.22)

Then equation (NH) has a unique solution x on [a,b] and, for each n € N large enough there is a

unique solution x,, on [a,b] to the equation (2.20) and (2.15) is true.

Remark 2.6. Note that in Corollary 2.5, we require the functions f, f,, n € N, being of bounded
variation and not only regulated. Such condition is needed to ensure that B and B, n € N, define

functions of bounded variation, once we have

var' B < var’ A +var’f and var’B, <var’A, +var’f,, n € N.

2.3 Continuous dependence on a parameter: uniformly

bounded variation

The main result of this section concerns the continuous dependence on a parameter for solutions
of nonhomogeneous linear integral equations of type (NH). It recalls the result by M. Ashordia for
linear generalized ODEs in the framework of R™-valued functions, m € N (see [3, Theorem 1]).
However, unlike [3], no variation-of-constants formula is used. Thus, we do not need to require

the additional condition [I + AT A(t)] ™' € L(X) for t € [a, b]; condition (E) remains enough.

The proof presented below follows the ideas provided by Z. Halas and M. Tvrdy in [18], where

an extention of Ashordia’s result to the complex case is given.
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Theorem 2.7. Let A, A, € BV (|a,b], L(X)), f, fn € G([a,b], X) and T, T,, € X for all n € N.
Let A satisfy (E) and x be the solution of (NH). Assume (2.7), (2.13) and also

a* = sup (VarZ An) <00, (2.23)
neN
lim [|f, — fllc = 0. (2.24)
n—o0

Then, for n € N sufficiently large, there is a unique solution x,, on [a,b] of equation

Tn(t) = Tp + / t d[An] 20 + fult) = fula), t€ [ab] (2.25)

and (2.15) holds.

Proof. Note that, by Lemma 2.3, there exists ny € N such that (2.8) is true for n > ny. Hence, for

each n > ny, equation (2.25) has a unique solution z,, on [a, b].

Set w,, = (x, — f,) — (z — f) and consider the equation
t
wy(t) = w, + / d[A,| w, + hy(t) — hy(a)  for t€[a,b],
where w,, = (Z,, — fn(a)) — (T — f(a)) and
t ¢ t
()= ([ el fu= [ d1f)+ [ dltn- A - 1),
Let u* > 0 be as in (2.9). By Lemma 2.2 and by (2.23), we have

lwn@®llx < ca, (I@allx + [hnllec) exp (ca, vargAy),

that is,

lwn(@)llx < p" ([wnllx + [1hnllc) exp (u*a”) for t€[a,b]. (2.26)

Note that (2.13) and (2.24) imply that lim ||w,|x = 0. Also, since z — f is a function of
n—oo

bounded variation on [a, b] (cf. Lemma 2.2), using the relation (1.7), we get

Il < ( s | [atats - [ d[A]fHX) 240~ Al Iz flv-

t € [a,b

Then, in view of Theorem 1.6 and (2.7), lim ||h,||s = 0.
n—oo
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Finally, by the inequality (2.26), we deduce that

lim [|(zn — fu) = (@ = f)llo = lim [Jwyllec =0
n— o0 n—o0

which, together with (2.24), leads to (2.15). ]

We will close this section with a comparison between Theorem 2.7 and two similar available
results: Proposition 8.3 in [1] (see also [32, Theorem 8.2] for the finite dimensional case) and
Theorem 8.8 from [32]. To this aim, let us recall the class of functions introduced by J. Kurzweil

in his papers [24] and [25] (see also [32, Definition 3.8]).

Let r > 0 be given and let us set {2 = B, X [a,b], where B, := {z € X :||z||x <r}. In the
sequell, we assume A :[a,b] — R is a nondecreasing function and w: [0, 00) — R is a continuous

increasing function with w(0) =0.
Definition 2.8. A function F : Q) — X belongs to the class F (), h,w) if
1F(z,t2) = F(x, 1)l x < [h(t2) — h(t1)]
forall (z,ts), (x,t1) € Q and
1F(2,t2) = F(z,t1) = F(y, t2) + F(y, t1)[[x < w(llz —yllx)[h(t2) — h(t1))]
forall (x,ts), (z,t1), (y,t2), (y,t1) €L

In particular, when F(z,t) = A(t)x + f(t), with A : [a,b] — L(X) and f : [a,0] — X, we
get

I[A(t2) = A(t)] 2w+ f(t2) — f(t)l[x < |A(t2) = h(t)],

I[A(t2) = A(t1)] (y — @) [ x < w(lly —z|x) [A(t2) = h(t1)];
for ty,ty € [a,b] and z,y € B,.

(2.27)

With (2.27) in mind, Theorem 8.2 from [32] can be written as follows.

Theorem 2.9. Let A, A, :[a,b] = L(X), f, fn:]la,b]— X and 7,,7 € X for all n €N and let
r> 1. Assume (2.13), (2.27) and

[[An(t2) = An(t)] z + fulte) — fu(t)l|x < [A(t2) — h(t1)],

[[An(t2) — An(t)] (y — 2)[[x < w(lly —z|[x) [R(t2) — h(t1)],

(2.28)
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forti, ta€la,b], x,y € B, and n € N. Assume further that

lim [[A,(t) ~ A() |20 =0 and T [[f()~ f(Ox =0 for telab]. (229

n—oo

Let x,, be solutions of (2.25) for alln € N and let x : [a,b] — X be such that
lim ||z,(t) —2(t)||x =0 and x(t)€ B, for t€|a,b].
n—oo

Then x € BV ([a,b], X) and it is a solution of (NH) on [a,b].

Similarly, when restricted to the linear case, Theorem 8.8 from [32] reduces to the next result.

Theorem 2.10. Let X =R™ for some m e N. Let A, A,,:[a,b] — L(X), f, fn:la,b] — X, and
Tn, T € X forall n € N. Given r > 1, suppose that (E), (2.13) and (2.29) are satisfied. Further,

assume (2.27) holds with h continuous and

[[An(t2) = An(t)] @ + fultz) — fu(t) | x < |ha(t2) — ha(t)],
[[An(t2) — An(t)] (y — 2)[|x < w(lly —2(|x) [ha(tz) — ha(ti)],

(2.30)

forti,ts €la,b], x,y € B, and n €N, where h,,:[a,b] =R, n € N, are nondecreasing, left con-
tinuous functions such that

lim sup [h,(ta) — hn(t1)] < h(te) — h(t1) whenever a <t; <ty <b. (2.31)

n—oo

If x is the solution of (NH), then for n € N sufficiently large, equation (2.25) has a unique solution
x, on [a,b] and (2.15) holds.

The following two propositions establish a connection between the assumptions of Theo-
rem 2.7 and the previous continuous dependence results, namely Theorems 2.9 and 2.10. The
proofs we present here were inspired in a similar type of comparison due to M. Tvrdy [43], in case

X has finite dimension.

Proposition 2.11. Let A, A,, : [a,b] — L(X) and f, f, : [a,b] — X for neN. Assume
(2.27) to (2.29) hold. Then A,,, A€ BV ([a,b], L(X)), fu, f € BV([a,b], X) for all n €N and
the relations (2.7), (2.23) and (2.24) are satisfied.
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Proof. First of all, note that, taking x =0 in (2.27) and (2.28), we get

Alty) — A -
[A(t2) — At ||l zo) < w(1) [A(t) — h(t1)], for t1,ts € [a,b], n€N (2.32)
[ An(t2) = An(t1) |l Lix) < w(1) |h(t2) = h(ty)]
and
_ h(ty)—h
17(t2) = f(t)llx < [hlt2)=h(8)], fots€la,b], neN. (2.33)

[fn(t2) = fu(tr) | x < [h(t2)=h(t1)]

In view of these inequalities, it is clear that A, A,,, f, f., n € N, are functions of bounded variation

on [a,b]. Moreover,

var’ A, < w(1) (h(b) — h(a)), forall n€N
and (2.23) follows.
Now, let us prove the relation (2.7), that is, nh_}rgo |A, — Al = 0.
Step 1. Notice that (2.32) and (2.29) imply that
[A(t=) = Als)llLxy < w(@) [A(t=) = h(s)],
[An(t=) = An(8)ll L) < w(1) [A(E=) = R(s)|

and

for t€ (a,b], s€la,b], neN (2.34)

[A(t+) = A(s)l|Lex) < w(1) [h(t+) — h(s)],

“ for t€[a,b), s€|a,b], n€N. (2.35)
[An(t+) = An(s)llLx) < w(1) [A(+) = h(s)|

Step 2. Givene >0andt € (a,b], let us choose sg € (a,t) and ny € N such that

£
Ih(t—) — h(so)] < and |4, (s0) = A(so)l|x) < 5 for m > mo.

_c
3w(l)
Using these inequalities and (2.34), we get
[An(t=) = A(t=)|L(x)
< [JAn(t=) = Anlso)|lzcx) + | An(s0) — A(so) || (x) + [[A(s0) — At =) L(x)
< (1) [h(t=) = h(s0) |+ 5 +w(1) [h(t=) = h(so)| <=,

which means

lim A, (t—) = A(t—) for t € (a,b]. (2.36)
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Similarly, regarding (2.35), it follows that

lim A,(t+) = A(t+) for t € [a,b). (2.37)

n—oo

Step 3. Now, suppose that (2.7) is not valid. Then there is £ > 0 such that, for any £ € N, there
exist my > k and ¢y, € [a, b] such that

| Ay, (tr) — Alti)llox) > € (2.38)
We can assume, without loss of generality, that my,, > my, for any £ € N and

lim t;, =1 € [a,b]. (2.39)

k—o00

Firstly, consider the case when ¢ € (a,b] and assume the interval (a,t) has infinitely many
elements of the sequence {¢;}, that is, (a,?) contains a subsequence which we still denote by

{t}. By (2.34),

A=) = Aty < w(1) [AE=) = h(te)];
[ Ay (1=) = Ay ()| x) < w(1) [A(E=) = h(te)]

for k € N.
Thus, by (2.36) and since khm (h(t—) — h(tx)) =0, there is ko € N such that
— 00

_ _ €
FAmy, (=) = A=) e < 3

|

A=) = Alti) o) < w(1) [(F-) = hti,)] <
A (=) = Ay (b)) < 5

As a consequence, by (2.38), we finally get

€ < || Amy, (o) — Altko) [l Lx)
< Ay, (tro) = Ay, E= M x) + 1Ay, (=) = AE) L) + [[AE=) = Atk x) <€,
which is a contradiction.

For the case when ¢ € [a, b) and the set of those k € N for which ¢, € (a, t) is only finite, there

is a subsequence of {t;} contained in the interval (,b) which we may denote again by {t}.
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Therefore, arguing similarly as before, there is ky € N such that
gé HAka (tk‘o) - A(tko)HL(X)
< Ay, (trg) — Ay, EH)[[2c0) + 1 Amg, () — AGEH) lox) + [[AE+) — Altro)2x) <&
which is a contradiction. Thus (2.7) is satisfied.

To obtain (2.24), one can use the inequalities in (2.33) and follow the steps 1 to 3. O

Proposition 2.12. Let A, A,, : [a,b]—=L(X), f, fu : [a,b]—=X forn € Nandlet h, h,, : [a,b]—R,
n €N, be as in Theorem 2.9. Furthermore, assume (2.27) and (2.29) to (2.31) hold. Then, for any
neN, we have A,, A€ BV (|a,b], L(X)), fn, f € BV (la,b], X) and the relations (2.7), (2.23)
and (2.24) are satisfied.

Proof. As in the proof of Proposition 2.11, taking z =0 in (2.27) and (2.30), we obtain

[A(t2) = A(t2) || x) < w(1) [Alt2) = h(E1)];
14 (t2) = An(t) 200y < w(1) [hn(t2) = ha(t1))]

for t1,t2€a,b], neN (2.40)

and

1 (t2) = f(t2)llx < [h(t2)=h(t1)],
[fn(t2) = fu(t)lx < [hn(t2)=ha(t1)]

for t1,t3€la,b], neN. (2.41)

By (2.31), there is ng € N such that h,,(b) — h,(a) <h(b) — h(a) + 1 for n > ny. Hence, in
view of (2.40), for any n € N, we have

var’ A, < max { (h(b) — h(a) +1),var’ Ay, ... ,VarZAnO} < 00,
which proves (2.23).

Suppose that (2.7) does not hold. Then there is £ > 0 such that for any k£ € N, there exist
my, > k and t;, € [a, b] such that my; > my, for k € N and the relations (2.38) and (2.39) are true.

At fisrt, consider the case when ¢ € (a, b) and let an arbitrary £ > 0 be given. Since h is contin-
uous, we may choose 1 > 0 in such a way that

h(F+n) — h(f—n) < ﬁ (2.42)
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Furthermore, by (2.29), there is k; € N such that
| A, () = AD)||nx) <& forall k> k (2.43)
and, by (2.31), (2.40) and (2.42), there is ko € N, ky > ky, such that
[Am, (72) = Am, (1) [ x) < w (1) [A(T+n) — h(i—n)] +e <2¢ (2.44)
whenever 1, 7, € (t—n,t+n) and k > ks . This, together with (2.29), implies immediately that
1A(T2) = Alm) Lo = Hm (| A, (72) = Am, (1) [ 200 <2 (2.45)
for any 7, 72 € (t—n), t+n).
Finally, let k3 € N be such that k3 > ks and
ity — | <n forall k> ks. (2.46)

Then, in view of inequalities (2.42) to (2.46), we have

[ Ay () — Atr) |l L)
< [ Ay, (t) = Ay (D) L) + [ Am, () = AD) [ nx) + | A®F) = Alte) | <He.

Hence, choosing ¢ < £ & and making use of (2.38), we get € > || Ay, (tx) — A(tx)||£(x) = € which
is a contradiction. This proves that (2.7) is satisfied.

The adaptation of the proof for the cases ¢ = a or t = b is obvious.

Finally, by (2.29) and (2.41), the inequalities (2.43) to (2.45) can be rewritten for the functions
f, fn, n € N. Consequently (2.24) also holds. O



CHAPTER

3

Applications to dynamic equations on

time scales

The theory of time scales, whose initial studies are due to S. Hilger [20], has recently been
receiving special attention. The reason is that this theory represents a unified treatment of both
continuous and discrete analysis. This means that differential and difference equations can be
regarded as particular cases of the so-called dynamic equations on time scales. Furthermore, the
potential for applications of time scales calculus is remarkable. We can mention, for instance,

population dynamics or the modeling of a simple electric circuit (cf. [2]).

In this chapter, based on the correspondence between dynamic equation and generalized differ-
ential equations established in [39], we apply some theorems from Chapter 2 to obtain new results

on continuous dependence on parameter for dynamic equations on time scales.
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3.1 Basic results and definitions

Throughout this chapter we restrict ourselves to problems involving R™-valued functions, for
some fixed m € N. We remind the reader that any norm in R is denoted by single bars, | - |, while

the operator norm in L(R™) is represented by || - ||.

A time scale is a nonempty closed subset of R which we denote by T. The real numbers, the
integers, the natural numbers are well-known examples of time scales, as are the Cantor set and

the groups hZ = {hq : q € Z} for h > 0.
Given a,b € T, [a, b]y stands for the compact interval in T, that is, [a, b|r = [a, b] N T.

As usual, for each ¢t € T, we define the jump operators by
p(t):==sup{s €T : s<t} and o(t):=inf{se T : s>t}

If o(t) = t, we say that t is right-dense, while if p(t) = ¢ then t is called left-dense.

A function f: [a, b]r — R™ is rd-continuous on [a, b]r, if f is continuous at every right-dense
point of [a, b | and the left-sided limit, f(¢—), exists for every left-dense point ¢ € [a, b|r. Clearly,

every rd-continuous function is also regulated.

In the following lines we recall some terminology and notations from time scales calculus
which we will be needed later. For a more comprehensive study of this topic, see [4] and [5], for

instance.

Define T® = T, whenever the time scale T is unbounded from above, otherwise, let T* =

T\ (p(maxT), max T].

The A-derivative of a function f : [a,b]r — R at a point ¢ € T* is defined by

f2(t) = lim f(a(ti) - f(S)’ where s €T\ {o(t)},

s—t O'( )

provided the above limit exists. If f2(¢) exists for each t € [a,b]r NT*, then f is A-differentiable
on |a,b]r. In addition, a vector-valued function f : [a,b]r — R™ is A-differentiable on [a,b]r,
if its coordinate functions f; : [a,b]r — R, i = 1...,m, are A-differentiable on [a, b]r. In this

case, f2(t) = (F2(1), ... FA (1)
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It is known that every A-differentiable function is continuous (see [4, Theorem 1.16 (i)]) and
the linearity of the A-derivative holds (see [4, Theorem 1.20]). Moreover, when T = R, the A-
differentiability corresponds the usual notion of Frechét differentiability while, for T = Z, the
A-derivative is precisely the usual forward difference operator. These facts show how calculus on

time scales can unify and extend both continuous and discrete analysis.

Among all available theories of integration on time scales, here we deal with the Riemann

A-integral. In order to define such notion of integral, let us mention the following result:

For each § > 0, there exists a division D = {a, ..., a,py} of [a, bl such that, for
eachj =1,...,v(D), eithert; —t;_y < dort; —tj_1 > 6 and p(t;) =t;_1.
(cf. [5, Lemma 5.7])

For a given 6 > 0, Ds = Djs[a, b|r denote the set of all divisions of [a, b |y with the property above.

A bounded function f : [a,b]r — R™ is Riemann A-integrable on [a,b]r, if there is [ € R™

satisfying: for every € > 0, there exists 0 > 0 such that

1Sp(f) =1 <e
v(D)

for every Riemann A-sum, Sp(f) = > f(§)(a; — a;_1), corresponding to the a division
j=1

D eDs, D = {a, ..., o, p)} independent of the way we choose &; € [o;_1, a;), j = 1,...,v(D).
In this case, [ = ff f(t) At.

Now, let us consider the linear dynamic equation
y(t) = P()y(t) +h(t), yla) =T, tE€ladlr, (3.1)

where 7 € R", P : [a,b]r — L(R") and h : [a,b]r — R™ are rd-continuous on [a, b]r. Thanks to
the Fundamental Theorem of Calculus (cf. [15, Theorem 4.1]), such initial valued problem can be

rewritten as the following integral equation

y(t) = f—i—/ [P(s)y(s) + h(s)] As, t€ [a,b]r.

Besides, a function y : [a,b|r — R" satisfying the integral equality above is said to be a solution

of (3.1) on [a, b]r.
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Quite recently, A. Slavik proved in [39] that the Riemann A-integral can be regarded as a spe-
cial case of the Kurzweil-Stieltjes integral. In addition, in the mentioned paper, a correspondence
between dynamic equations on time scales and generalized differential equations is established.
Considering the importance of such results to our aim, we summarize them in the following propo-

sition.
Proposition 3.1. Let 7 : (—oo,sup T) — T be a function given by

o(t):=inf{s e T : s>t}

(i) [39, Theorem 5] Let f : [a, bt — R™ be an rd-continuous function. Define

Fi(t) :/ f(s)As fortea,blr
and .
R(t)= [ 5(9) 4] fortela.b).
Then Fy = Fy o5 on [a,b].
(i) [39, Theorem 12] If y: [a,b]r — R™ is a solution of (3.1), then the function v = y oo :
[a,b] — R™ is a solution of (NH), where
A(t) :/ P(o(s))d[o(s)] and f(t) :/ h(co(s))d[a(s)] for te(a,b]. (3.2)

Symmetrically, if z:[a,b] —R™ is a solution of (NH), then the function y:[a,b]r — R™,

given by y(t) =x(t) for t € [a,b]|r, is a solution of (3.1).

Remark 3.2. Since the function o : [a,b] — |a, by defined in Proposition (3.1) is clearly mono-
tone and left continuous, it is easy to check that A : [a,b] — L(R") and f : [a,b] — R" as given

by (3.2) are well-defined, left-continuous and of bounded variation on [a,b].

3.2 Continuous depencende for dynamical equations on

time scales

In this section, using the results presented in Chapter 2 we derive two theorems on continuous

dependence on parameters for dynamic equations on time scales.
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Unlike the usual theory of dynamic equations on time scales (cf. [4]), in the present work,
since the solutions of the problems of the type (3.1) are obtained via theory of generalized linear
differential equations, no extra assumption over the linear term is needed to ensure the existence
of solutions. This means that the rd-continuity of the functions in the right-hand side of equations

is sufficient for our purposes.

The next theorem is our first outcome in this section and it is based on Theorem 2.7.

Theorem 3.3. Let P, P,:[a,b]r — L(R™) and h, hy:[a,b]r — R™, for n €N, be rd-continuous

functions on [a,b]r. Assume T, T, € R™, n € N, are such that

lim |z, —z| =0 (3.3)
n—o0
If there is M > 0 such that
sup ||P.(t)|| <M forneN, (3.4)
te[(l,bh‘
and moreover
t
lim sup / (Po(s) — P(s)) As|| =0,
=0 telab]r a
; (3.5)
lim sup / (hn(s) —h(s)) As’ = 0.
=00 tefab]r a
hold, then there exists a solution y : [a,b|r — R™ of (3.1), the initial value problems
Yo (8) = Pa(t) yu(t) + ha(t) . yul@) =Fu, t€[ablr (3.6)
have solutions y,, : [a,b]r — R™ for all n € N, and
lim  sup |y, (t) —y(t)| =0. (3.7)
=00 t€lab]r

Proof. Consider the functions A € BV ([a,b], L(R™)) and f € BV ([a,b], R™) given by (3.2) and
let z : [a,b] — R™ be the solution of (NH), whose existence is guarantee by Proposition 2.1,

having in mind Remark 3.2.

For eachn € Nand t € [a, b], define

A0 = [ PuG(s) B and fole)= [ ha(E(s) ) 39)



56 Chapter 3 — Applications to dynamic equations on time scales

Since the functions A,, : [a,b]r — L(R™) are left-continuous on (a, b] for all n € N, the general-

ized linear differential equations (2.25) have solutions z,, : [a,b] — R™ n€N.

Note that, by Proposition 3.1 (i), for each n € N and each ¢ € [a, b],
42000 = A0l = | [ (2 = PYE) @]

_H/ (P, — P)( A5H<sup

(Pn — P)(s) ASH.

T€[a,b]r
Therefore ,
|A;, — Aljoo < sup / (P, — P)(s)As||, neN. 3.9
t€fa,b]r a
Analogously,
t
1w = flloo < sup /(hn—h)(s)As‘, neN. (3.10)
tela,b]r a

Using (3.5), we obtain
lim [|A, — Al =0 and lim ||f, — f|le =0,
n—ro0 n—o0

which means that assumptions (2.7) and (2.24) of Theorem 2.7 are satisfied.

On the other hand, given a < ¢ < d < b, by a property of the abstract /K S-integral (cf.
Proposition 1.4 (1)),

[4u(d) — Au(e)]| = / P.(5(s)) d3(s))

< 1Pyl (arts),
holds for each n € N, where from by (3.4), we get
var’ A, < (t s[ui)] ||Pn(t)”L(Rm)> (var’5) < M (var’s), foralln € N.
€la,b|T
Hence the assumption (2.23) of Theorem 2.7 is satisfied as well. Consequently,
Tim |z, — 2floe = 0

is true. In view of this, since by Proposition 3.1 (ii), the functions y, y,, :[a,b]r = R™, n€N,
obtained as the restriction of x and z,, to [a, b|r respectively, are the corresponding solutions of

(3.1) and (3.6), it follows that (3.7) is also true, which completes the proof. ]
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Two continuous dependence results for solutions of nonlinear dynamic equations on time scales
were presented in [39]. These results derive from Theorems 8.2 and 8.7 from [32] by way of the re-
lation between generalized ODEs and dynamic equations on time scales stated in Theorem 3.3 (ii).
In view of Propositions 2.11 and 2.12, Theorem 3.3 provides, for the linear case, a result which

generalizes both Theorem 14 and Theorem 16 from [39].
Making use of Corollary 2.5 we obtain the following theorem.

Theorem 3.4. Let P, P,:[a,b]r — L(R™) and h, h,:|a,b]r — R™ for n €N be rd-continuous

functions on [a,b]r and let T, T, € R™ n €N, be given. Assume (3.3) holds and

lim [1 + ozn] sup =0,

n—00 tela,b|r

/ (Pu(s) — P(s)) As

t 3.11)
/a (ha(s) — h(s)) As| = 0

lim [1 + an] sup

=00 t€la,b]r

where o, = supye(y iy |[Pn(t) | Lem) + SUDefp)s [|n(t)|Rm, n €N. Then equation (3.1) has a
solution y, equations (3.6) have solutions vy, for all n € N and (3.7) holds.

Proof.  Consider the functions A,, A, f,, f, n €N, defined by (3.2) and (3.8). Let x and
rn, N € N, be the solutions of the generalized linear differential equations (NH) and (2.25), re-
spectively. Similarly as in the proof of Theorem 3.3, the estimates (3.9) and (3.10) are true. In

addition,

tE[a,bh- te[a,b]ﬂ‘

VarZ A, < ( sup ”Pn<t)||L(Rm)> (VarZ'UV) and VarZ fn < ( sup ||hn(t>||Rm> (VarZ'&).

These estimates, together with (3.11), lead to the assumptions of Corollary 2.5. Thus (2.15) holds
and we may complete the proof of the theorem using the same argument as in the end of the proof

of Theorem 3.3. U






CHAPTER

4

Applications to functional differential

equations

In this chapter, we apply the continuous dependence results obtained in Chapter 2 to Retarded
Functional Differential Equations (we write RFDEs for short). The first section of this chapter,
presents some preliminary notations and results concerning the relationship between RFDEs and
generalized differential equations (e.g. [9], [10], [23] and [29]). In the second section, new results

on continuous dependence of solutions on a parameter in the framework of RFDEs are obtained.

4.1 RFDEs and generalized differential equations

For some fixed m € N, let R™ be the Euclidean space with norm | - |. Recall that G([a, b ], R™)
denotes the Banach space of all regulated functions defined on [a, b ] with values in R™, equipped
with the induced norm: || f|| = sup |f(¢)|, f € G([a,b],R™).

te€la,b]

59
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In what follows, let us fix a,b,7 € Rwitha <band 0 <r < (b—a). Fory : [a —r,b] = R™
and t € [a, b], define the function y; : [—7r, 0] — R™, which expresses the history or memory of y
on [t —r,t], by

y(0)=yt+86), 0¢cl[-r0l.

It is clear that for y € G([a — r,b],R™) and t € [a,b], we have y; € G([—r, 0], R™).

Given f : G([—r,0],R™) x [a,b] — R™and ¢ € G([—r,0],R™), consider the following initial

value problem for a retarded functional differential equation

y(t) = f(ye,t), Yo =9 4.1)

Recall that a function y : [a — r, b] — R™ is a solution of (4.1) on [a,b], if y € G([a — r,b], R™),
Yo = ¢ and the equality y(¢) = f(y:,t) holds for almost every ¢ € [a, b].

Initial value problems for functional differential equations with continuous initial condition
were extensively studied by J. Hale in [16]. With regard to linear systems, we can mention the
papers [41] and [42] by M. Tvrdy, where the equations have initial data in BV ([—r, 0], R™). In

the present work, we are particularly interested in linear RFDEs

y(t) = Ly, t)
Ya = ¢7

4.2)

where ¢ € G([—r,0],R™) and the function £ : G([—r,0],R™) x [a,b] — R™ is linear in the first

variable.

An equivalent formulation to problem (4.2) can be written if the mapping ¢t — L(y;,t) is

assumed to be integrable in some sense on [a, b], for every y € G([a — r, b], R™). More precisely,

o) =00+ [ Ll0)ds, 1€ fab]
Ya = ¢

(4.3)

Concerning the function £ : G([—r,0],R™) X [a,b] — R™, we assume, for each y € G([a —
r,b],R™), t — L(y:,t) is Kurzweil-Henstock integrable on [a,b] (see Chapter 1) and that the

following Lipschitz condition is satisfied:
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(L) There exists M : [a,b] — R Kurzweil-Henstock integrable on [a, b] such that

to
/‘a%—%JMS

t1

to
§/ M(s) |lys — zs|lds, t1,t2 € [a,b], y, z € G([a—r,b], R™).
t1

A particular situation in which condition (L) holds is when
0
£t = [ dln(t.OO). ¢ € fab) v e (-0,
where the function 7 : R x R — L(R™), which exists by the Riesz Representation Theorem (cf.

[40, Theorem I11.5.6]), is such that, for each ¢, the function 7(t, -) is left continuous and of bounded

variation on [—r, 0], with m(t) = var® n(t, -) being Lebesgue integrable on [a, b]. In this case,

L, )] <m(t) [[¢ll, ¢ e€la,b], ¢ €C([=r0,R™).

As in [9] (see also [10]), the Lipschitz-type condition was imposed to the indefinite integral
of L rather than to the function itself. Such type of condition, together with an assumption of
Caratheodory-type, was used by M. Federson and P. Tédboas in [9] to prove a correspondence
between RFDEs and a certain class of generalized differential equations with values in a Banach
space. Notice that, in the linear case, a Caratheodory-type condition holds in the unity ball, by

taking z as the null function in (L).

The problem of regarding RFDEs as a class of generalized differential equations was first
treated by C. Imaz and Z. Vorel in [23] and by F. Oliva and Z. Vorel in [29]. Based on the ideas
coming from the mentioned papers, for y € G([a — r,b], R™) and t € [a, b], define

07 CZ-TSQQS@)
Fy,t)(0) = fjﬁ(ys,s) ds, a<9<t<hb, (4.4)
[ L(ys s)ds, a<t<9<b

It is easy to check that, for each pair (y,t) € G([a — r,b],R™) X [a,b], the function F(y,t) :
[a — r,b] — R™ is continuous on [a — r, b, that is, F'(y,t) € C([a — r,b],R™).

For each t € [a, b], consider A(t) : G([a — r,b],R™) — G([a — r, b], R™) given by

Alt)y = F(y,t), for y € G([a —r,b,R™). (4.5)
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By the Lipschitz condition (L), we have

Ayl = sup |F(y,t)(0)] < sup

d€la—r,b| I€a,t]

/ £ Z/57 dS

for y € G(Ja — r,b],R™). Then, in view of the linearity of the function £ and the linearity of the
integral, A(t) € L(G([a — r,b],R™)).

< [uErashl.  @o

On the other hand, for a < s; < s < bandy € G([a — r,b],R™), by (L), we have

I[A(s2) — A(s1)]yll = o |[A(s2)y)(9) = [A(s1)y](9)]
v

/ M(s) ds ) o]

[A(s2) = A(s1) | Lc(ta—rpLrm) = sup [[[A(s2) — As1)]y]] S/SQM(S) ds (47

lyll<1

| A

Thus, it follows that

and therefore

b
var’ A < / M(s) ds, (4.8)

which implies that the function A : [a,b] — L(G([a — r,b],R™)) is of bounded variation. In
addition, thanks to the Hake property of the Kurzweil-Henstock integral (see [14, Theorem 9.5]),
A~A(t)=0, for every t € (a,b]. Hence, condition (E) holds and Proposition 2.1 ensures the

existence of a unique solution of the generalized linear differential equation

t
x(t)_m/ dAlz,  telab], H)
(V) = (4.9)
More generaly, let us consider the perturbed problem

y(t) = Ly, 1) + h(t)
= 0,
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where, as before, ¢ € G([—r,0],R™), L : G([-r,0,R™) x [a,b] — R™ is linear in the first
variable and satisfies (L), and the function A : [a,b] — R™ is Kurzweil-Henstock integrable on
la,b]. Also, assume the mapping ¢ — L(y;,t) is Kurzweil-Henstock integrable on [a,b], for

every y € G([a — r,b], R™). Hence, we can write the integral form of the perturbed problem as

y(t) = ¢(0) + /tﬁ(ys,S) ds + /th(s) ds, t€a,b],

(4.10)
Ya = ¢
Similarly to the homogeneous case, for t € [a,b], define
0, a—r <9 <a,
fOW) = faﬂ h(s)ds, a <9 <t<b, 4.11)

[ih(s)ds, a<t<v<b.

Note that, by definition, f(t) € C([a — r,b], R™), for every t € [a,b]. Moreover, it is not hard to

prove that the function f : [a,b] — G([a — r,b], R™) is continuous.

Let A : [a,b] — L(G([a — r,b],R™)) be given by (4.5). According to Proposition 2.1
and having in mind the properties of the function A described before, there exists a solution

z:[a,b] — G([a — r,b],R™) of the generalized linear differential equation

x(t):5+/ d[Alz + f(t) — f(a), t € la,b], (NH)
with  as in (4.9).

The connection between the solutions of (NH) and (4.10) or, in particular, in the homogeneos
case, between (H) and (4.3), can be established as in [9] and [10]. In the following lines, we
describe this relationship in more details. In order to do that, an auxiliar result, borrowed from
[10], is needed (see also [29, Lemma 2.1]). It is important to mention that the proof given in [10]
corresponds to a technical manipulation of the solution and does not depend on the conditions of
Caratheodory- and Lipschitz-types assumed there. In view of this, we can state [10, Lemma 3.3]

for our purposes as follows.
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Lemma 4.1. Assume x is a solution of (NH) on [a, b] with initial condition given by (4.9), where

A and f are the functions defined in (4.5) and (4.11) respectively. Then, for all t € [a,b], we have
x(t)(t) =x(7)(1), T€ElJa—rt (4.12)

and

x(t) (1) =x(t)(t), T €[t b]. (4.13)

Proposition 4.2. Let ¢ € G([—r,0],R™) and L : G([—r,0],R™) X [a,b] — R™ be a function
linear in the first variable such that t — L(y;,t) is Kurzweil-Henstock integrable on [a,b] and
(L) holds. Assume x is a solution of (NH) on |a, b] with initial condition given by (4.9), where A
and f are the functions defined in (4.5) and (4.11) respectively. For 9 € [a — r,b], let

y(9) = (4.14)

Then y is a solution of (4.10) on [a — r,b].

Proof. First of all, note that, by the definition of y and (4.9), we have y, = ¢. Indeed,

Ya(0) =y(a+0) = z(a)(a+0) =Z(a+0) = ¢(d), foralld e [—r, 0.

Let us fix an arbitrary 9 € [a, b]. By Lemma 4.1, we can write

y(0) —y(a) = z(0)(V) — z(a)(a)
= z(0)(0) = x(a) (V)
= (| da)@) + [10) - F@) o)
- (/ﬂ d[A]x> (9) +/19 h(s) ds. (4.15)

Given ¢ > 0, since z : [a,b] — G([a — r,b],R™) is regulated, by [13, Proposition 1.9] (with
an obvious extension to Banach space-valued functions), there is a finite sequence, a =ty < t; <

... <t, =1, such that

|x(t) —x(s)|| <e, whenever t,_ 1 <s<t<t for k=1,...,n. (4.16)
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Consider a gauge § on [a, Y] corresponding to the existence of the integral fj d[A]z, that is, a

gauge such that

9
HS(dA, x, P) — / d[A]z|| < e, for all §-fine partitions P of [a, ] (4.17)

Assume further that

o(7) <min{% ck=1,...,n}, for 7€ [a,?],

0 <d(r) <min{|r — t|, |7 — tx_1|}, for 7€ (tx_1,tx), k=1,...,n.

It is easy to check that, by this choice of the gauge, each subinterval of a J-fine partition contains
at most one of the points %, ..., %, and, in this case, it corresponds to the tag of that interval.
Moreover, by the continuity of the Kurzweil-Henstock primitive on [a, ¢J] (cf. [14, Theorem 9.15]),

we can assume also that

te+6(tk)
/ M(s) ds

tr

< -5 foreach k=0,1,...n. (4.18)
n—+2

Having in mind the relations (4.15) and (4.17), for a J-fine partition P = (&;, [ovj_1, @j]) of
[a, V], we get

'yw) - [ ey ) ds / () ds

| )= [ e

< “/ﬁ dlAJr — S(dA. . P)] (19)‘ + ‘S(dA,:z:,P)(q?) _ /jﬁ(ys,s) ds
)

T

v(
< e+

9
[Afay) — Aey—1)](,)(9) — / L(ys,s) ds

M

v

<o 3 [Ale) — Al )Ja6)0) ~ [

1 aj—1

3

&

L(ys, s) ds‘

<.
Il

Foreach j = 1,...,v(P), by the definition of A and taking into account the relations

x(§j>s = l‘(S)S = Ys, s€ [Oéjflafj]v

foreachj = 1,...,v(P),
Ys :$(S)5 :x(aj)sa SE[fj,O./j},
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(cf. Lemma 4.1), it follows that

“A(aj) — A(oj1) / L(ys, s ds

\/’ 2(E))es d&—Lijm)dﬂz‘éfﬁ@@%—wwﬁwﬂw,

where from, using (L), we get

‘ [A(ay) = Ala1)] 2 (§)(9) — / L(ys,s)ds| < i M(s) [|#(&5)s — (ay)s]| ds. (4.19)
In case {; = i, for some k = 0, ..., n, the inequality above, together with (4.18), leads to
[A(0) = Alas)]al€)0) = [ Llos)as| <2l -5, (4.20)
Otherwise, if [a;_1, ;] does not contain any point of the set {fo, ..., ¢,}, we have
(&) — x(0g)sll = S (&) (s +0) — z(a;)(s + 0)]
el—r,
= sup |[x(&;)(p) — z(a;)(p)]
PE(&5,045]
< swp {0(6)(0) — =& ()] + (&) (p) — 2(0)) (o)}
PE(&j:05]
< 2(&) — (&) + [[2(&+) — z(ay)]
which, by (4.16) and (4.19), implies
‘ [Aay) — Alay_)] = (&) (9) — / L(ys, ) ds’ <2¢ [ M(s)ds. 421)
Q1 gj
In summary, thanks to (4.19), (4.20) and (4.21), we have
‘ / L(ys, s ds—/ h(s) ds
v(P) a;
<c 34t — Ales-0]o(6) | ctsas
V(P
<€+Z s) [|4(&;)s — w(ay)s] ds
€ &
<+ Z 2ol g +2e Y /E M(s) ds
75 laj—1,05]0{to,. .. tn } 70 g laj—1,a5]0{to,....tn}=0"

9
<42z (”“)n%z”g/a M(s) ds,
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that 1s,

‘y(ﬁ)—y(a)—/fﬁ(ys,s) ds—/jh(s) ds <5(1+2Hx\|+2/j]\/[(s) ds).

Then, since € > 0 is arbirtary, the result is proved. U

Using these tools, in the next section, we will translate the continuous dependence result ob-

tained in Chapter 2 to the framework of RFDEs.

4.2 Continuous dependence for linear functional differ-

ential equations

In this section, we provide new theorems on continuous dependence for linear functional diffe-
rential equations based on results presented in Chapter 2. More precisely, considering the following
initial value problems

i(6) = Lol(yo)ist) + hol) inlt) = Lallt)s O +halt)

Yo = ¢0 (yn)a = gbn
we investigate sufficient conditions ensuring that the sequence of the solutions ¥, tends to the

solution y.

In [16], J. Hale presents a well-known result on continuous dependence which corresponds to a
natural generalization of the methods from the theory of ordinary differential equations. Roughly
speaking, in Theorem 2.2 from [16], it is proved that the solutions depend continuously on a
parameter whenever uniqueness is required. However, such result, as the theory developed in [16],
is stated for functional differential equations with continuous right-hand sides. Regarding this fact,

following results cover rather more general problems.

Concerning the functions £,, : G([—r,0],R™) x [a,b] — R™ and h,, : [a,b] = R™, neNU

{0}, throughout this section, we assume the following conditions are fulfilled:

1. L, is linear in the first variable, for all n € N U {0}.
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2. Forevery y € G([a —r,b],R™) and n € NU {0}, the mapping ¢ — L,,(y:, t) is Kurzweil-

Henstock integrable on [a, b ].

3. For each n € N U {0}, there exists M, : [a,b] — R Kurzweil-Henstock integrable on [a, |
such that

to to
/ Lo(ys — 20, 8) ds| < / Mo(s) llys — 2]lds,
t1 t1

forall ty, ty € [a,b] and all y, z € G([a — 7, b], R™).

4. h,, is Kurzweil-Henstock integrable on [a, b], for all n € N U {0}.

The first result of this section is related to Theorem 2.4 and deals with the homogeneous equa-

tion.

Theorem 4.3. Let L, : G([—r,0],R™) X [a,b] — R™, n € NU {0}, be a sequence of functions

which satisfies conditions 1 to 3. Assume

b t
lim [1+/ M, (s) ds} sup ‘/ (L0 — L] (ys,s) ds| =0 4.22)
a ] a

n—roo tela,b

holds for any choice of y € G([a — r,b],R™). Further, consider a sequence ¢,, € G([—r,0],R™),
n € NU {0}, such that

nh_{go [ — ol = 0. (4.23)
Then, for each n € NU {0}, there exists a solution y,, on [a — r,b] of equation
t
0 =6a(0) + [ Lll)us)ds, 1€ [ab]
(Yn)a = P,

and lim ||y, — Yol = 0.
n—oo

(4.24)

Proof. To simplify the notation, let X denote the Banach space G([a — r, b], R™).

For each n € N U {0}, consider the functions z,, € X and A,, : [a,b] — L(X) defined as

follows

7.(0) = On(V—a), ¥ E[a—rad 425)

on(0), 0 € a,b

and
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0, a—r<v<a
[An(t)y} (19) = faﬁ £n(ys,8) dS, a S 9 S t S b ) te [aij y cX. (426)
[ILu(ys,8)ds, a<t<9<b

Notice that the estimates (4.7) and (4.8) are also true for the functions A,,, n € NU {0}. Thus,
for each n € NU {0}, A, is of bounded variation and left continuous which, by Proposition 2.1,

imply the existence of a solution z,, : [a — r,b] — X of
¢
z,(t) =7, +/ d[A,]z,, t€]a,b].

The definition of A,,, together with condition 3, implies

tela,b]

= sup ( sup |4, (t)y — Ao(t)yllx)
tefab] M yl<1

t

< sup | sup ‘/ [En—ﬁo} (ys,s) ds|| .

lyl<1 |t€lab] ' Ja
Moreover, as in (4.8), we also have
b
var’ A, §/ M,(s)ds, neN. (4.27)

In view of these inequalities and (4.22), the assumption (2.12) of Theorem 2.4 is satisfied, that
is, lim, 500 [|A, — Ao [1 + var’A,] = 0. Besides, (4.23) means that the sequence of initial

conditions ,, tends to T, that is, (2.13) from Theorem 2.4 also holds. Hence,

lim ||z, — 2¢]leo = 0. (4.28)
n—o0

Taking into account Proposition 4.2, for each n € N U {0}, problem (4.24) has a solution
Yn : [ — 7, b] — R™ given by

() = zn(a)(¥), O € la—r,d @29)
z,(9) (), V€ [a,b]

which, together with (4.28), concludes the proof. U
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From Theorem 2.7, we obtain the following continuous dependence result for nonhomoge-

neous linear RFDEs.
Theorem 4.4. Let £,, : G([—7,0],R™) x [a,b] — R™ and h,, : [a,b] — R™, n € NU {0}, be

functions satisfying conditions 1 to 4. Consider a sequence ¢,, € G(|—r,0],R™), n € NU {0},
such that (4.23) holds. Further, assume

Tim ([ = holloo =0, (4.30)
lim sup ‘/ (L, — Lo] (s, )ds‘ =0, forall ye G([a—r0b],R™), (4.31)
N0 tela,b]
= sup/ M,(s)ds < oo, (4.32)
neN

where, for each n € N, M, is the function corresponding to condition 3. Then, for each n €

N U {0}, there exists a solution y,, on [a — r,b] of equation

Yn(1) =¢n(0)+/ L((yn)s, 5) d8+/ ha(s)ds, ¢ € la,b],
(yn)a = On.

and lim ||y, — Yol =0
n—o0

(4.33)

Proof. To simplify the notation, let X denote the Banach space G([a — r, b], R™).

For n € NU {0}, let z,, € X and A,, € BV([a,b], L(X)) be given by (4.25) and (4.26)
respectively and let f,, : [a,b] — X be defined by

0, a—r<v<a,
fa)(9) = faﬁ hn(s)ds, a <9 <t<b,
Jiha(s)ds, a<t<9<b.

Since A,, is left continuous, for each n € N U {0}, by Proposition 2.1, there exists a solution

xy @ [a,b] — X of the generalized linear equation

Tn(t) = Tp + /t d[An] 20 + fult) = fula), t€[ab]

Similarly as in the proof of Theorem 4.3, we have

40 = Aol < sup [sup [ 16 2l s) ds\].

lull<1 | t€lab]
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which, together with (4.31), implies lim,, ., |4, — Ao/« = 0. Having (4.27) and (4.32) in mind,
we get

sup varZAn < p*t < oo.
neN

Moreover, in view of the definition of f,,, (4.30) yields lim,, .« || fn — folloo = O.

In summary, we have the assumptions of Theorem 2.7 satisfied and (4.28) holds. Therefore, by
Proposition 4.2, the solutions y,, of (4.33) are given by (4.29), for each n € NU{0}. Consequently,

With respect to continuous dependence on parameters for functional differential equations, let
us mention two results inspired in the theory of generalized differential equations. One of them is
Theorem 4.1 from [10], which derives from [32, Theorem 8.2] using the correspondence between
impulsive RFDEs and generalized differential equations. Secondly, we have Theorem 3.4 from
[11] whose proof follows the ideas of the proof of [32, Theorem 8.6], even if it is not obtained via

theory of generalized differential equations.

Recalling Proposition 2.11 in Chapter 2, which shows that the assumptions of Theorem 2.7 are
more general than those in Theorem 2.9, we can say that, for the linear case, our result (namely,
Theorem 4.4) encompasses previous one, as [10, Theorem 4.1] and [11, Theorem 3.4], when no

impulses are involved.
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